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■ Single-field slow-roll inflation

Introduction

Inflation explains the origin of the cosmological fluctuations:


                      ,  


                


                       ,   


Slow-roll inflation requires a flat potential.


Considering radiative corrections, a fine-tuning problem arises.

𝒫ζ ≃
V

24π2ϵV M4
Pl

≃ 2.2 × 10−9

ns ≃ 1 − 6ϵV + 2ηV ≃ 0.96, r ≃ 16ϵV ≲ 0.03

ϵV ≡
M2

Pl

2 ( V′￼

V )
2

ηV ≡ M2
Pl

V′￼′￼

V

`“Natural inflation”
[K. Freese, J. A. Frieman, and A. V. Olinto (1990)]

[D. Baumann (2011)]
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■ Natural inflation

Pseudo Nambu-Goldstone boson such as an axion

    The shift symmetry protects the flatness of the potential. 
　　


　　　　　　　　　 


The success of natural inflation requires


                     ,  


Axion inflation with a sub-Planckian decay constant?

One of the possibilities is 


“Chromo-natural inflation”

V(ϕ) = Λ4 [1 + cos ( ϕ
f )]

f ≳ MPl Λ ∼ mGUT ∼ 1015 GeV

[K. Freese, J. A. Frieman, and A. V. Olinto (1990)]

[K. Freese and W. H. Kinney (2004)]

[P. Adshead and M. Wyman (2012)]

Introduction
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ℒ =
1
2

∂μϕ∂μϕ − V(ϕ) −
1
4

Fa
μνFaμν +

ϕ
4f

Fa
μνF̃aμν

SU(2) gauge fields Axion-gauge fields coupling

Homogeneous isotropic 
SU(2) gauge fieldsSlow-rolling axion

Effective potential

Source gauge fields

Aa
i ∝ δa

i

SU(2) gauge fields induce an effective “friction” of the axion.

    More slow-roll inflation


We can obtain compatible  and  with .𝒫ζ ns f < MPl

■ Chromo-natural inflation (CNI)
[P. Adshead and M. Wyman (2012)]

Fa
μν = ∂μAa

ν − ∂νAa
μ − gf abcAb

μ Ac
ν,

F̃aμν =
1

2 −g̃
ϵμνρσFa

ρσ,

axion/inflaton

Chromo-natural inflation
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■ Points of the BG solution

mQ ≡
gQ
H

≃ (
−g2 f∂ϕV

3H4 )
1/3

,

ξ ≡
·ϕ

2fH
≃ mQ + m−1

Q .

Aa
i (t) = δa

i a(t)Q(t),

• The gauge fields have a rotationally invariant configuration:


• SSB: spatial SO(3)  gauge SU(2)  diagonal SO(3)


• This solution is an attractor solution.

× →

[I. Wolfson, et al. (2021)]

Chromo-natural inflation

∀R,∃ G : RijAa
j = GabAb

iAa
i ∝ δa

i ⇒

⃗A 1
⃗A 2

⃗A 3

x

y

z
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Due to the SU(2) gauge field background,

gauge field perturbations experience a tachyonic instability.


    Chiral and non-Gaussian GWs are overproduced.

    Chromo-natural inflation fails…

If  is a spectator, this mechanism can produce observable GWs.ϕ

■ Chromo-natural inflation (CNI)

[E. Dimastrogiovanni, M. Fasiello, T. Fujita (2016) 
               K. Ishiwata, E. Komatsu, I. Obata (2021) 
                  M. Kakizaki, M. Ogata, O. Seto (2021)]

[P. Adshead, E. Martinec, and M. Wyman (2013)]

ℒ =
1
2

∂μϕ∂μϕ − V(ϕ) −
1
4

Fa
μνFaμν +

ϕ
4f

Fa
μνF̃aμν

SU(2) gauge fieldsaxion/inflaton Axion-gauge fields coupling

[P. Adshead and M. Wyman (2012)]

Fa
μν = ∂μAa

ν − ∂νAa
μ − gf abcAb

μ Ac
ν,

F̃aμν =
1

2 −g̃
ϵμνρσFa

ρσ,

Chromo-natural inflation
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■ Extend Chromo-natural inflation

SU(2) group is the minimal choice for nonzero gauge field VEV.


