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Problem of negative cross sections - ηc and J~ψ at NLO
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ηc at NLO - historical developments

J. Kühn & E. Mirkes compute pseudo-scalar toponium cross section at
NLO in 1992 [J. Kühn, E. Mirkes, Phys.Lett. B296 (1992) 425-429]

G. Schuler’s review in 1994 [G. Schuler, arXiv:hep-ph/9403387]

con�rms result by J. Kühn & E. Mirkes
points out issues with negative cross sections at high energies
explains why, for some gluon PDF shapes, appearance of strong/weak µF
dependence

M. Mangano comes to same conclusions as G. Schuler in his 1997
Proceedings [M.L. Mangano, A. Petrelli, Int.J.Mod.Phys. A12 (1997) 3887-3897]

A. Petrelli et al. con�rm result by J. Kühn & E. Mirkes in 1998
[A. Petrelli et al., Nucl.Phys. B514 (1998) 245-309]

We reached the same conclusions
[M.A. Ozcelik, PoS DIS2019 (2019) 159, Y. Feng, JPL, J.X. Wang, Eur.Phys.J. C75 (2015) 313]

For a recent review on quarkonium-production mechanisms in general
[J.-P. Lansberg, Phys.Rept. 889 (2020) 1]
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J. Kühn & E. Mirkes compute pseudo-scalar toponium cross section at
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J. Kühn & E. Mirkes compute pseudo-scalar toponium cross section at
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�e NLO partonic cross section at large ŝ

�e partonic high-energy limit is de�ned as taking σ̂ at ŝ�ª or equivalently
z � 0 with z � M2

Q

ŝ ,

lim
z�0

σ̂NLOgg �z� � 2CA
αs
π
σ̂LO0 �logM2

Q

µ2F
�Agg� (1)

lim
z�0

σ̂NLOqg �z� � CF
αs
π
σ̂LO0 �logM2

Q

µ2F
�Aqg� (2)

for 1S�1,8�0 : Agg � Aqg � �1

for µF �MQ, σ̂NLOig �ŝ�ª�� �
αs
π σ̂

LO
0

this limit contributes most for “at” gluon PDFs at low x
If PDFs are not steep (evolved) enough, the large-ŝ region dominates and
the hadronic cross section becomes negative
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�e partonic high-energy limit is de�ned as taking σ̂ at ŝ�ª or equivalently
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�e partonic high-energy limit is de�ned as taking σ̂ at ŝ�ª or equivalently
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Recap of NLO calculation & origin of negative numbers
ŝ-dependence only present in real corrections (g�k1�� g�k2�� ηQ�P�� g�k3�)
k1

k2

p

p

k3
k1

k2

p

p

k3

Real-emission corrections are perfect square (SM�Real�S2) and thus positive
IR singularities in the real emissions only reveal themselves a�er taking the

phase-space integration: σNLO,zx1
gg �z� � R dt̂

σNLO,zx1
gg
dt̂

σNLO,zx1
gg �z� � � 1

єIR
αs
π � 4πµ2R

M2
Q

�є Γ�1� є�σ̂LO0 zPgg�z�� 2CA
αs
π σ̂

LO
0 Agg�z�

For єIR � 0�, σNLO,zx1
gg C 0 for all 0 B z @ 1 as expected

Initial-state collinear divergences are absorbed/subtracted into PDF via
process-independent Altarelli-Parisi counterterm in MS-scheme

σAP-CTgg �z� � 1
єIR

αs
π � 4πµ2R

µ2F
�є Γ�1� є�σ̂LO0 zPgg�z�
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A new scale-choice prescription
JPL, M.A. Ozcelik, EPJC 81 (2021) 6, 497

�e subtraction of the AP CT in the MS-scheme then yields :

lim
z�0

σ̂NLO
�g ,q�g�z� � �2CA,CF�αsπ σ̂LO0 �log M2

Q

µ2F
�A�g ,q�g� (3)

In principle, the subtraction should be compensated by the PDF evolution
PDF evolution is universal, not Aij � σ̂ @ 0 can arise from this subtraction

Agg � Aqg allows us to propose a new scale prescription for µF ,

µF � µ̂F �MQeAgg ,qg~2 such that �log M2
Q

µ2F
�Agg ,qg� � 0 and limz�0 σ̂NLO

gg ,qg�z� � 0
All QCD radiations in the PDF evolution at ŝ�ª.
µ̂F happens to be a point of minimal scale sensitivity at large ŝ

[Thanks to M. Nefedov for this observation]

for ηQ we have µ̂F �
MQº

e �

¢̈̈¦̈̈¤
1.82GeV for ηc withMQ � 3GeV
5.76GeV for ηb withMQ � 9.5GeV
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Same issue in J~ψ photoproduction
A. Colpani Serri, Y. Feng, C. Flore, J.P. Lansberg, M.A. Ozcelik, H.S. Shao, Y. Yedelkina: arXiv:2112.05060 [hep-ph]
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NLO cross section for J~ψ photoproduction becomes negative for large
µF when

