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Lessons from HERA

HERA total γ∗ + p cross section data: parton densities ∼ x−λ, eventually violates unitarity
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Non-linear QCD effects at small x (e.g. gg → g) should tame this growth
⇒ Saturated state of gluonic matter at small x and moderate Q2

Large densities ∼ A1/3 in nuclei

Accessible also in p+A at the LHC (at smaller x), but γ∗ a much cleaner probe
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DIS ↔ forward particle production at the LHC

Inclusive cross section

Optical theorem:
σγ∗p ∼ Ψ∗ ⊗Ψ⊗ N

∼ dipole N ∼ “gluon structure”

Hadron production in p + A

Quark in amplitude

Antiquark in c.c. amplitude

σp+A→π0+X ∼ dipole N

DIS (HERA, EIC) – LHC complementarity

DIS: precise and theoretically clean structure function measurements, pointlike probe

FOCAL: Particle production at forward rapidity, much smaller x , complicated probe

Dipole N = 1− 1
Nc

trV (x)V †(y) is a conventient d.o.f. at high energy
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1. Inclusive DIS
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Looking for gluon saturation
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non-linear dynamics H.M, P. Zurita, 1804.05311
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CGC calculations entering NLO era

Good agreement with HERA data
Beuf, Hänninen, Lappi, H.M, 2007.01645
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Non-linear QCD dynamics in inclusive cross section

10-4 10-3 10-2

x

100

101

102

Q
2
[G

eV
2
]

EIC 110
/1

8G
eV

0.6

0.7

0.8

0.9

1.0

FA
2 /(AF

p
2 )

10-4 10-3 10-2

x

100

101

102

Q
2
[G

eV
2
]

EIC 110
/1

8G
eV

0.6

0.7

0.8

0.9

1.0

FA
L /(AF

p
L )

Based on Lappi, H.M, 1309.6963

Significant nuclear suppression expected for F2 and FL

FL probes more directly dipole sizes r ∼ 1/Q ⇒ stronger Q2 and x dependence

F2 sensitive to non-perurbatively large dipoles, so FL and F2,c theoretically better
Diffractive structure functions also very interesting!
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Extracting genuine signals of saturation from QCD evolution
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Both DGLAP (no saturation) and BK (saturation) based
calculations can usually be fitted to one set of data

Remove the effect of the non-perturbative initial condition:

Require F2(BK) = F2(DGLAP) at Q2 = 10Qs(x)
2

Both approaches expected to be valid in this kinematics

Technically: reweight PDF sets

Construct DGLAP evolution that matches BK at
Q2 = 10Qs(x)

2

Probe genuine differences in evolution when moving
away from the matching line

Details: NNPDF 3.1 for protons, nNNPDF2.0 for nuclei, 1000 MC replicas reweighted

Armesto, Lappi, H.M, Paukkunen, Tevio, 2203.05846
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Evolution dynamics I: protons

10 4 10 3 10 2

x

101

102

Q
2  (

Ge
V2 )

-60

-10

0

10

60

proton
F2 difference (%)

FBK
2 − FReweight

2

FBK
2

10 4 10 3 10 2

x

101

102

Q
2  (

Ge
V2 )

-60

-10

0

10

60

proton
FL difference (%)

Quantify differences in evolution when moving away from the matching line
⇒ how precisely F2,L need to be measured to see signals of non-linear dynamics

Only ∼ few percent differences in F2 in the EIC energy range

FL more sensitive, differences up to ∼ 10% at the EIC – but more difficult to measure

Interested in absolute values? See backup for 1d plots Armesto, Lappi, H.M, Paukkunen, Tevio, 2203.05846
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Evolution dynamics II: nuclei
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Larger effects in nuclei, as Q2
s ∼ A1/3 ⇒ stronger non-linear phenomena

F2 is needed in ∼ 10% precision in EIC kinematics, for FL ∼ 15% accuracy is enough

Much larger differences in LHeC/FCC-he energy range

Armesto, Lappi, H.M, Paukkunen, Tevio, 2203.05846
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2. Connection to inclusive particle
production
See also next talk by Jamal
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Inclusive hadron production at forward rapidity

p + A → π0 + X

Óscar Boente García 07/04/2022Studies of low-  phenomena at LHCbx

Neutral pion : forward regionRpPb

14

• Strong suppression of  production


-  compatible with charged hadron 
result


- similar shadowing/saturation effects 
affecting all hadrons


• In agreement with nPDFs (reweighted with 
LHCb  data) 


