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@ Determination of the actual number of propagating scalar degrees of
freedom in both the projectable and non-projectable versions of
Horava-Lifshitz Gravity with scalar field matter.

@ Discussion on potential ghost-like and/or tachyonic instabilities of the
extra scalar degree of freedom that the theory turns out to admit.

How?!

@ By deriving the quadratic action for the linear fluctuation variables that
are left once that gauge freedom and constraint equations are taken into
full account and by then analyzing the kinetic terms.

@ Brief introduction to Horava-Lifshitz Gravity

@ Presentation of original results
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Hotava-Lifshitz Gravity (HLG): introduction  (Horava,2

HLG is a proposal for a quantizable theory of gravitation based on:
@ Anisotropic scaling between space and time:

{f—>b?c

b g Lorentz-invariance is explicitly broken for any z # 1

© Power-counting renormalizability

= z = D = # of spatial dimensions = 3
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Hotava-Lifshitz Gravity (HLG): introduction  (Horava,

HLG is a proposal for a quantizable theory of gravitation based on:
@ Anisotropic scaling between space and time:

T s bR
{ JtC N bzxt ~ Lorentz-invariance is explicitly broken for any z # 1
© Power-counting renormalizability

= z = D = # of spatial dimensions = 3

@ The full diffeomorphism invariance of General Relativity is replaced by the
invariance under foliation preserving diffeomorphisms:

k=), o T=10)

@ Scaling dimensions:

Ws=-1 lh=—2 = [Pl=1 Bl =2=3]

. . . . . 4 6
~» improved graviton dispersion relation: w? = k* + « % + B %
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Horava-Lifshitz Gravity: motivations

@ Interesting cosmological implications’:

o alternative solutions to the
o flatness problem,
e horizon problem;
e scale-invariant cosmological perturbations w/o inflation;
o dark matter as an integration constant;
e bouncing scenarios in the case of spatially curved background.
© Potential issues?:
o Is Lorentz symmetry recovered at low energies?
e Does the reduced symmetry (with respect to GR) allow for extra
gravitational degrees of freedom? If so, do they decouple in the infrared?

What about the most general version of HLG
on the cosmological background? J

Isee e.g. Mukohyama (2010), “Hofava-Lifshitz Cosmology: A Review”
2see e.g. Sotiriou (2010): “Hofava-Lifshitz gravity: a status report”
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ADM formalism

@ Itis convenient to adopt the Arnowitt-Deser-Misner (ADM) formalism for the
metric (Arnowitt, Deser, and Misner, 1962):

ds? = —N2c2de? + g;; (dxd + N'dt) () + Nidt) J

@ The metric variables are:

N:N(t,ﬂ?) Ni :Ni(t,J_()) gl] :gl‘j(t,f)
lapse function shift vector 3D metric

@ Their scaling dimensions are:

[N]s =0 [N]s = z—1 [gils = 0 J

Projectability condition

N = N(t) ~ different constraint equations & gauge freedoms
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HLG + scalar field matter: action

(Sotiriou et al., 2009; Wang et al., 2010; Blas et al., 2010)

M2
s =2 /dtd?’xN\/g Lx— Ly + iﬁM [dt dPx]s = —6
2 Mg,
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HLG + scalar field matter: action

(Sotiriou et al., 2009; Wang et al., 2010; Blas et al., 2010)

M2
s =2 /dtd3xN\/§ Lx— Ly + iﬁM [dt dPx]s = —6
2 Mg,

Kinetic term

Lx = Ki]-Kij — AK?, K= — (—g]-]- + ViN; + V]-Nl-) “extrinsic curvature”

note that [0]s = 3 & [g;i]s = 0 = [Ky]s =3 = [Lk]s = 6 = [M}]s =0
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HLG + scalar field matter: action

(Sotiriou et al., 2009; Wang et al., 2010; Blas et al., 2010)

M2
s =2 /dtd3xN\/§ Lx— Ly + iﬁM [dt dPx]s = —6
2 Mg,

Kinetic term NB:GR —- =1

3 1
— KK AR =
Lx = KKl — AR, Kj=

(=%ii + ViN;j + V;N;) “extrinsic curvature”

note that [0]s = 3 & [g;i]s = 0 = [Ky]s =3 = [Lk]s = 6 = [M}]s =0

Scalar field matter

1 X i, 27 ) D~z
Ly = N2 (q) — N V,q)) V(8ijs Pu, ¢) <note that [¢]s = = )

v

V = Vo(9) + Vi(@)Po + Va(@) P} + V3(9) P} + Va(@) P2 + Vs(9) PoP2 + V() P1 P2
Po=(Ve)?, Pi=Adg, A=gIVV,.
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HLG + scalar field matter: action

