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Inflation

• A useful way of thinking about inflation

• Perturbations around the background are very close to 
Gaussian


• At CMB scales


•

Quasi de Sitter epoch

Broken time translations
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Gaussian approximation
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Tails cannot be computed using

 perturbation theory
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Tails
• Information about tails can be important


• PBHs, 


• Eternal inflation


• Galaxy formation

• Tails have been obtained in several contexts


• EFT of inflation 


• Ultraslow roll


• Multified inflation

Celoria et al ‘21

Ezquiaga et al ’19

Panagopoulos and Silverstein  ’19 
Achucarro, SC et al ‘21

Figueroa et al ‘19
Pattison et al ‘21



Primordial black holes

• Black holes formed during radiation (also matter) domination 
due to large amplitude fluctuations of the curvature field
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All DM to be formed by PBHs requires

• Formation can be explained by several inflationary 
mechanisms (USR, multifield, tachyonic instabilities)



Multifield inflation



Multifield inflation

• Considering the simple setup.
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Figure 1: The figure illustrates a prototype example of a multi-field potential (depending on two fields � and  ) with a

mass hierarchy in which the flat direction is subject to a turn.

In the particular case of two field models —at linear order in the fluctuations— heavy fields are
identified with isocurvature perturbations, and their role is reduced to modify the speed of sound cs of
curvature perturbations at the e↵ective field theory level. The result is a non-trivial e↵ective single-field
theory where the time dependence of cs is dictated by the specific shape of the two-field background
trajectory, in such a way that departures from unity cs 6= 1 exist whenever the trajectory is subject to a
turn. More specifically, one finds that the speed of sound depends on the angular velocity ✓̇ characterizing
the turn as

c
�2
s = 1 + 4✓̇

2
/M

2
e↵ , (1.1)

where M
2
e↵ = M

2
�Ḣ R�✓̇

2 is the e↵ective mass of isocurvature perturbations, with M the tree-level bare
mass of heavy modes, and R the Ricci scalar of the scalar field target space. In this way, sudden turns of
the trajectory translate into sudden time variations of cs (hence modifying the value of the sound horizon
cs/H) and therefore generating features in the power spectrum of primordial inhomogeneities [26].2

Moreover, if the turn is such that cs ⌧ 1, cubic interactions become unsuppressed [70], implying large
levels of primordial non-Gaussianities in the distribution of curvature perturbations [35].

The purpose of this article is to study two-field models of inflation characterized by a large mass
hierarchy.3 We are particularly interested in assessing the general conditions under which the EFT
deduced by integrating out the heavy field remains a reliable description of the inflationary dynamics.
We show that the main condition simply consists on the requirement that the rate of variation of the
angular velocity ✓̇ characterizing the turn stays suppressed with respect to the e↵ective mass Me↵ of

2
For a recent discussion on features in the power spectrum generated by variations of the speed of sound see ref. [28].

3
For other interesting work regarding non-trivial e↵ects on the dynamics of curvature perturbations coming from massive

degrees of freedom, see for instance refs. [59–61].

2

Using background solution
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Slow roll evolution

Gordons et al ’00 
Groot Nibelink and Van Tent ‘00

<latexit sha1_base64="gj2blrK3v7zg7VDfYCj6Sqt26gU="></latexit>

Na

<latexit sha1_base64="LpqdfzX0Y0c3dCeHEN1aJwczBmc="></latexit>

⌦ ⌘ NaraV/�̇0

Measure deviations from geodesic



Perturbations of two fields 
systems

• We can study perturbations by introducing a Goldstone boson
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Entropy mass

• Changing to the curvature field
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Light Entropy mass

• For 
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• In general interactions imply that curvature perturbations keep growing after 
leaving the horizon

• When               ultralight field. Curvature perturbations grow until the 
end of inflation. Suppressed non-Gaussianity.
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• If               tachyonic instability enhances exponentially the curvature 
mode
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PBH formation
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Stochastic inflation

• Fluctuations during inflation can be understood as an stochastic process
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Classical 
vs 

Quantum
Classical

Quantum

• Long wavelength dynamics can be 
understood as a Langevin equation
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• Equivalently  to solve a Fokker-Planck equation for 



Light scalar fields
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Figure 1. We plot the scale invariant power spectra (3.16) amd (3.17). We set �0
⇣ = 2 ⇥ 10�9.