     How about other groups?


• Background solution


• GW production (inflationary model / spectator model)

“SU(N)-natural inflation”

Chromo-natural inflation
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SU(N)-natural inflation

SU(2) generators 
i = 1,2,3

the other SU(N) generators 
A = 4, … , N2 − 1

[𝒯i, 𝒯j] = iλϵijk𝒯kTr [𝒯a 𝒯b] =
δab

2

SU(N) generators 
a = 1, … , N2 − 1

 is determined by a choice of SU(2)λ

■ Decomposition of gauge fields

According to the SU(2) subalgebra, we decompose  : Ai

Ai = Aa
i 𝒯a = Aj

i 𝒯j + AA
i 𝒯A

ℒ =
1
2

∂μϕ∂μϕ − V(ϕ) −
1
4

Fa
μνFaμν +

ϕ
4f

Fa
μνF̃aμν

SU(N) gauge fieldAxion Interaction



/1913

■ Examples: N = 3

SU(N)-natural inflation

SU(3)  SU(2)  U(1)⊃ ×

SU(3)  SU(2)⊃

3 = 2 + 1,

3 = 3,

𝒯i =
1
2 (σi 0

0 0)

𝒯i =
1

2 2 (
0 1 0
1 0 1
0 1 0),

1

2 2 (
0 −i 0
i 0 −i
0 i 0 ),

1
2 (

1 0 0
0 0 0
0 0 −1)

λ = 1

λ =
1
2

8 = 3 + 2 + 2 + 1

8 = 3 + 5
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■ Background solutions

Ai = Aj
i 𝒯j + AA

i 𝒯A

ξ ≡
·ϕ

2fH
≃ mQ + m−1

Q .

Aj
i (t) = δ j

i

aHmQ ,

mQ ≃ (
− f∂ϕV

3H4 )
1/3

,
g2λ2

AA
i (t) = 0,

• The same as CNI except for 


• Different amplitudes depending on  or the choice of SU(2)

g → gλ

λ

SU(N)-natural inflation

gλ

SU(2) generators 
i = 1,2,3 [𝒯i, 𝒯j] = iλϵijk𝒯k

Fa
μν = ∂μAa

ν − ∂νAa
μ − gf abcAb

μ Ac
ν

λ
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■ “Universality” of the linear perturbations

At the linear level, 


•  decouples according to the SU(2) reps.


•  couples to only the  rep. of  (= SU(2) generators)


•  is degenerate with  in the  rep. part.

δAa
i

δgij 3 δAj
i

λ g 3

SU(3)  SU(2)  U(1)⊃ × 3 = 2 + 1, 8 = 3 + 2 + 2 + 1

δg δA(3) δA(1)δA(2+2)

Example

Almost the same as CNI decouple decouple

Perturbations in SU(N)
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The metric perturbations in the SU(N)-natural inflation are 
the same as in CNI except for g → gλ

Non-linear effects of 

Transitions of BG solutions

δAA
i can break the universality.

■ “Universality” of the linear perturbations

Perturbations in SU(N)

At the linear level, 


•  decouples according to the SU(2) reps.


•  couples to only the  rep. of  (= SU(2) generators)


•  is degenerate with  in the  rep. part.

δAa
i

δgij 3 δAj
i

λ g 3
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Summary

• We extend the CNI model into SU(N)-natural inflation

    and find multiple background solutions.


• BG solutions are labeled by , which is degenerate with .


•  is determined by a choice of SU(2) subalgebra in SU(N).


• The prediction for  has a universality at the linear level.


• Higher-order effects or transitions of BG solutions 

    can break this universality.


• This model cannot avoid the GW overproduction 

    as an inflationary model.


• On the other hand, it might show a distinct signal in GWs

    as a spectator model generating GWs.

λ g

λ

δg
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The linear EoMs for the tensor perturbations are

ψ′￼′￼ij − ∂k∂kψij −
2
τ2

ψij =
2 ϵB

mQτ
t′￼ij +

2 ϵB

τ
ϵikl∂ltjk +

2 ϵBmQ

τ2
tij,

t′￼′￼ij − ∂k∂ktij +
2(2mQ + m−1

Q )
τ

ϵikl∂ltjk +
2(m2

Q + 1)
τ2

tij = 𝒪(ψij) .

