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Averaging

• Define Riemannian averaging operator on arbitrary domain D

4

measured by the observers with 4-velocities n
a in their instantaneous rest-frame. In particular θ, σab and ωab differ

from the usual expansion, shear and vorticity of the matter fluid as measured by observers comoving with this matter
fluid (by acceleration terms essentially), that are defined by the decomposition of (gac + u

a
u

c)(gbd + u
b
u

d∇cud). For
example, the expansions are linked by the relation:

Θ ≡ ∇au
a = θ + γ(γ2

v
a
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a
v̇a) . (12)

Using (4), one can relate this quantities as follows:
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2
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where we have introduced the tensor:

Bab ≡
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3
κ(vanb + vavb) + βcav

c
nb + βcav

c
vb + Wcav

c
nb + Wcav

c
vb , (16)

whose trace is given by B = 1
3κv

2 + βabv
a
v

b. In our notation, angular and round brackets denote the antisymmetric
and symmetric parts, respectively, of a tensor projected with hab. Let’s finally introduce the following notation for
convenience:

θB ≡ −γκ− γ
3
B (17)

σBij ≡ −γβij − γ
3

�
B(ij) −

1
3
Bhij

�
, (18)

so that:

ξ = γ
−1(θ + θB) , (19)

Σij = γ
−1(σij + σBij) . (20)

B. General averaging procedure

The main concern of averaging in cosmology is to define an effective Hubble parameter and scale factor that
emcopass the dynamical properties of the Universe at a given coarsed smoothing scale, usually corresponding to the
scale of homogeneity of the distribution of matter as it is observed in the galaxy surveys. From this perspective,
it seems natural to define the effective Hubble parameter as the average of an expansion rate charaterictic of the
matter flow. As pointed out in the previous subsection, the tilt between the matter four-velocity and the observers
one introduces an ambiguity in the definition of the expansion rate of the matter fluid; one has two different local
expansions: the expansion as measured by the observers in their instantaneous rest frame, θ, and the expansion as
measured by observers comoving with the fluid, Θ. In addition, there is also the expansion of the observers worldlines,
ξ. As mentionned before, the concept of an effective homogeneous flow in cosmology is linked to the observations of
the matter distribution, so that the latter expansion rate, that is linked to the artificial set of coordinates used to
write down the space-time metric, can be ignored as far as one is concerned with defining this effective Hubble flow.
In the following we will then retain as our definition for the Hubble rate the following quantity:

HD ≡ 1
3
�Nθ�D =

1
3VD

�

D
NθJd

3
x , (21)

where J ≡
�

det(hij) and VD ≡
�

Jd
3
x is the Riemannian volume of D. The avereaging operator involved is simply

the Riemannian average over the domain D:

ψD = �ψ�D ≡ 1
VD

�

D
ψ(t, xi)Jd

3
x , (22)

that is well defined for any scalar function ψ. One can then define the effective scale factor for the averaged model as
the function aD(t) obeying:

HD =
∂taD
aD

. (23)
Riemannian volume element
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spatial average implies wrt 
some foliation of spacetime
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to specify average 
energy density need 

full solution of the 
field equations



Canonical Cosmology

ḡµν = gµν + �δ(1)gµν + �2δ(2)gµν + · · ·

• compute everything as power series in small parameter ε

‘real’ spacetime

‘background’ spacetime
FLRW

first-order
perturbation

second-order 
correction

fit to ‘background’ observables - SNIa etc



Canonical Cosmology

ḡµν = gµν + �δ(1)gµν + �2δ(2)gµν + · · ·

• compute everything as power series in small parameter ε

‘real’ spacetime

‘background’ spacetime
FLRW

first-order
perturbation

second-order 
correction

fit to ‘background’ observables - SNIa etc

? how do these
fit in?
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Aren’t the corrections just ~10-5?

• No.                      [Buchert, Kolb etal]

• Well, maybe.       [Rasanen, Li etal, Clarkson etal]

• Yes. Absolutely.   [Ishibashi & Wald, Baumann etal, Behrend etal,]

• Corrections from averaging enter Friedmann and Raychaudhuri equations

• is this degenerate with ‘dark energy’?

• can we separate the effects [if there are any]?

• or ... is it dark energy? neat solution to the coincidence problem



Perturbation theory

• metric to second-order

• first-order potential:

• second-order potentials:

• backreaction is concerned with the homogeneous, average contributions



Vectors





scale increasing
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scaling behaviour
at first-order



amplitude of second-order contributions



amplitude of second-order contributions



amplitude of second-order contributions



amplitude of second-order contributions

large equality scale suppresses 
backreaction - but overcomes 

factors of Delta



backreaction

• second-order modes give non-trivial backreaction

• Hubble rate depends on 

• UV divergent terms don’t contribute on average

• well defined and well behaved backreaction

• this is only well behaved because of the long radiation era

• what would we do if the equality scale were smaller?



backreaction

• other quantities are much stranger

• time derivative of the Hubble rate represented in the deceleration parameter

• same types of things appear in q defined via distance-redshift relation

• UV divergent terms do not cancel out



divergent terms
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divergent terms



ignore them - probably gauge or unphysical ?

where else could they appear?

wtf?
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Conclusions Confusions

• Why are second-order perturbations so large?

•  

• yet another coincidence problem?

• tells us that perturbation theory must be relativistic, not Newtonian

• role of UV divergence must be understood to decide whether backreaction is 
small - higher order or resummation methods needed? must include tensors!

• do we need relativistic N-body replacement? 


