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INTRODUCTION : WHAT IS SV & NSV
➤ In QCD improved Parton model, the hadronic cross section is the convolution of Parton distribution 

functions, , and partonic coefficient function,  f(x) Δab(z)

2

σ(q2, τ) = σ0(μ2
R)∑

ab
∫ dx1 ∫ dx2 fa(x1, μ2

F) fb(x2, μ2
F)Δab(q2, μ2

F, μ2
R, z)

➤ In this limit, the functional form of partonic coefficient function could be organised in terms of their 
singular behaviour in  z

+
2i−1

∑
j=0

C(1)
i,j lnj(1 − z) + 𝒪(1 − z)Δab =

∞

∑
i=0

ai
s

2i−1

∑
j=0

C(0)
i,−1 δ(1 − z) + C(0)

i, j ( ln j(1 − z)
1 − z )+

z =
q2

̂s
→ partonic scaling variableq2 ⟶ Invariant mass of final state

̂s ⟶ partonic center of mass energy

μF ⟶ factorisation scale
μR ⟶ renormalisation scale

➤ Soft limit defines the kinematic limit where all the final real emissions has almost zero energy~ soft 
emissions : z → 1



INTRODUCTION : WHAT IS SV & NSV

➤ In soft limit, the partonic coefficient function could be organised in terms of their singular behaviour in  z
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beyond NSV 

+
2i−1

∑
j=0

C(1)
i,j lnj(1 − z) + 𝒪(1 − z)Δab =

∞

∑
i=0

ai
s

2i−1

∑
j=0

C(0)
i,−1 δ(1 − z) + C(0)

i, j ( ln j(1 − z)
1 − z )+

Leading singular distributions 
Contributions from soft real 
emissions+virtual corrections 
Resummation known to N3LL

Next-to-leading singular 
Collinear logarithms 
Resummation known to LL

Soft-Virtual (SV) Next to Soft-Virtual 
(NSV)

➤  : resummation is required - threshold resummationas ln(1 − z) ∼ 𝒪(1)

[Sterman] [Catani, Trentedue ]



IS NSV RELEVANT?
➤ Though NSV are less singular to SV, their contributions are numerically sizeable

4

For inclusive DY at  at Q 
=200 GeV at. NNLO

a2
s

For inclusive  at  at Q =125 GeV at Nnlogg → H a2
s

[C Duhr, et al]

Di = ( lni(1 − z)
1 − z )

+



➤ The approach is based on : 

Collinear factorisation and renormalisation group invariance 

Using the logarithmic structure of known higher order results

THE THRESHOLD FORMALISM

5

➤ We start with Collinear factorisation :

➤ The SV formalism is welll-studied for Color singlet processes. [Ravindran ‘05,’06]

1
z

̂σa′ b′ (q2, z, ϵ) = σ0(μ2
R)∑

ab
(ΓT)a′ a

(z, μ2
F, ϵ) ⊗ Δab(z, q2, μ2

F, μ2
R) ⊗ Γ−1

bb′ (z, μ2
F, ϵ)

Γ ⟶ Altarelli Parisi splitting kernel

̂σab ⟶ bare partonic cross section with initial collinear divergences

Extend the same formalism to include the diagonal NSV logarithmic corrections.

➤ No off-diagonal has been considered : then terms like do not contribute.

Hence, we can safely drop the sum in the above formula



➤  Perturbative structure of SV+NSV partonic coefficient function : 

ΔSV+NSV
d,cc̄ (q2, z) = Fc(q2)

2
δ(1 − z) ⊗ SSV+NSV

c (q2) ⊗ (ΓT
cc)−1,SV+NSV(z, μ2

F) ⊗ Γ−1,SV+NSV
c̄c̄ (z, μ2

F)

THE THRESHOLD FORMALISM
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beyond NSV

[Sen,Sterman,Magnea]

[Moch,Vogt,Vermaseren]

Virtual Corrections

̂F ⟶ {AI, BI, fI, γI, gI}
Universal anomalous dimensions 
And process dependent constants