The parameters for the black line are µ = 0.2H, ⌦ = .05, the orange line µ = 0.2H, ⌦ = .2H and
for the gray line µ = .05H, ⌦ = .2H

with the velocity fields tv and tv⇣ are much smaller than the scale of ⇣ and  . Using this

it is possible to integrate out v and v⇣ from the Fokker-Planck equation. We will explain

in detail how this is done in Section 4.1.1. The resulting Fokker-Planck equation is
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This Fokker-Planck equation is still linear, even though it has a mixed noise term, and it

can be solved with the techniques of Appendix C. Further simplification is possible if we

consider the following: As explained in Appendix C, the noise term is computed by using

the two-point function of the field at horizon crossing. Nevertheless, we have seen that

the value of the variance grows with time on superhorizon scales. On the other hand, a

direct computation of the two point function also shows a superhorizon growth [49, 50]
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which, of course, is the same result we obtained in (3.16). This can be understood as

follows. As it has been previously pointed out in Refs. [49, 50], in the long wavelength

limit the equations of motion for ⇣ decouple if they are written in terms of v⇣ = ⇣̇ �
2⌦

f⇣
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2
 = 2⌦f⇣v⇣ . (3.23)

Notice that in the long wavelength limit the first equation admits as a solution v⇣ = v
0

⇣
a
�3.

Plugging this solution back into the second equation implies that the last source term

– 15 –

Varying
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• For single field inflation we find,
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• At large time there is an equilibrium distribution


• Solution is non perturbative in the couplings
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Stochastic dynamics of two 
fields

• Let’s consider the linear case first


• Splitting the fields
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Light scalar fields
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Figure 1. We plot the scale invariant power spectra (3.16) amd (3.17). We set �0
⇣ = 2 ⇥ 10�9.

The parameters for the black line are µ = 0.2H, ⌦ = .05, the orange line µ = 0.2H, ⌦ = .2H and
for the gray line µ = .05H, ⌦ = .2H

with the velocity fields tv and tv⇣ are much smaller than the scale of ⇣ and  . Using this

it is possible to integrate out v and v⇣ from the Fokker-Planck equation. We will explain

in detail how this is done in Section 4.1.1. The resulting Fokker-Planck equation is
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This Fokker-Planck equation is still linear, even though it has a mixed noise term, and it

can be solved with the techniques of Appendix C. Further simplification is possible if we

consider the following: As explained in Appendix C, the noise term is computed by using

the two-point function of the field at horizon crossing. Nevertheless, we have seen that

the value of the variance grows with time on superhorizon scales. On the other hand, a

direct computation of the two point function also shows a superhorizon growth [49, 50]
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Adding non linear terms
• Let us consider the cubic action
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Adding non linear terms
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• At leading order we can consider the first 

equation to be linear


• Larger effect from 


• Velocity field decays faster than the other 
variables and can be systematically 
integrated out from the Fokker Plank 
equation
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Non linear PDF

• Integrating out the velocity field we find the Fokker-Plank equation,
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We can solve it analytically in some limits
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Non-Gaussian tails

• Let us study the simplified PDF
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Figure 2. Toy model of the distribution described in Eqs. (4.35). The black region is the when
⇣ < �

2
⇣/̄ while the orange line is otherwise. The dotted line is a Gaussian distribution that fits

the region in the left of the plot. The parameters are made up to highlight the fact that the
distribution on the right has a very non Gaussian tail.

To appreciate the distribution we plot it in Fig. 2. From there we see that for it is a

displaced Gaussian around the centre but it becomes strongly non Gaussian for ⇣ > ⇣cr ⌘

�
2
⇣

̄
. We can understand the asymptotic behavior of P (⇣) as emerging from a change on

the saddle points in (4.32). Let us notice from it, that the shifted distribution of ⇣ has the

overall e↵ect of changing the coe�cient in front of  2, which becomes negative for large

values of ⇣ > ⇣cr. This implies that there are three saddle points for  , one at  = 0, and

other two at

 ̄ = ±

s
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s

⇣ �
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2
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. (4.36)