ψij ≡
aMPl

2
hij, δAa

i = tai + ⋯, adτ = dt,

small

τ ≃ −
1

aH
, ϵB ≡

g2Q4

M2
PlH2

,

■ “Tensor” perturbations

Back up
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■ Tensor perturbations

∂2
τΨR/L

1 + [k2 −
2
τ2 ] ΨR/L

1 =
2 ϵB

mQτ
∂τTR/L

1 ±
2k ϵB

τ
TR/L

1 +
2 ϵBmQ

τ2
TR/L

1 ,

∂2
τTR/L

1 + [k2 ±
2k(2mQ + m−1

Q )
τ

+
2(m2

Q + 1)
τ2 ] TR/L

1 = 𝒪 (ΨR/L
1 ) .

TR
1 (τ, k) =

1

2k
eπ(2mQ+m−1

Q )/2Wβ,α(2ikτ),

ΨR
1(τ, k) = ∫

∞

−∞
dη Gψ(τ, η, k)𝒟(η, k)TR

1 (η, k),

Gψ(τ, η, k) ≡
Θ(τ − η)

k3τη [k(η − τ)cos (k(τ − η)) + (1 + k2τη)sin (k(τ − η))],

𝒟(η, k) ≡
2 ϵB

mQη
∂η +

2 ϵB

η2
(mQ + kη),α ≡ − i 2m2

Q + 7/4, β ≡ − i(2mQ + m−1
Q ),

Whittaker function

Back up
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■ Constraints on CNI

(k = 0.05 h /Mpc)

 consistent with PlanckPζ

[P. Adshead, E. Martinec, and M. Wyman (2013)]

CNI is excluded by .


For acceptable scalar spectra, the gravitational waves are overproduced.

(ns, r)

Contour of Planck

Back up
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■ SU(N) “electromagnetic” field

Back up

Ea
i = − Fa

0i = −
aH2

g
Ma

i ≡
aH2

g
ℰa

i

Ba
i =

1
2

ϵijkFa
jk = −

a2H2

2g
ϵijk f abcMb

j Mc
k ≡

a2H2

g
ℬa

i

−2ℰa
i +

1
2

ϵijk f abcℰb
j ℬ

c
k + ξℬa

i = 0.

In terms of the EM fields, the EoM becomes
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■ Stability

0 2 4 6
-2.5

-2.0

-1.5

-1.0

-0.5

0.0

0.5

1.0

Veff[σ] =
1
2

σ2 −
1
3

ξλσ3 +
1
4

λ2σ4
ξ = 2.3

Back up
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■ Other perturbations

SU(3)  SU(2)  U(1),  ⊃ × 8 = 30 + 23 + 2−3 + 10

Back up 

E(+,↑) =
1

2 (
0 0 1
0 0 0
0 0 0) E(+,↓) =

1

2 (
0 0 0
0 0 1
0 0 0)

E(−,↑) =
1

2 (
0 0 0
0 0 0
0 1 0) E(−,↓) =

1

2 (
0 0 0
0 0 0

−1 0 0)

Aa
i Ta = Aj

i T
j + A(q,s)

i E(q,s) + A8
i T8,
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■ Other perturbations

SU(3)  SU(2)  U(1),  ⊃ × 8 = 30 + 23 + 2−3 + 10

Back up 

L2,2+2 = (δA+′￼
i )† δA+′￼

i − (∂iδA+
j )

†
∂iδA+

j + (∂iδA+
j )

†
∂jδA+

i

+gaQ [(δA+
j )

† iσi

2
∂iδA+

j − (∂iδA+
j )

† iσi

2
δA+

j − (δA+
j )

† iσi

2
∂jδA+

i + (∂jδA+
i )

† iσi

2
δA+

j ]
− (gaQ)2

2 [(δA+
i )† δA+

i − 3ϵijk (δA+
i )† iσj

2
δA+

k ]
−aξHϵijk [(δA+

i )† ∂jδA+
k − ∂j (δA+

i )† δA+
k + 2gaQ (δA+

i )† iσj

2
δA+

k ]