• CGC LO prediction underestimates 
suppression PR D88, 114020
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Figure A5: Forward results compared to pQCD predictions [47] using versions of the EPPS16 [2]
and nCTEQ15 [3] nPDF sets that are reweighted to incorporate LHCb D0 production data [49,50],
as well as a CGC calculation [52]. The data error bars show the statistical uncertainties, while
the open boxes show the systematic uncertainties that vary bin-to-bin. The solid gray boxes show
the overall normalization uncertainties from the luminosity estimate and e�ciency correction
factors.

Figure A6: Backward results compared to pQCD predictions [47] using versions of the EPPS16 [2]
and nCTEQ15 [3] nPDF sets that are reweighted to incorporate LHCb D0 production data [49,
50]. The data error bars show the statistical uncertainties, while the open boxes show the
systematic uncertainties that vary bin-to-bin. The solid gray boxes show the overall normalization
uncertainties from the luminosity estimate and e�ciency correction factors.
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Figure A3: Forward results compared to LHCb charged-particle results at
p

sNN = 5.02 TeV [15].
The data error bars show the statistical uncertainties, while the open boxes show the systematic
uncertainties that vary bin-to-bin. The solid gray boxes show the overall normalization uncer-
tainties from the luminosity estimate and e�ciency correction factors. The vertical error bars
on the charged particle results show the combined systematic and statistical uncertainties.

Figure A4: Backward results compared to LHCb charged-particle results at
p

sNN = 5.02 TeV [15].
The data error bars show the statistical uncertainties, while the open boxes show the systematic
uncertainties that vary bin-to-bin. The solid gray boxes show the overall normalization uncer-
tainties from the luminosity estimate and e�ciency correction factors. The vertical error bars
on the charged particle results show the combined systematic and statistical uncertainties.
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 parton saturation?

Constrain the gluon PDF at low-x. Potentially probe gluon saturation, CGC.

Provide more information about charged particle enhancement at backward rapidities.

Need ⇡0 pT spectra for direct photon searches.

Tom Boettcher, Phil Ilten, Mike Williams IFT Sign O↵ August 18, 2021 2 / 22

 LHCb-PAPER-2021-053 (in preparation)

preliminary

preliminaryRpPb = 1
A

dσpPb/dpT
dσpp/dpT

JHEP 05 (2020) 037
JHEP 1710 (2017) 090

LHCb, 2204.10608 and talk at QM2022

LO CGC: 1 → 1 process (note: LO = resum αs ln 1/x). NLO: q → qg (1 → 2 kinematics)

Same dipole amplitude appears, dσ/dp2T ∼ xg(x , µ2)
∫
d2re ip·r(1− N(r, x))

DIS data: fit initial condition, x dependence of N perturbative (BK/JIMWLK)
p → A: optical Glauber, no free parameters

pT shape of the nuclear suppression well described, less suppression than in the data (LO)
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Saturation and forward jets
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Paukkunen, H.M, 1910.13116. CMS-CASTOR data: 1812.01691

CMS has a forward calorimeter CASTOR
at 5.2 < η < 6.6

Access very small x , but can only see total
jet energy

LO CGC calculation with possibility to
simultaneously produce > 1 jets

Good description of the data, and
significant suppression seen at low E

Suppression compatible with CGC
calculation
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CGC is approaching precision level
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FIG. 2. Comparisons of the pPb, pp and RpPb data[28] from LHCb with CGC calculations in five forward rapidity bins.
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Isolated photons at forward rapidity

scatters from the Color Glass Condensate, then emits a photon and again, mul-
tiply scatters from the Color Glass Condensate. Those processes are illustrated
in the figure 1. Note that Eq. (13) is an exact formula for the bremsstrahlung of
a quark in a colored glass condensate. Indeed, it resums the interactions to all
orders with the classical background field, as required by the large gluon density
in the nucleus.

Figure 1: The physical processes contributing to the bremsstrahlung of a quark
in a colored glass condensate. The black dot denotes the interaction of a quark
to all orders with the background field, i.e. the scattering matrix T

F
defined in

Eq. (11).