Altarelli-Parisi splitting kernels



➤ Owing to the first order diff. eq.s and RG invariance:

ΔSV+NSV
d,cc̄ (q2, z) = Fc(q2)

2
δ(1 − z) ⊗ SSV+NSV

c (q2) ⊗ (ΓT
cc)−1,SV+NSV(z, μ2

F) ⊗ Γ−1,SV+NSV
c̄c̄ (z, μ2

F)

THE THRESHOLD FORMALISM
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Soft-collinear distributions - contributions from real emissions
beyond NSV

➤ The solution could be :

Universal coefficients 

ln SSV+NSV( ̂as, q2, z, ϵ) =
∞

∑
i=1

̂ai
s Si

ϵ ( q2(1 − z)2

μ2z )
i ϵ

2 ( iϵ
1 − z ) [ ̂ϕSV,(i)(ϵ) + (1 − z) ̂ϕNSV,(i)(z, ϵ)]

Pure SV
i+j

∑
k=0

𝒢(i, j,k)
NSV ϵ j lnk(1 − z)}For of z- dependency :  

Process dependent coefficients 

➤ Logarithmic structure is obtained to N3LO from the fixed order corrections, we propose the same 
structure to all order.



INTEGRAL REPRESENTATION
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Δc(q2, μ2
R, μ2

F, z) = Cc
0(q2, μ2

R, μ2
F) 𝒞 exp(∫

q2(1−z)2

μ2
F

dλ2

λ2
Pcc(as(λ2), z) + 𝒬c(as(q2(1 − z)2), z))

𝒬c(as(q2(1 − z)2), z) = ( 1
1 − z

2𝒢SV(as(q2(1 − z)2)))
+

+ 2𝒢NSV(as(q2(1 − z)2), z)

➤ With the knowledge on the structure, we can formulate an Integral representation for , which gives an 
understanding on the all order structure. 

Δc

➤ The integrant is the finite part after 
cancellation poles between splitting 
kernels and soft collinear function

➤ The finite contribution 
comes completely from 
soft-collinear function 

➤  is proportional to  
Finite part after cancelling of poles 
be .

C0 δ(1 − z) .

F & S

 denotes convoluted exponential.𝒞



RESUMMATION IN MELLIN SPACE
➤ Convolutions are easy to handle in Mellin space. Hence, generally we solve this integral representation in 

Mellin space - gives the resummation formula in Mellin N-space.  

➤ Definition :  

➤ The soft limit then converts to :  

➤ The large logarithms transforms to : 

9

�c
N =

Z 1

0
dz zN�1�c(z)
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N → ∞z → 1

( ln(1 − z)
1 − z )+

→
ln2 N

2
−

ln N
2N

+
1

2N
+ 𝒪( 1

N2 )
SV NSV

lnk(1 − z) →
lnk N

N
+ 𝒪( 1

N2 )

 when  is 
small : spoils the truncation of 
series

as ln N ∼ 𝒪(1) as
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➤ Solving the integral representation in Mellin N-space :  

➤ The SV part is well-known to third logarithmic accuracy for Color singlet processes 

➤ The NSV part is the new result :

REORGANISATION OF SERIES : RESUMMTION

ΔSV+NSV
N (q2, μ2

R, μ2
F) = (

∞

∑
i=0

ai
s(μ2

R)g̃0,i(q2, μ2
R, μ2

F)) exp(Ψc
sv,N + Ψc

nsv,N)

! = 2 as(µ
2
R) �0 logN
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Ψc
sv,N = gc

1(ω)ln(N ) +
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i=0

ai
s(μ2

R)gc
i+2(ω)

Ψc
nsv,N =

1
N

∞

∑
n=0

an
s [gc

n+2(ω) +
n

∑
k=0

hc
nk(ω) logk N]

[Sterman]

[Catani, Trentedue ]



ALL ORDER PREDICTIONS : SV&NSV
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➤ Let us recollect the all order predations form SV resummation :

➤ Similar way, the all order predictions from NSV resummation could found to be :



ALL ORDER PREDICTIONS : SV&NSV
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Resumed terms

a5s
1

N
log5 N
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LL

a2
s

a3
s

1- loop info

➤ Let us recollect the all order predations form SV resummation :