L2,1 =
1
2 [(δA8′￼

i )2 − (∂iδA8
j )2 + ∂iδA8

j ∂jδA8
i ] − aξHϵijkδA8

i ∂jδA8
k
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■ Equations of motion

Chromo-natural inflation

ℒ =
1
2

∂μϕ∂μϕ − V(ϕ) −
1
4

Fa
μνFaμν +

ϕ
4f

Fa
μνF̃aμν

Using the temporal gauge  and an ansatz 

we obtain the background EoMs:

Aa
0 = 0 Aa

i (t) = δa
i a(t)Q(t),

··ϕ + 3H ·ϕ + ∂ϕV(ϕ) = −
3g
f

Q2 ( ·Q + HQ),

··Q + 3H ·Q + ( ·H + 2H2) Q + 2g2Q3 =
g
f

Q2 ·ϕ

The motion of  sources the gauge field .ϕ Q

gauge field amplitude

⃗A 1
⃗A 2

⃗A 3

x

y

z
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■ Equations of motion

Chromo-natural inflation

mQ ≃ (
−g2 f∂ϕV

3H4 )
1/3

, ξ ≡
·ϕ

2fH
≃ mQ + m−1

Q

··ϕ + 3H ·ϕ + ∂ϕV(ϕ) = −
3g
f

Q2 ( ·Q + HQ),

··Q + 3H ·Q + ( ·H + 2H2) Q + 2g2Q3 =
g
f

Q2 ·ϕ

In the slow-roll limit, we parametrize 

                                     .ξ ≡
·ϕ

2fH
, mQ ≡

gQ
H

Axion velocity

Then, the background solution is

Amplitude of Aa
i

mQ − ξm2
Q + m3

Q = 0
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Consider the effective potential for .


　　  is the true vacuum for .

mQ

mQ ≠ 0 ξ >
3

2

■ Stability

Veff[mQ] =
1
2

m2
Q −

1
3

ξm3
Q +

1
4

m4
Q

-0.5 0.0 0.5 1.0 1.5 2.0 2.5
-0.3

-0.2

-0.1

0.0

0.1

0.2

ξ = 2.3

mQ

V e
ff(

m
Q

)

Chromo-natural inflation

Typically, mQ ≃ 2 − 5
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■ Examples: N = 4

4 = 3 + 1

𝒯z =
1

10

3
2 0 0 0

0 1
2 0 0

0 0 − 1
2 0

0 0 0 − 3
2

λ =
1

10

4 = 4

𝒯z =
1
2

1 0 0 0
0 0 0 0
0 0 −1 0
0 0 0 0

λ =
1
2

SU(N)-natural inflation

SU(4)  SU(3)  U(1)⊃ ×

SU(4)  SU(2)⊃
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4 = (2, 1) + (1, 2)

𝒯z =
1
2 (σi 0

0 0),
1
2 (0 0

0 σi)

λ = 1

SU(N)-natural inflation

SU(4)  SU(2)  SU(2)⊃ ×

λ =
1

2

Āz ∝
1
2 (σi 0

0 0) 1
2 (0 0

0 σi)
Āz ∝

1
2 (σi 0

0 σi)

or

■ Examples: N = 4
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■ Examples: N = 4

4 = (2, 1) + (1, 2)

𝒯z =
1
2 (σi 0

0 0),
1
2 (0 0

0 σi) λ = 1

SU(N)-natural inflation

SU(4)  SU(2)  SU(2)⊃ ×

𝒯z =
1

2 2 (σi 0
0 σi) λ =

1

2

For , multiple SU(2)s can embedded in SU( ).N ≥ 4 N
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■ Examples: N = 4

4 = (2, 1) + (1, 2)

𝒯z =
1
2 (σi 0

0 0),
1
2 (0 0

0 σi)

𝒯z =
1

2 2

1 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 −1

,
1

2 2

1 0 0 0
0 −1 0 0
0 0 1 0
0 0 0 −1

λ = 1,
1

2

λ =
1

2
,

1
2

4 = (2, 2)