Now we will show that the last term also vanishes. To show this, it is
sufficient to consider the structure of the poles in the propagators in the last
term. One has the following structure

δ(q− − l−)δ(k− + l− − p−)

+∞∫

−∞

dl+
1

l+ − l2⊥+m2−iε

2l−

1

l+ + k+ − (l⊥+k⊥)2+m2−iε
2(k−+l−)

(14)

Since both p− > 0 and q− > 0, then l− > 0 as well as k− + l− > 0. This
means that both l+ poles are below the real axis. Therefore, one can close the
integration contour above the real axis and get a vanishing contribution. The
only exception to this argument would occur if there were terms proportional
to l+ in the numerator which can compensate the l+ in the denominator, a
situation in which the theorem of residues would give a nonzero contribution
from the half circle at infinity used to close the contour. To investigate this
case, we write explicitly the terms which contain l+ in the numerator of the last
term. We have

u(q)γ− /l /ε /l γ−u(p) = l+l+u(q)γ−γ− /ε γ−γ−u(p) . (15)

Since γ−γ− = 0, equation (15) identically vanishes. Therefore, the last term
in the amplitude (13) is zero. That this term vanishes has a simple physical
explanation. Indeed, in this term the quark first scatters off the nucleus, then
propagates for a while and emits the photon, then propagates again and finally
reinteracts with the nucleus. Note that the intermediate free propagations are
off-shell and take some nonzero amount of time. But since the nucleus moves at
the speed of light in the +z direction in our model, it is already far away behind
the quark by the time the photon has been emitted, and a second scattering of
the quark off the nucleus cannot happen3.

3One can notice that the argument used to prove that Eq. (14) vanishes would not be

5

Quark passes through the target + emits γ
Gelis, Jalilian-Marian hep-ph/0205037 1 2 3 4 5 6 7 8
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Again same ingredients: collinear large-x quark in amplitude + c.c. amplitude ⇒ dipole

Need to impose an isolation cut
√

(yγ − yq)2 + (ϕγ − ϕq)2 > R

Weak dependence on cone size (solid R = 0.4, dotted R = 0.1)

Significant suppression at large kT at LHC energies (RHIC: RpA ≈ 1 for kT ≳ 3GeV)
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Photons vs hadrons
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1 → 2 kinematics

Can have large photon pT with target
gluon kT ∼ Qs
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1 → 1 kinematics

Large pion pT ⇔ target gluon kT ≫ Qs

More suppression for photons, but expect NLO single inclusive to be more similar to photons

NLO small-x evolution may also have a significant role, open question...
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Conclusions

Inclusive DIS

Significant nuclear effects expected in the EIC energy range

Determine initial condition for small-x evolution

When looking for genuine saturation effects:
important to minimize the effect of the fitted non-perturbative initial condition

Forward particle production at the LHC

Significant nuclear effects already seen by LHCb

Simultaneous description of structure functions and hadron production crucial in order to
see signals of non-linear dynamics

Precision level (NLO) CGC phenomenology: almost there
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Backups
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Gluon saturation and the Color Glass Condensate

Very high occupation number xg(x ,Q2), apparent size 1/Q2

Non-linear dynamics important when

πR2
p = αsxg(x ,Q

2)
1

Q2

Emergent saturation scale Q2 = Q2
s > Λ2

QCD

Characterizes the target wave function

DIS or particle production in p + A: scale Q2 or p2T ∼ Q2
s :

probe transition to saturated region

Gluon Saturation

4

Rapid growth of gluon distributions at small  x

Non-linear effects in QCD at 
sufficiently small  (e.g. gluon 
recombination) tame the growth

x Gluon saturation

Characterized by a scale  
(saturation scale)

Q2
s

Violate unitarity

<latexit sha1_base64="xsEQhywYFe2ztNVVdL0ofSQO4w0="></latexit>

Q2
s ⇠ (A/x)1/3

Color Glass Condensate

Effective theory of QCD in the high energy limit

Large x : static color charge ρ, small x : classical gluon field Aµ

Unitarity built in, relevant d.o.f. is dipole-target amplitude N ≤ 1
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Relative differences: proton F2 and FL
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Nuclear suppression in structure functions before the EIC
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FIG. 16: Proton structure function F2 computed using the
IPsat and IPnonsat fits. For FL, the di↵erence between IPsat
and IPnonsat parametrizations is similar.
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FIG. 17: Ratio of the structure function F2 computed
using the IPsat and IPnonsat fits. The bands show rela-
tive uncertainty projected for the LHeC assuming the IP-
sat parametrization from small (left) to large (right) Q2 (see
text).