ºsγp increases
For µF �MQ, σ @ 0 like for ηc hadroproduction

J.P. Lansberg, M.A. Ozcelik: Eur.Phys.J.C 81 (2021) 6, 497

2 possible sources of negative partonic cross sections: loop corrections
(interference) and from real emission (subtraction of IR poles)

Exp. data: H1 - M.Kraemer: NPB 459(1996)3-50, FTPS - B.H.Denby et al.: PRL 52(1984)795-798, NAI -
NA14Collaboration, R.Barate et al.:Z.Phys.C 33(1987)505
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Negative cross-section values
A. Colpani Serri, Y. Feng, C. Flore, J.P. Lansberg, M.A. Ozcelik, H.S. Shao, Y. Yedelkina: arXiv:2112.05060 [hep-ph]
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Initial state collinear divergences are removed via the subtraction
into the PDFs via AP-CT

ŝ�ª � σ̂NLOγi � αs�µR� �c̄�γi�1 log M2
Q

µF2 � c
�γi�
1 �, Aγi � c�γi�1

c̄�γi�1
,

Aγg � Aγq
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Results with µ̂F � 0.86MQ

A. Colpani Serri, Y. Feng, C. Flore, J.P. Lansberg, M.A. Ozcelik, H.S. Shao, Y. Yedelkina: arXiv:2112.05060 [hep-ph]
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High-Energy Factorisation (HEF) and the leading-log approximation
�e leading-log approximation (LLA):P

n
αns lnn�1� ŝ

M2
Q

� [Collins, Ellis, 91’; Catani, Ciafaloni, Hautmann, 91’,94’]

De�ning z � M2
Q

ŝ , one can face large ln 1~z when s becomes large
�e resummation of such logs can be done through HEF.
For quarkonium production through 2� 1 processes at Born order, one has

σ̂�m�, HEF
ij �z, µF , µR� �

ª

S
�ª

dηQ
ª

S
0

dq2T1dq
2
T2 Cgi �MT

M
º
zeηQ ,q2T1, µF , µR�

�Cgj �MT
M

º
ze�ηQ ,q2T2, µF , µR�H�m��q2T1,q2T2��NLL�O�z�,

H�m� known at LO in αs [Hagler et.al, 2000; Kniehl, Vasin, Saleev 2006] form �
1S�1,8�0 , 3P�1,8�J , 3S�8�1 .

�ese are tree-level “squared matrix elements” of the 2� 1-type process:

R��qT1, q�1 ��R��qT2, q�2 �� QQ̄�m�.
�e resummation factors C are the solution of the LL BFKL equation

with the collinear divergences subtracted
O�z� terms (without ln 1~z) cannot be captured by HEF (see later)
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ŝ , one can face large ln 1~z when s becomes large
�e resummation of such logs can be done through HEF.
For quarkonium production through 2� 1 processes at Born order, one has

σ̂�m�, HEF
ij �z, µF , µR� �

ª

S
�ª

dηQ
ª

S
0

dq2T1dq
2
T2 Cgi �MT

M
º
zeηQ ,q2T1, µF , µR�

�Cgj �MT
M

º
ze�ηQ ,q2T2, µF , µR�H�m��q2T1,q2T2��NLL�O�z�,

H�m� known at LO in αs [Hagler et.al, 2000; Kniehl, Vasin, Saleev 2006] form �
1S�1,8�0 , 3P�1,8�J , 3S�8�1 .

�ese are tree-level “squared matrix elements” of the 2� 1-type process:

R��qT1, q�1 ��R��qT2, q�2 �� QQ̄�m�.
�e resummation factors C are the solution of the LL BFKL equation

with the collinear divergences subtracted

O�z� terms (without ln 1~z) cannot be captured by HEF (see later)

J.P. Lansberg (IJCLab) Quarkonium production September 28, 2022 11 / 20



High-Energy Factorisation (HEF) and the leading-log approximation
�e leading-log approximation (LLA):P

n
αns lnn�1� ŝ
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ŝ , one can face large ln 1~z when s becomes large
�e resummation of such logs can be done through HEF.
For quarkonium production through 2� 1 processes at Born order, one has

σ̂�m�, HEF
ij �z, µF , µR� �

ª

S
�ª

dηQ
ª

S
0

dq2T1dq
2
T2 Cgi �MT

M
º
zeηQ ,q2T1, µF , µR�

�Cgj �MT
M

º
ze�ηQ ,q2T2, µF , µR�H�m��q2T1,q2T2��NLL�O�z�,

H�m� known at LO in αs [Hagler et.al, 2000; Kniehl, Vasin, Saleev 2006] form �
1S�1,8�0 , 3P�1,8�J , 3S�8�1 .