SU(N)-natural inflation

SU(4)  SU(2)  SU(2)⊃ ×

SU(4)  SU(2)  SU(2)⊃ ×

12×2 ⊗ σz σz ⊗ 12×2
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■ General N

N = m + ⋯ (m = 2,⋯, N)

SU(N)-natural inflation

SU(N)  SU(2)  ⊃ × ⋯

𝒯z = λ(m) diag ( m − 1
2

,
m − 3

2
, ⋯, −

m − 1
2

,0,⋯,0)
λ(m) = ( m(m2 − 1)

6 )
−1/2
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0 2 4 6 8
0

2

4

6

8

10

12

SU(N)-natural inflation

■ Numerical simulation

ξ = 3

λ = 1
λ = 1/ 2

λ = 1/2

λ = 1/ 10
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Since  is invariant under the diagonal rotation of  and :


we can consider  as a spatial index.


Then, SVT decomposition can be applied to .

Āa
i i a

a

Aa
j

■ “Tensor” perturbations

Chromo-natural inflation

gij = − a2(δij + hij), Aa
i = Āa

i + δAa
i = Āa

i + tia + ⋯,

To see the GW production, we focus on the tensor component:

Āa
i → UijUabĀb

j = Āa
i ,

∝ δb
j

( : rotation matrix )U

Traceless and transverse
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∂2
τΨR/L + [k2 −

2
τ2 ] ΨR/L =

2 ϵB

mQτ
∂τTR/L ±

2k ϵB

τ
TR/L +

2 ϵBmQ

τ2
TR/L,

∂2
τTR/L + [k2 ±

2k(2mQ + m−1
Q )

τ
+

2(m2
Q + 1)
τ2 ] TR/L = 𝒪 (ΨR/L) .

tij(τ, x) = ∫
d3k

(2π)3
eik⋅x [eR

ij (k̂)TR
k (τ) + eL

ij(k̂)TL
k(τ)],

 experiences a tachyonic instability.TR

 is sourced by .ΨR TR

Chromo-natural inflation

iϵiklkleR/L
jk (k) = ± keR/L

ij (k)

ψij(τ, x) = ∫
d3k

(2π)3
eik⋅x [eR

ij (k̂)ΨR
k(τ) + eL

ij(k̂)ΨL
k(τ)],

■ “Tensor” perturbations

ψij ≡
aMPl

2
hij,

adτ = dt, ϵB ≡
g2Q4

M2
PlH2

,
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[E. Dimastrogiovanni, M. Fasiello, and T. Fujita  (2016)]

Chromo-natural inflation

≡ − kτ

∝ e2.4mQ

■ “Tensor” perturbations

Horizon crossing
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EoM for background gauge fields

■ Background gauge fields

ℒ = −
1
4

Fa
μνFaμν +

1
2

∂μϕ∂μϕ − V(ϕ) +
ϕ
4f

Fa
μνF̃aμν

SU(N)-natural inflation

Consider SU(N) gauge group:

Assume  and 


Parametrize  by .

a ∝ eHt ξ ≡
·ϕ

2fH
= const .

Aa
i Ma

i (t) ≡
g

a(t)H
Aa

i (t)

··Ma
i

H2
+

3
H

·Ma
i + 2Ma

i + f bac f bdeMc
j Md

i Me
j − ξϵijk f abcMb

j Mc
k = 0,

a = 1, … , N2 − 1

Structure constant of SU(N)

cf.) In CNI, Ma
i = mQδa

i
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··Ma
i

H2
+

3
H

·Ma
i + 2Ma

i + f bac f bdeMc
j Md

i Me
j − ξϵijk f abcMb

j Mc
k = 0,

We have considered homogeneous and static solutions.


But this is still difficult to solve…


    We assume that “electromagnetic” fields are “parallel”.

■ Background gauge fields

SU(N)-natural inflation

ρA =
H4

4g2
f abc f adeMb

i Mc
j Md

i Me
j + 2 (

·Ma
i

H
+ Ma

i )
2

→ const .

