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Introduction

m Single-field slow-roll inflation

Inflation explains the origin of the cosmological fluctuations:
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Slow-roll inflation requires a flat potential.
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Ag [D. Baumann (2011)]

Considering radiative corrections, a fine-tuning problem arises.

- “Natural inflation”
[K. Freese, J. A. Frieman, and A. V. Olinto (1990)]
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Introduction

[] Natu ral inﬂati()n [K. Freese, J. A. Frieman, and A. V. Olinto (1990)]

Pseudo Nambu-Goldstone boson such as an axion
- The shift symmetry protects the flatness of the potential.

Vi) = A* _1 + COS (%)

The success of natural inflation requires

f 2 My, A~mgyr~ 101°GeV

[K. Freese and W. H. Kinney (2004)]

Axion inflation with a sub-Planckian decay constant?
One of the possibilities is

“Chromo-natural inflation”
[P. Adshead and M. Wyman (2012)]

9/19



|. Introduction
lI. Chromo-natural inflation

I1l. SU(N)-natural inflation

V. Summary

6/19



Chromo-natural inflation

' Y
Fi, =0,A—0,A% — gf*ALAL,
m Chromo-natural inflation (CNI) Fow — L wpopa
[P. Adshead and M. Wyman (2012)] | 2\/—2 o

= 0,40 - Vi) - CFLF Z; Fe o

axion/inflaton SU(2) gauge flelds Axion-gauge fields coupling

Source gauge fields

( A g T
| | Homogeneous isotropic
Slow-rolling axion SU(2) gauge fields

Al x 67
. w ' S

Effective potential

SU(2) gauge fields induce an effective “friction” of the axion.
—$ More slow-roll inflation

We can obtain compatible 935 and n, with /' < Mp,.




Chromo-natural inflation

m Points of the BG solution

(f'

.

Al = 6fa(Q(D),  my ==

g0 (8 1%V
H \ 3H
__¢ »
5 = zf—H il mQ + mQ .

* The gauge fields have a rotationally invariant configuration:

e SSB: spatial SO(3) X gauge SU(2) — diagonal SO(3)

e This solution is an attractor solution. [I. Wolfson, et al. (2021)]
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Chromo-natural inflation

' Y
Fi, =0,A—0,A% — gf*ALAL,
m Chromo-natural inflation (CNI) Fow — L wpopa
[P. Adshead and M. Wyman (2012)] | 2\/—8 o
¢

= —0 P P — V(¢) — —F“ Fam + 4fF“ Fan

axion/inflaton SU(2) gauge flelds Axion-gauge fields coupling
Due to the SU(2) gauge field background,
gauge field perturbations experience a tachyonic instability.

Chiral and non-Gaussian GWSs are overproduced.
Chromo-natural inflation fails... [P Adshead, E. Martinec, and M. Wyman (2013)]

~

If ¢ is a spectator, this mechanism can produce observable GWs.

[E. Dimastrogiovanni, M. Fasiello, T. Fujita (2016)
K. Ishiwata, E. Komatsu, |. Obata (2021)
M. Kakizaki, M. Ogata, O. Seto (2021)]
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Chromo-natural inflation

m Extend Chromo-natural inflation

SU(2) group is the minimal choice for nonzero gauge field VEV.

/ How about other groups?

—p e Background solution

\ * GW production (inflationary model / spectator model)

“SU(N)-natural inflation”
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SU(N)-natural inflation

m Decomposition of gauge fields

Z = —a D — V() — lFa Fav 4 Z;Fa Fan

PreTy

Axion SU(N) gauge fleld Interaction

a N
According to the SU(2) subalgebra, we decompose A; :

A =A'T  =AT .+ AT,
i J !
-~ SU(2) generators the other SU(N) generators

SU(N) generators )
a=1,..,N>—1 =123 A=4, .. N -1
o .
Tr l?fa 9]']9] — ;b [gl’ ‘671] — l%eijkgk
A is determined by a choice of SU(2)
. Y,