B. Nuclear targets

Using the Optical Glauber model one can extend the
dipole-proton scattering amplitude to the dipole-nucleus
one. Calculating the dipole-nucleus scattering by averag-
ing over the positions of the individual nucleons from the
Woods Saxon distribution following Ref. [6] one obtains

d�A
dip

d2b
= 2

"
1 �

✓
1 � 1

2
TA(b)�dip

◆A
#

, (19)
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FIG. 18: Nuclear suppression for the structure function
F2 compared with the NMC and E665 data [56–58]. The
lead results are at x = 0.006185. The Calcium data points
cover x values 0.005 . . . 0.0085, and our calculation is done at
average x = 0.0068. By construction this ratio is exactly 1
with the IPnonsat parametrization.

where �dip is the total dipole-proton cross section inte-
grated over impact parameter, see Eq. (7). For large
nuclei, this gives

d�A
dip

d2b
= 2


1 � exp

✓
1 � 1

2
ATA(b)�dip

◆�
. (20)

Only if, in addition to having a large A, the dipole-proton
cross section is small (which requires small r as �dip ⇠
ln r) one obtains the smooth nucleus result

d�A
dip

d2b
= 2

⇥
1 � exp

�
�r2F (x, r)ATA(b)

�⇤
. (21)

In practice, as large dipoles have numerically significant
contribution to F2, this approximation is not a realistic
and results in too small nuclear suppression as discussed
in Ref. [6]. Here TA is the Woods Saxon distribution
integrated over the longitudinal coordinate, and the nu-
clear radius is RA = 1.13A1/3 � 0.86A�1/3 fm. The nor-
malization is chosen such that

R
d2bTA(b) = 1. The

corresponding dipole-nucleus amplitude in the IPnonsat
model is the first term from the series expansion

d�A
dip

d2b
= 2r2F (x, r)ATA(b). (22)

The nuclear suppression factor for the structure func-
tion F2 is shown in Fig. 18, where we calculate

R =
F2,A

AF2,p
. (23)

Here x ∼ 0.01 H.M, Zurita, 1804.05311

Before the EIC: very limited nuclear structure
function data available at small-x

Roughly consistent with saturation model
calculations

x ,Q2,A systematics from the EIC important

Another important observable: diffractive structure
functions, never measured for nuclei
(would require a separate talk)
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Relative differences: nuclear F2 and FL
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Connection to PDFs

Result of the reweighting procedure: (n)PDFs that match BK evolution
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Matching/reweighting using either BK-evolved F2 (solid) or FL (dashed)

Small effect on proton PDFs – setups describe the HERA data in this kinematical domain

Significant reduction of nuclear gluon at small x Armesto, Lappi, H.M, Paukkunen, Tevio, 2203.05846
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Theory developments: towards NLO

Most of the CGC phenomenology so far: LO (resumming αs ln 1/x)

Recent progress to calculate exclusive processes at NLO
Ingredients

Photon wave function at NLO Beuf, Hänninen, Paatelainen, Lappi 2018-2022

Heavy vector meson wave function at NLO Escobedo, Lappi, 1911.01136

Relativistic corrections to wave function: H.M, Lappi, Penttala, 2104.02349

Small-x evolution equations Balitsky 0710.4330

Initial condition fitted to F2 data Beuf, Hänninen, Lappi, H.M, 2007.01645

Cross sections for exclusive processes

Light meson at NLO H.M, Penttala, 2203.16911 , Boussarie et al, 1612.08026

Heavy meson at NLO H.M, Penttala, 2204.14031, 2104.02349
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FIG. 1: Total reduced cross section (black triangles) from
Ref. [1] and interpolated light quark pseudodata (red circles)
in a few Q2 bins. The solid and dashed lines show the calcu-
lated cross sections from the IPsat fit that are used to generate
the pseudodata.