EoM of static background gauge fields
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On the other hand, for constant , Ma
i

Ea
i = −

aH2

g
Ma

i , Ba
i = −

a2H2

2g
ϵijk f abcMb

j Mc
k

Bi =
igϵijk

H2 [Ej, Ek]
Then,

 : SU(N) generatorsTa

Tr [TaTb] =
δab

2

SU(N)-natural inflation

 and  are coupled through the Chern-Simons coupling:





　　  and  source each other.

　　We assume 

Ei Bi

ϕFa
μνF̃aμν → ∝ ξEa

i Ba
i

Ei Bi

■ Parallelism of electromagnetic fields

Ei ∝ Bi (i = x, y, z)
Ei = Ea

i Ta, Bi = Ba
i Ta
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Using  , 


                     


Ei ∝ Bi ∝ Mi ∝ 𝒯i

Bi =
igϵijk

H2 [Ej, Ek] [𝒯i, 𝒯j] = iλϵijk𝒯k

The basis of ,  generates an SU(2) subalgebra.Mi {𝒯i}

SU(N)-natural inflation

 : SU(N) generatorsTa

Tr [TaTb] =
δab

2

 and  are coupled through the Chern-Simons coupling:





　　  and  source each other.

　　We assume 

Ei Bi

ϕFa
μνF̃aμν → ∝ ξEa

i Ba
i

Ei Bi

■ Parallelism of electromagnetic fields

Ei = Ea
i Ta, Bi = Ba

i Ta

Ei ∝ Bi (i = x, y, z)
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2σi + λ2σi ∑
l≠i

σ2
l − ξλ∑

j,k

|ϵijk |σj σk = 0 (i = x, y, z)

σ = σx = σy = σz,

2Ma
i + f bac f bdeMc

j Md
i Me

j − ξϵijk f abcMb
j Mc

k = 0

Mj
i = σi δ j

i , MA
i = 0, f ijk = λϵijk

EoM

■ Background solution

SU(N)-natural inflation

cf.)  for CNIσ =
ξ + ξ2 − 4

2

σ = 0,
ξ ± ξ2 − 4

2λ

-0.5 0.0 0.5 1.0 1.5 2.0 2.5
-0.3

-0.2

-0.1

0.0

0.1

0.2

ξ = 2.3

mQ

V e
ff

(m
Q

)
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Since the gauge fields have nonzero VEV only in SU(2) part:


                        


This solution is also isotropic as in CNI:


SSB pattern is:

Mi = σ 𝒯i, [𝒯i, 𝒯j] = iλϵijk𝒯k,

45

■ Isotropy of the solution

∀R,∃ G : RijMa
j = GabMb

i

SO(3)  SU(2)  SO(3)× →

SU(N)-natural inflation

 SU(N)⊂

The only difference from CNI is .


What values can  take?

λ
λ
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• Solve the EoM with time derivatives :
··Ma

i

H2
+

3
H

·Ma
i + 2Ma

i + f bac f bdeMc
j Md

i Me
j − ξϵijk f abcMb

j Mc
k = 0,

 

(a ∝ eHt, ξ ≡
·ϕ

2fH
= const . )

• Initial condition is random variables :


　　 　 (Gaussian distribution)·Aa
i = 0, Ma

i (t0) =

• We characterize the results by the averaged amplitude:

σ̃2 =
1
3

Tr[MiMi]

■ Numerical simulation

SU(N)-natural inflation
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0 2 4 6 8
0

2

4

6

8

10

SU(N)-natural inflation

■ Numerical simulation

ξ = 3

λ = 1

λ = 1/2
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■ “Universality” of the linear perturbations

Perturbations in SU(N)

Ai = (Āj
i + δAj

i )𝒯j + δAA
i 𝒯A

With this decomposition, we have

Then, the quadratic action of the perturbations has

Fa
μρFa

νσ = F̄i
μρF̄i

νσ + 𝒪(δAj
μ) + 𝒪(δAj

μδAk
ρ) + 𝒪(δAB

μ δAC
ρ )

𝒪(δgijδAk
μ), 𝒪(δAj

μδAk
ρ), 𝒪(δAB

μ δAC
ρ )

Especially,  terms have forms of 𝒪(δAB
μ δAC

ρ )

δAB
μ δAB

ρ f iBCδAB
μ δAC

ρor

action of  on 𝒯i 𝒯B

close under SU(2)