12/19




SU(N)-natural inflation

m Examples: N = 3

N\
(SU(3)DSU(2)><U(1) 3=2+1, 8=3+2+2+1

1 (o,
9i=—(61 O) 1=1
2\0 0

\. Y,

s ™
SU(3) D SU(2) 3 =3, 8§=3+5

1(010) 10-1‘0) 1<100)

T = tot1), —(i o =i). =(o o0 o

2v2\0o 1 0/ 2vV2\0 i o/ 2\o0 0 -1
1




SU(N)-natural inflation

m Background solutions

— AJ A

SU(2 t :
i=( 1),3,63Inera T T ) = ikep Ty
4 . . aHmQ N
Al@t) =&/ , A =0,
I I g/l
1/3 :
212
—g A0,V _ ¢ ~1
A~ = ——xmpy+mg, .
| 0 < 34 Of Q Q
\.. J

a _ a a abc Ab A c
= 6ﬂAy — 0VA” —gf AﬂAy
—+ A

e The same as CNI except for g — g4 [

e Different amplitudes depending on 4 or the choice of SU(2)
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Perturbations in SU(N)

m “Universality” of the linear perturbations

7 A

At the linear level,

o 5A{‘ decouples according to the SU(2) reps.

. 58;‘;‘ couples to only the 3 rep. of 5Alf (= SU(2) generators)

e / is degenerate with g in the 3 rep. part.

\.. J
e Example
SUB)DSUR)XU() 3=2+1, 8=3+2+2+1
ﬂ 2+2)]
Akmbst the same as CNI decoul
. J




Perturbations in SU(N)

m “Universality” of the linear perturbations

'(’At the linear level, A

o 5A{‘ decouples according to the SU(2) reps.

. 5glj couples to only the 3 rep. of 5Alf (= SU(2) generators)

. A is degenerate with g in the 3 rep. part. y

{
The metric perturbations in the SU(N)-natural inflation are

—p the same as in CNI except for g — gA

Non-linear effects of 5A#

Transitions of BG solutions |
. Y,
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can break the universality.
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£ Y
e \We extend the CNI model into SU(N)-natural inflation
and find multiple background solutions.

e BG solutions are labeled by A, which is degenerate with g.
e / is determined by a choice of SU(2) subalgebra in SU(N).

e The prediction for 62 has a universality at the linear level.

e Higher-order effects or transitions of BG solutions
can break this universality.

e This model cannot avoid the GW overproduction
as an inflationary model.

¢ On the other hand, it might show a distinct signal in GWs

as a spectator model generating GWs.
. Y,
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m “Tensor” perturbations

The linear EoMs for the tensor perturbations are
small

y /

2. /€p 2. /€p " 2, /€gmy )
l//l,], — akakl//l] — _zlljl] = tl,] + ¢’ 0ltjk + > tij’
T mot T T
22myp + m5)) 2(mg + 1)
1" 0 9, ] o
1) — 00t + - ™oty + 51 = O(w;) .
\. S
- B aMp, . )
ij = 5 ij 5Al = tai + -, adr = dt
T~ : €p = %
_ _, B p—
- aH M3 H? )




m Tensor perturbations

/ o) 2. /€ 2k 2 BMg \\
az\Iﬂf/L + k2 _ _2] \_Plli’/L \/_ a TR/L \/_ TR/L + \/_2 T{%/L
T mQT T
2kQm, +m5Y)  2(m3 + 1)
O2TRIL 4 lk2 2 | TR =0 (PR).
T T

\_ J
4 1 ™

TR(z,k) = —=e™ ¥t 2y, (2ikz),
___& 2k Whittaker function

| ‘I’f(f,k)=J dy G, (z, 1, )D(n, )T{(n, k),

ool

. I,

+ kn),

2./€p
= — i\/2mé +7/4, p=—-iCmy+ mél), D(n, k) = \/_

O(z — 1)

G, (7,n,k) =

07 = 2)cos (k(z = m)) + (1 + Kzn)sin (k(r -m)|




Back up

m Constraints on CNI [P Adshead, E. Martinec, and M. Wyman (2013)]

CNI is excluded by (n,, r).