The behaviour for the asymptotics of P (⇣) are then similar to the Stokes phenomena, in

the sense that for large values of ⇣ the saddle point changes from 0 to  ̄. If we expand

around 0 we find a Gaussian distribution for ⇣, whereas if we expand (4.32) around  ̄

after integrating over  , we find that

P (⇣) ⇠ exp

✓
�
⇣

̄

◆
, (4.37)

valid for ⇣ � ⇣cr and that it coincides with the large ⇣ limit of (4.35). This e↵ect is non

perturbative in nature since ̄⌧ 1 and so typically ⇣/̄ � 1. Let us now comment on the

regime of validity of ̄. As we mentioned before Eq. (4.29) was only valid for intermediate

times tv ⌧ t ⌧ t , whereas for later t � t it is more accurate to consider that M(t) is

time independent. Solving for M and L we find that the PDF is given by,
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Non-Gaussian tails

• Let us study the simplified PDF
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Figure 2. Toy model of the distribution described in Eqs. (4.35). The black region is the when
⇣ < �

2
⇣/̄ while the orange line is otherwise. The dotted line is a Gaussian distribution that fits

the region in the left of the plot. The parameters are made up to highlight the fact that the
distribution on the right has a very non Gaussian tail.

To appreciate the distribution we plot it in Fig. 2. From there we see that for it is a
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the saddle points in (4.32). Let us notice from it, that the shifted distribution of ⇣ has the

overall e↵ect of changing the coe�cient in front of  2, which becomes negative for large
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the sense that for large values of ⇣ the saddle point changes from 0 to  ̄. If we expand
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valid for ⇣ � ⇣cr and that it coincides with the large ⇣ limit of (4.35). This e↵ect is non

perturbative in nature since ̄⌧ 1 and so typically ⇣/̄ � 1. Let us now comment on the

regime of validity of ̄. As we mentioned before Eq. (4.29) was only valid for intermediate

times tv ⌧ t ⌧ t , whereas for later t � t it is more accurate to consider that M(t) is
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For

The second saddle point 
becomes real

See also Panagopoulos and Silverstein  ’19 
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When is the tail important?

-10 -5 0 5 10
10-20

10-15

10-10

10-5

1

<latexit sha1_base64="wBjdZu9yblUZ97SutnVQ1WdVXH8="></latexit>

⇣
<latexit sha1_base64="wBjdZu9yblUZ97SutnVQ1WdVXH8="></latexit>

⇣

<latexit sha1_base64="H622ypfHoha2IRdP8n2PuDkJnfE="></latexit>

a)
<latexit sha1_base64="SFwCL0vaw6a44G6brD/o8/qXt7E="></latexit>

b)

-10 -5 0 5 10
0.0

0.5

1.0

1.5

2.0

2.5

<latexit sha1_base64="gpJAsNaeXe5fGEATY4go912AvxI="></latexit> P
(⇣

)

<latexit sha1_base64="gpJAsNaeXe5fGEATY4go912AvxI="></latexit> P
(⇣

)

Figure 3. a) The figure is the PDF of (4.35). The orange line is for N = 30 and the black line is
for N = 40. The other parameters are ⌦ = .2H and �⇣ = 10�3. The dotted lines are the region
where ⇣ � �

2
⇣/̄ b) Both curves are at N = 40 but the green line has ⌦ = 0.3H.

with ̄ replaced by ̄
0 and �

2

0 
= 3H

4
/(8⇡2µ2) the equilibrium distribution for  . In

absence of ⇣, the PDF in (4.38) reduces to the equilibrium distribution of  , in accordance

with the fact the we are considering the distribution at late times t � t . In this sense,

(4.38) is the distribution when the field  has settled into its equilibrium distribution. Of

course if the field is ultralight then t ! 1 and the transition between ̄ and ̄0 does not

take place during inflation.

Furthermore, we see that for t ⌧ t , ̄ < ̄
0 but otherwise ̄ > ̄

0 since ̄ keeps

growing. Expanding in powers of t we find that

̄ =
2⌦2

3H2
Ht�2

⇣
(t) , ̄

0 =
2⌦2

3H2
Ht �2

⇣
(t) , (4.39)

from where we can see that ̄ grows until it reaches the equilibrium value ̄0. Anyhow

since at equilibrium �⇣ ⇡ Ht �2

⇣
, we can write 0 ⇠ ⌦2

/H
2
�
2

⇣
to see that the coupling

does not change its dependence on the parameters. In any case is worth mentioning that

̄
0 is a limiting value where the time dependence has become negligible.