...aka “healthy” /consistent extension (Blas, Pujolas, and Sibiryakov, 2010)

M2
s — n /dtd:"xN\/g Lk—Ly+ 2Ly [dtdx]s = —6
2 Mg,

power-counting renormalizability = [¢’s]s, [17"s]s > 0

Ly =g +81R+ 27 (@R +g3R1]R’)+— (84R® + 85RR;R7 + g6RIRIRY ) +

super-renormalizable / relevant renormalizable / marginal

+—= [g7RAR —s—gg(ViRjk)(Vink)] na; at —I— (17211 Adt + 73RV a )

renormalizable / marginal super-renormalizable / relevant
1 : ; ; %N M3
+ P (7]4al-A2a’ + 75ARV;a' + UGRZV,-u’) a; = Zl\l P TPI

renormalizable / marginal
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Quadratic action (non-projectable HLG)

Once that

1) constraints and

2) gauge freedom are taken into full account one is left with®

M3 3k 2 ) .
5,805 = TPI dt(27r)3a3{ CoOPy + cplit + Cop kO [+

+ fob kb @y + futiic + Fophid 9y + Fopfrd pr—mpdey — my i — m%pq;lPM(Pk}

fluctuations variables — i (metric) and 6¢ (matter)

3in Fourier-space: ¢y (t) = F [6¢(t, 7)]

ALESSANDRO CERIONI (Univ. of Bologna & INFN) Cosmological Perturbations in HLG Avignon - April 20, 2011 8/11



Quadratic action (non-projectable HLG)

Once that

1) constraints and

2) gauge freedom are taken into full account one is left with®

M3 3k 2 ) .
5,805 = TPI dt(27r)3a3{ CoOPy + cplit + Cop kO [+

+ fob kb @y + futiic + Fophid 9y + Fopfrd pr—mpdey — my i — m%pq;lPk&(Pk}

fluctuations variables — i (metric) and 6¢ (matter)

How many propagating degrees of freedom?

: , . H. . \* .
Note that C(P5¢i+c¢1p,%+cwlpk§q)k'kioo< (%égok—i—wk) =RZ 4. ..

R=y+ %&p — comoving curvature perturbation (gauge invariant)

3in Fourier-space: ¢y (t) = F [6¢(t, %)]
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Characterization of HLG’s degrees of freedom

the kinetic matrix has no zero eigenvalue = 2 scalar degrees of freedom )

c1: eigenvalues of the kinetic matrix ]
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Characterization of HLG’s degrees of freedom

the kinetic matrix has no zero eigenvalue = 2 scalar degrees of freedom )

c1: eigenvalues of the kinetic matrix ]

@ infrared limit (k — 0)

1 k)
cL=5, = <11H) —> ghost-freeness for 7 > 0

€~ 2——r = ghost-freeness for A ¢ (1/3,1) ~ A > 1
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Characterization of HLG’s degrees of freedom

the kinetic matrix has no zero eigenvalue = 2 scalar degrees of freedom )

c1: eigenvalues of the kinetic matrix J

@ infrared limit (k — 0)

1 k)
cL=5, = <11H) —> ghost-freeness for 7 > 0

€~ 2——r = ghost-freeness for A ¢ (1/3,1) ~ A > 1

The mass matrix coefficients 1, my, myy do not tend to zero as k — 0

—> the extra scalar mode decouples in the IR limit
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Projectable version: a summary of results

NB: lapse function — N = N(¢)

2
(3A —1) ¢?
Pl 3
525 /dtd { 11 2+ l%lJr...}

the kinetic matrix has no zero eigenvalue = 2 scalar degrees of freedom

Quantum instability

|

3 <A <1 = theextrad.of. is ghost-like ~ A >1

v

Classical instability

A >1 = the extra d.o.f. is tachyonic (m? < 0)
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Hotava-Lifshitz Gravity: conclusions

Projectable version, N = N()

® There exist an unwanted d.o.f. of gravitational origin;
® the extra d.o.f. is either ghost-like for 1/3 < A < 1 or tachyonic.

Non-projectable version, N = N(t,X)

® There exist an unwanted d.o.f. of gravitational origin;
© it decouples from the low-energy Physics;

© it is stable in the infrared as long as > 0;

© it s stable in the ultraviolet for A > 1.
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Hotava-Lifshitz Gravity: conclusions

Projectable version, N = N()

® There exist an unwanted d.o.f. of gravitational origin;
® the extra d.o.f. is either ghost-like for 1/3 < A < 1 or tachyonic.

Non-projectable version, N = N(t,X)

® There exist an unwanted d.o.f. of gravitational origin;
© it decouples from the low-energy Physics;

© it s stable in the infrared as long as 17 > 0;

© it s stable in the ultraviolet for A > 1.