➤ Similar way, the all order predictions from NSV resummation could found to be :



ALL ORDER PREDICTIONS : SV&NSV
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Resumed terms

a2s
1

N
log2 N

<latexit sha1_base64="iWF+7Obu/YGI9Hsfzm3BXiSjQ2w="></latexit><latexit sha1_base64="iWF+7Obu/YGI9Hsfzm3BXiSjQ2w="></latexit><latexit sha1_base64="iWF+7Obu/YGI9Hsfzm3BXiSjQ2w="></latexit><latexit sha1_base64="iWF+7Obu/YGI9Hsfzm3BXiSjQ2w="></latexit>

a4s
1

N
log4 N

<latexit sha1_base64="ZtseWn/49UkhjrWubKoL6ITeiMY="></latexit><latexit sha1_base64="ZtseWn/49UkhjrWubKoL6ITeiMY="></latexit><latexit sha1_base64="ZtseWn/49UkhjrWubKoL6ITeiMY="></latexit><latexit sha1_base64="ZtseWn/49UkhjrWubKoL6ITeiMY="></latexit>

a6s
1

N
log6 N

<latexit sha1_base64="xvPsaJ5ygfZm3l2NWcvGq+F7UuE="></latexit><latexit sha1_base64="xvPsaJ5ygfZm3l2NWcvGq+F7UuE="></latexit><latexit sha1_base64="xvPsaJ5ygfZm3l2NWcvGq+F7UuE="></latexit><latexit sha1_base64="xvPsaJ5ygfZm3l2NWcvGq+F7UuE="></latexit>

ais
1

N
log2i�2 N

<latexit sha1_base64="CPwXc7uHriP19umC987oshciaGQ="></latexit><latexit sha1_base64="CPwXc7uHriP19umC987oshciaGQ="></latexit><latexit sha1_base64="CPwXc7uHriP19umC987oshciaGQ="></latexit><latexit sha1_base64="CPwXc7uHriP19umC987oshciaGQ="></latexit>

a3
s

a4
s

NLL

2- loop info

➤ Let us recollect the all order predations form SV resummation :

➤ Similar way, the all order predictions from NSV resummation could found to be :



ALL ORDER PREDICTIONS : SV&NSV
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Resumed terms
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N LLn
n- loop info

➤ Let us recollect the all order predations form SV resummation :

➤ Similar way, the all order predictions from NSV resummation could found to be :



RESUMMATION FOR DY : K- FACTOR 
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Now let us see how these NSV resummation is phenomenologically relevant. 

Increment from FO  resum at 
Q=2000 GeV 

10.6% for  LO  

5.2% for NLO  

1.2% for NNLO 

→

→ LO + LL

→ NLO + NLL

→ NNLO + NNLL

➤  for quark part mimics 
the NNLO 

➤ Resummed predictions are closer 
compared to FO : improves the 
reliability of perturbative predictions 

➤ Resummed corrections decreases as 
we go higher order.

NLO + NLL



1
2

≤
μF

Q
,

μR

Q
≤ 2
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[AAH,P.Mukherjee,V.Ravindran,A.Sankar,S.Tiwari]

Impact of  scales in the predictions using canonical 7-point variationμR & μF

RESUMMATION FOR DY : SCALE VARIATIONS

➤ NLO to  : band width decreases. Large scale uncertainty at   

➤  is within  unlike fixed order case at high energies : notable NSV 
corrections from diagonal channels

NLO + NLL NNLO + NNLL

NNLO + NNLL NLO + NLL

FO from all channels  

 resummed predictions 
from only diagonal 
channels ( )qq̄

τ =
Q2

S
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➤ In order to understand the cause of large uncertainty at , we study the 
scales separately.