The choice of a fit scheme consists of the version of the
BK evolution equation (discussed in Secs. III C, III D and
III E), the running coupling scheme (see Sec. III F), and
the starting point of the BK evolution, parametrized in
terms of Y0,BK or ⌘0,BK. The fit results in values for
the free parameters characterizing the initial condition
as discussed in Sec. IIIG: Q2

s0, �0 and �, and in a value
for the parameter C2 in the scale of the running coupling,
see Sec. III F.

Our main fit results are presented in Tables I, II and III
classified by the BK equation used, with secondary and
tertiary grouping keys being the running coupling scheme
and Y0,BK (or ⌘0,BK) controlling the rapidity scale of the
BK initial condition used in the fits. The saturation scale
Q2

s defined as N(r2 = 2/Q2
s) = 1�e�1/2 is also shown at

fixed projectile rapidity Y = ln 1
0.01 . We will first discuss

in the next subsection the fits to the full HERA reduced
cross section data, and in the following subsection the
fits to the interpolated light quark pseudodata presented
in Sec. IV and labeled as light-q in the tables where the
fit results are shown. The two datasets di↵er enough to
to warrant their own discussion.

A. Fitting the HERA reduced cross section

Before we discuss the results and their systematic fea-
tures in more detail we show in Fig. 2 that all three BK
evolutions combined with next to leading order impact
factors are capable of describing the HERA data equally
well. The results shown are obtained using the Bal+SD
running coupling, and Y0,BK = ⌘0,BK = ln 1/0.01, but ex-
cellent fit results are obtained with other scheme choices,
too. Even though the resulting parametrizations for the
dipole at initial rapidity can di↵er significantly, the re-
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FIG. 2: Reduced cross section obtained using the fits with
di↵erent BK evolutions compared with the HERA data [1].
Balitsky + smallest dipole running coupling is used, with
Y0,BK = ln 1/0.01.

sulting reduced cross sections are mostly indistinguish-
able.

We first present in Table I the fit results obtained using
the kinematically constrained BK equation as discussed
in Sec. III C. We find a very good description (�2/N =
1.49) of the HERA data using our main setup with the
Bal+SD prescription and Y0,BK = 0. We consider this as
our preferred HERA data fit, with a BK equation derived
in the same framework as the impact factor, a theoret-
ically preferred running coupling scheme, and only one
starting scale Y0,if = Y0,BK = 0. We note that starting
the BK evolution at Y0,BK = ln 1

0.01 (and freezing the
dipole at smaller rapidities) results in an equally good
fit. This suggests that we are only weakly sensitive to
the details of extrapolation scheme used to describe the
dipole amplitude in the region Y0,if < Y < Y0,BK. The
parameter C2 controlling the evolution speed is not re-
quired to be large as it is in the case of leading order fits,
where one generally finds C2 ⇠ 10 [8, 9]. Instead, we find
C2 ⇡ 0.85, which is of the same ballpark as the general
estimate C2 = e�2�E ⇡ 0.3 [83, 84].

As seen in Table. I, larger values of C2 are required in
the parent dipole scheme fits. This is expected, as C2

maps the coordinate space scale x2
ij to momentum space

C2/x2
ij , and in the parent dipole scheme the coordinate

space scale is generically larger. Consequently a larger
C2 is needed to render the strong coupling values, and
the resulting evolution speeds, comparable between the
coupling constant scheme choices.

We generically find � > 1 at the initial condition, with
the exception � ⇡ 1 found in the case where the evolution
starts at Y0,BK = ln 1

0.01 and the parent dipole prescrip-
tion for the running coupling is used. We note that � > 1
is also required in the leading order fits to obtain a Q2

dependence at the initial condition compatible with the

Also much more progress towards NLO not listed here
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Dipole amplitude from the CGC

Color charge distribution at x = 0.01

Event-by-event random color charge distribution ρa

McLerran-Venugopalan model ⟨ρa(x)ρb(y)⟩ ∼ δabδ(x− y)g4µ2

g4µ2 ∼ Q2
s (b) ∼ Tp(b) e.g. from HERA data

Small-x evolution

Perturbative JIMWLK evolution (event-by-event)

Infrared regulator to suppress gluon emission at long distance

Dipole-target amplitude

N(r = x− y) = 1− 1
Nc

⟨V †(x)V (y)⟩

V (x) = P exp
(
−ig

∫
dx− ρ(x)

∇2−m2

)
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