Thank you for your attention!

ALESSANDRO CERIONI (Univ. of Bologna & INFN) Cosmological Perturbations in HLG Avignon - April 20, 2011 11 /11



Richard L. Arnowitt, Stanley Deser, and Charles W. Misner. The dynamics of general relativity.
1962.

D. Blas, O. Pyjolas, and S. Sibiryakov. Consistent Extension of Horava Gravity. Phys. Rev. Lett.,
104:181302, 2010. doi: 10.1103/PhysRevLett.104.181302.

Petr Horava. Quantum Gravity at a Lifshitz Point. Phys. Rev., D79:084008, 2009. doi:
10.1103 /PhysRevD.79.084008.

Shinji Mukohyama. Horava-Lifshitz Cosmology: A Review. Class. Quant. Grav., 27:223101, 2010.
doi: 10.1088/0264-9381/27/22/223101.

Thomas P. Sotiriou. Horava-Lifshitz gravity: a status report. 2010.

Thomas P. Sotiriou, Matt Visser, and Silke Weinfurtner. Quantum gravity without Lorentz
invariance. JHEP, 10:033, 2009. doi: 10.1088/1126-6708,/2009/10/033.

Anzhong Wang and Roy Maartens. Linear perturbations of cosmological models in the Horava-
Lifshitz theory of gravity without detailed balance. Phys. Rev., D81:024009, 2010. doi:
10.1103/PhysRevD.81.024009.

Anzhong Wang, David Wands, and Roy Maartens. Scalar field perturbations in Horava-Lifshitz
cosmology. JCAP, 1003:013, 2010. doi: 10.1088/1475-7516,/2010/03/013.

ALESSANDRO CERIONI (Univ. of Bologna & INFN) Cosmological Perturbations in HLG Avignon - April 20, 2011 12 /11



From GR to HLG

ds? = —N2dP? + g;; (dxl + N'dt) (dx' + Nat) ,
s = Mi /d4 [(9R—24] =
— MT%’I / dtd®x N1/ g |KKI — K>+ PR — 24 [dt Bx]s = —4

=55 (=4ij+ ViNj + V;N;)  “extrinsic curvature”

note that [Ky]s =1 = (M3 = 2
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HLG: constraints

N and N' are not dynamical. They act as constraints. J

@ Hamiltonian constraint

projectable version
fd3x\/§ (/:'K + Ly — #]t) =0

where Jt =2 (N‘sf—NM + EM) .

non-projectable version
Lx+ Ly — #]t =0

© Super-momentum constraint

.. 1 .
by

where 7t/ = N% = —Ki + /\Kgif and J; = —Niﬁ?{[ = % (cp — NkaqJ) Vig.
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Cosmology in HLG

N(t) = 1+46N(t),
Ni(t, k) = 04 Ni(t, ),
a®(t
gij(trxk) = 7( ) 2(51']‘ = (5gl']'(t, xk) .
(59

o’

Oth-order Hamiltonian constraint

BGA-1).n 1/(pm K 2B1K* 4B
2 H 3 2)(2+ 112Jr at + ab

(~ Friedmann equation)

@ oy is the (background) energy density associated with matter
° B1 = (382 +83)/x* B2 = (984 +385 +86)/x*
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Cosmology in HLG

The dynamical equation for the scale factor a(t) can be obtained by varying
the action with respect to g;; and evaluating the result in the homogeneous
limit.

i 1 2 4B1K% 16B.K3
(Br-1)- = 6X2(pM+3pM)+3A 5 ¢

(~ 2nd Friedmann equation)

@ py is the (background) energy density associated with matter
@ py is the (background) pressure associated with matter

o B1=(382+83)/x% B2 = (984 + 385 +86) / x*
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Cosmological (scalar) perturbations

ON(t) = v(t) (projectable) ON(t,X) = v(t,X) (non-projectable)
ON;(t, x*) = 9;B(t, )

a6, ) = (6) [~2(6, ) 3+ 2E(6, )

Under the gauge transformation
F=t+x%), & =24+

where ‘ { ‘ ‘
=50, x=Ven)+E0), Vie'=0
scalar perturbations transform as follows:

(Wang and Maartens, 2010)

Gauge choice

projectable version non-projectable version
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1st-order constraints

(here £ = 0 = zero spatial curvature)

Hamiltonian constraint

</d3 ) [SH 3A —1)(4 + Hv) + (3A — 1)HAB — 2A¢ + 2 2 ] =0

with )
Som = Podp — veF + Vo,p(90)09 + V(o) A*5g.

Super-momentum constraint

v [(A —1)AB+ (3A —1) (¢ + Hv) — 21;(2‘“4 =0,

with
qm = Pode.
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