➤ The  - variation :

NNLO + NNLL

μF

RESUMMATION FOR DY :  - SCALEμF

➤ Looks similar to 7-point scale variation : large band in 7-point scale could be due to  -uncertainties  

➤ Reason could be due to lack of off-diagonal contribution! Collinear logarithms arises from  
channels 

At NLO : 22% &  

At NNLO : 4.9% & 

μF

qq̄ & qg

qq̄ → qg → − 5 %

qq̄ → qg → − 2.5 %
Bigger cancellation at NNLO.  Lack of - resummed predictions 

cause the larger uncertainty at 
qg

NNLO + NNLL



15

To emphasise the role of collinear resummation, we see the  - variation :μR

➤ Substantial scale reduction at  

➤ The  cancellation happens within each partonic channels. 

➤ Inclusion of resummed predictions improves the  uncertainty remarkably

NNLO + NNLL

μR

μR

NLO :   

 

NNLO : 

 :

NLO + NLL :

NNLO + NNLL

RESUMMATION FOR DY :  - SCALEμR
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Comparing SV resummation, SV+NSV resummation with NNLO results

RESUMMATION FOR DY : SV & NSV

Increment from SV resum  NSV resum 
at Q=2000 GeV 

2.1% for NLO  

0.64% for NNLO 

→

→ NLO + NLL

→ NNLO + NNLL



SUMMARY
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➤ Require threshold resummation in the kinematic limit  

➤ We extend the threshold framework with inclusion of NSV large logarithms 

➤ This enhance the resummed predictions and improves the better perturbative 
convergence 

➤ However, large scale uncertainties shows the need of including off-diagonal 
resummation for large collinear logarithms, for which works are on the way!

z → 1



SUMMARY

17

➤ Require threshold resummation in the kinematic limit  

➤ We extend the threshold framework with inclusion of NSV large logarithms 

➤ This enhance the resummed predictions and improves the better perturbative 
convergence 

➤ However, large scale uncertainties shows the need of including off-diagonal 
resummation for large collinear logarithms, for which works are on the way!

z → 1

Thanks for the attention !



Back up slides



DIAGONAL AND OFF DIAGONAL 
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 DEPENDENCY OF SV AND NSVϵ & z
➤ SV

20

➤ NSV



MORE PLOTS :  SCHEMESN & N̄
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➤ Uncertainty is smaller 
for N-Exponentation 



MELLIN N-SPACE STRUCTURE
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 when  is 
small : spoils the truncation of 
series

as ln N ∼ 𝒪(1) as

Resummation is well understood.
[sterman et al] 

[Catani et al]

̂σN = 1 + as[c2
1 ln2 N + ⋯ + c0

1 + d1
1

ln N
N

+ d0
1

1
N

+ 𝒪( 1
N2 )]

a2
s [c4

2 ln4 N + ⋯ + c0
2 + d3

2
ln3 N

N
+ ⋯ + d0

2
1
N

+ 𝒪( 1
N2 )]

a3
s [c6

3 ln6 N + ⋯ + c0
3 + d5

3
ln5 N

N
+ ⋯ + d0

3
1
N

+ 𝒪( 1
N2 )]

+⋯
an

s [c2n
n ln2n N + ⋯ + c0

n + d2n−1
n

ln2n−1 N
N

+ ⋯ + d0
3

1
N

+ 𝒪( 1
N2 )]

SV NSV  Ongoing research!

➤ Partonic cross section in N-space in terms of large logarithms ln N &
ln N
N



SV+NSV :   PREDICTIONS

23

Given one loop coefficients

Given two loop coefficients

Given three loop coefficients

Di = ( lni(1 − z)
1 − z )

+

Li
z = lni(1 − z)



RESUMMATION FOR gg → H
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The  variation with   in pb at 13 TeV with central scale μ μR = μF = μ μR = μF =
mH

2

➤ Resummed cross section decreases at second and 
third order indicating better perturbative convergence



RESUMMATION FOR  : SV & NSVgg → H

25

➤ No considerable improvement at first order due to them NSV resummed predictions 
compared to SV ones 

➤ But better behaviour at  

➤ Reason could be due to the considerable NSV contributions at  NNLO and not at NLO 

at NLO : 73.16% SV and 45.81% NSV  

at NNLO : 15.8% SV and 58.9% NSV

NNLO + NNLL