All of this implies that initially the tail of the distribution becomes non Gaussian at

smaller values of ⇣ until it settles down on �2
⇣
/̄

0. When this happens the coupling of the

tail becomes constant

P (⇣) ⇠ exp
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= exp
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µ
2

2⌦2�2

⇣
(t)
⇣

!
. (4.40)

Still at early times the distribution is more localised, hence the values at which the tail

becomes non-Gaussian are smaller, as can be seen in Fig. 3. In the end, even though the

saddle point changes at larger ⇣, larger values of ⇣ are more likely due to the growth of

�
2

⇣
. Finally, let us pay attention to the fact that the tail is typically very suppressed since

we have that

⇣/̄� �
2

⇣
/̄

2
� 1 , (4.41)
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Adding other terms

• Non perturbative effects come from the spectator field.


• In general adding higher order corrections will modify the 
tail making it heavier


• It will also be modifications to the variance for large 


• The coupling parameters           are quasi constant until 
the end of inflation
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General potential

• We can study a general 
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Figure 4. We plot the log of the ⇣ distribution given by (4.54) for three di↵erent values of g. The
black line corresponds to � = 0, the red line to � = 10�5 and the orange line to � = 10�2. The
dotted lines are the regions where 3⇣ > Ht

µ2

⌦2 .

a Fokker-Planck equation with only derivatives of  and with a corrected drift term
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We can rewrite this equation using the replacement

P̃ (⇣, , t) = e
�v/2

1X
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⇤nt, v(⇣, , t) =
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(t) 2

◆
, (4.51)

by which the Fokker-Planck equation becomes an eigenvalue problem of the form
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which is similar to Eq. (2.45) with the particular di↵erence that the equilibrium distri-

bution exp(�v) in this case is time independent. Solving this equation in general lies

beyond the scope of this paper, but we can still comment on the case that  reaches the

equilibrium PDF. Fourier transforming in p we find that the PDF is given by

P (⇣, ) ⇠ exp
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which is a generalisation of (4.38), including general potentials. Let us consider the

example V ( ) = µ
2
 
2
/2 + � 

4
/4 which allows us to integrate  out of the equilibrium

distribution. This leads to
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Example: If we add a quartic term
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Summary

• Non perturbative effects can be obtained using stochastic 
techniques


• On multi field models we have computed that interactions 
between fields leads to non perturbative effects


• Many things to understand, generalisation to other 
models, factorial enhancements, observation 
consequences
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FIG. 3. All constraints on the fraction of DM in the form of PBHs, fPBHs, with mass MPBH, coming from PBH evaporation,
microlensing, gravitational waves, PBH accretion and dynamical constraints. Each region shows the envelope of constraints
from the corresponding panel in Fig. 2. Digitised bounds and plotting codes are available online at PBHbounds.

H. Indirect constraints

In this subsection we look at constraints on the amplitude of large primordial perturbations, which lead to indirect
constraints on the abundance of PBHs formed via the collapse of large density perturbations during radiation domi-
nation (Sec. II A). These constraints do not apply to PBHs formed via other mechanisms (see Sec. II D). As discussed
in Sec. IIA, there are large uncertainties in the calculation of the abundance of PBHs formed from a given primordial
power spectrum.

First order scalar perturbations generate tensor perturbations at second order [247, 248]. If the density perturbations
are su�ciently large then the amplitude of the resulting ‘scalar induced gravitational waves’ (SIGWs) is larger than
that of the GWs generated by the primordial tensor perturbations. Constraints on the energy density of stochastic
GWs, from e.g. Pulsar Timing Arrays, therefore limit the abundance of PBHs formed via the collapse of large
density perturbations [249]. These constraints depend on the shape of the primordial power spectrum, and also the
assumed probability distribution of the density perturbations, and are therefore (inflation) model dependent [250–
252]. Models which produce a broad peak in the primordial power spectrum are most tightly constrained [251, 252].
For PBHs forming from large density perturbations during radiation domination, Refs. [59, 108] find fPBH < 1 for
10�2 . MPBH/M� . 1. Reference [109] finds, using data from NANOGrav, fPBH < 10�23 for MPBH = 0.1M� and
fPBH < 10�6 for 0.002 < MPBH/M� < 0.4. However this calculation makes approximations which have a huge e↵ect
on the constraint on fPBH (including setting the PBH formation threshold equal to unity, and �

2 = A). There are
also tight constraints on the abundance of light, MPBH ⇠ 1013�15 g, PBHs from limits on SIGWs from LIGO [253].
Such light PBHs are expected to have evaporated by the present day, however if Hawking evaporation is not realised

Green and Kavanagh ‘20