�ese are tree-level “squared matrix elements” of the 2� 1-type process:

R��qT1, q�1 ��R��qT2, q�2 �� QQ̄�m�.
�e resummation factors C are the solution of the LL BFKL equation

with the collinear divergences subtracted
O�z� terms (without ln 1~z) cannot be captured by HEF (see later)

J.P. Lansberg (IJCLab) Quarkonium production September 28, 2022 11 / 20



High-energy factorisation for photoproduction

σ̂HEF�η��
1�η

S
0

dy
y

ª

S
0

dq2T1C � y
1� η

,q2T1, µF , µR�H�y,q2T1��NLLA�O�1~η�

Physical picture in the LLA
for photoproduction:

Glauber exchanges(k�k� P k2T ) form the

Reggeised gluon in the t-channel.

Here one resumsP
n
αns ln

n�1�1� η� [η � �ŝ�M2
Q�~M2

Q]

For consistency with �xed-orderDGLAP evolution
the anomalous dimension γgg in C should be
truncated:
γgg�N, αs� � α̂s

N®
DLA

�2ζ�3� α̂4sN4 � 2ζ�5� α̂6sN6 � . . .
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Consistency check
J.P. Lansberg, M. Nefedov, M.A.Ozcelik, JHEP 05 (2022) 083

HEF expanded up to NLO in αs should reproduce the A
�m�
1 NLO coe�cient

High-energy limit (for ηQ):

σ̂�m�, HEF
gg �z � 0� � σ�m�

LO �A�m�
0 δ�1� z�� αs

π
2CA �A�m�

1 �A�m�
0 ln

M2

µ2F
	

� �αs
π
�2 ln 1

z
C2
A �2A�m�

2 �B�m�
2 � 4A�m�

1 ln
M2

µ2F
� 2A�m�

0 ln2
M2

µ2F
	�O�α3s �¡ ,

From HEF, up to NNLO, one has

State A�m�
0 A�m�

1 A�m�
2 B�m�

2
1S0 1 �1 π2

6
π2
6

3S1 0 1 0 π2
6

3P0 1 �

43
27

π2
6 �

2
3

π2
6 �

40
27

3P1 0 5
54 �

1
9 �

2
9

3P2 1 �

53
36

π2
6 �

1
2

π2
6 �

11
9

Perfect match for NLO and prediction for NNLO ! NLO: JPL, M.A. Ozcelik, EPJC 81 (2021) 6, 497
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Matching HEF and NLO CF (illustration for ηQ)

�eHEF works only at zP 1 and does not include corrections O�z�, while
NLO CF is exact in z but only NLO up to αs.We need to match them.

Simplest prescription: just subtract the overlap at zP 1:

σ �m�
NLO�HEF � σ

�m�
LO CF �

1

S
zmin

dz
z

�σ̌ �m�,ij
HEF �z�� σ̂ �m�,ij

NLO CF�z�� σ̂ �m�,ij
NLO CF�0��Lij�z�

Or introduce smooth weights:

σ �m�
NLO�HEF � σ

�m�
LO CF �

1

S
zmin

dz ��σ̌ �m�,ij
HEF �z�Lij�z�

z
	wij

HEF�z�

� �σ̂ �m�,ij
NLO CF�z�Lij�z�

z
	 �1�wij

HEF�z��¡ ,
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Inverse error weighting method (illustration for ηQ)

In the InEWmethod [Echevarria, et.al., 2018] the weights are calculated from the
parametric estimates of the error of each contribution and combined as such:

wij
HEF�z� � �∆σ ijHEF�z���2

�∆σ ijHEF�z���2 � �∆σ ijCF�z���2 ,

For ∆σCF, we take the NNLO
α2s ln 1z term of σ̂�z� predicted by
HEF,
For ∆σHEF, we take the αsO�z�
part of the NLO CF result for
σ̂�z�.
In both cases, stability against
O�α2s � (constant in z, unknown)
corrections is checked 0.0
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Matched results
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Summary

Source of negative NLO cross sections in quarkonium production
(NRQCD) identi�ed and cured
µ̂F scale prescription introduced: su�cient if ones sticks to collinear
factorisation at NLO
HEF provides a more complete solution beyond collinear factorisation
but needs to be matched to it
Waiting now for ηQ hadroproduction data (FT-LHC) and J~ψ
photoproduction data from EIC and inclusive UPC at LHC
More to be learnt about this in the coming months:

QCD@LHC2022 in Orsay, Nov. 28 - Dec. 2, 2022
Quarkonia as Tools 2023 in Aussois, Jan. 9 - 14, 2023
QCDEvolution 2023 in Orsay, May 22-26, 2023
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A EU Virtual Access to pQCD tools: NLOAccess
[in2p3.fr/nloaccess]
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https://nloaccess.in2p3.fr/


HELAC-Onia Web [nloaccess.in2p3.fr/HO/]
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MG5@NLO online [nloaccess.in2p3.fr/MG5/]
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