For acceptable scalar spectra, the gravitational waves are overproduced.
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m SU(N) “electromagnetic” field

4 aH? aH? A
R e
g 8
a 1 a a2H2 abcagbagc — a2H2 a
Bi — 2 l]kF — 2 eljk-f ]\4] Mk o %i
\.. 5 5 e

In terms of the EM fields, the EoM becomes

1
—2&% + it & B+ ERBY =0
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= Stability

1 1 1
vV = —6% — —F)o> + —)%6°
0] 20 350 2 o

Veslo]
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m Other perturbations
SU(3) D SU@2) X U(1), 8=3,+2;+2_5;+1,

AT = AITV + AIE@S + ASTS,

[ /00 1 [ /000
E(+T)__ 00 0 E(+,l):_ 0 0 1
V2 \o 0 0 V2 \o 0 0
1 (000 (0 o
ECD=—"{0 o L Y=—1 0 00
vV2\o 1 0 V2 \-1 0 0
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m Other perturbations

SU3) D SU(2) X U(1), 8=3,+2;+2_5+1,
Ly = (8AF)" 6AF - (ai(SAJf)T 0,0AF + (ai(SAJ.+>T 0;6A}

T io; T io; T io; T io;
+gagQ [<5Aj+) “Looar — (9A7) Slear— (sar) ZLosar+ (947) 75A.+]

(ga0)”

[(5Ai+)T5Ai+ — 3¢tk (5AF)" %514;]

—agHe* [(5Al.+)T 05AF — 0, (5AF) 6AF +2gaQ (5AF) %M,j]

1 , }
Ly, = > [(5Ai8 )> — (0,6A°)" + ai(sAjSajaAf] — alHe ™ 5AD0,6A7
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Chromo-natural inflation

m Equations of motion

_— __ __La aur ¢ a aur
= ()gb0”¢ Vi) F pac +4fF pal

Using the temporal gauge Aj = 0 and an ansatz A/(¢) = 6;'a(1)Q(?),
T

we obtain the background EoMs: gauge field amplitude

*(/ . . 3g . \ Z
¢+ 3Hp + 0, V() = - 7Q2 (0 + HQ),

O +3HQ+ (H+2H*) Q+2g°0Q° = §Q2(/5
e U ,

The motion of ¢ sources the gauge field Q.
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Chromo-natural inflation

m Equations of motion

In the slow-roll limit, we parametrize

_ ¢ _ 80
E = , My = .
Axion velocity Amplitude of A’
S 3g . R
G +3HG + 0, V() = — i (9'+ HO),
0 £3H0 + (H +2H?) 0 +2¢°0° = £0%)

\. Wi J
Then, the background solution is \s mgy — Emg +my =0
4 1/3 . A

_g2f0¢V . ¢ —
mg, =~ : = ~
¢ 3H* yH ¢ e "
. w,
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Chromo-natural inflation

= Stability

Consider the effective potential for my.

. 3
—» mg # 0 is the true vacuum for § > —.
V2
0.2y I I
‘ 1 1
0.1 mg = < Emg + g _
<, 0.0}
\§ L
;g ~0.1f :
—0.2¢ -
&

-0.9 0.0 0.5 1.0 1.5 2.0 2.5
mQ Typically, m, ~ \/5 -5
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SU(N)-natural inflation

m Examples: N =4

(SU(4)DSU(3)><U(1) 4=3+1
(1 0 0 0) ,
- _1l0o0 0 0 .
7:=510 0 -1 0 ’1—5
00 0 O
k.. \ )
s
SU@4)DSU2) 4=4
)
%0 0
0 1 0
97Z=L ’ A= :
\/1_0 0 O 0 \/10
0 0




SU(N)-natural inflation

m Examples: N =4

s )
SUM4) D SU(2) XSU(2) 4=12,1)+(1,2)




SU(N)-natural inflation

m Examples: N =4

’(SU(4) D SUR) X SUR) 4=(2,1)+(1,2) :

97_101.0 170 0 L
 2\0 0/ 2\0 g B

1 (O’i O) 1
‘sz — A= —
24/2 0 o V2
. o
For N > 4, multiple SU(2)s can embedded in SU(N).
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SU(N)-natural inflation

m Examples: N =4

!
" SU@) D SUR) X SUR) 4=2.1)+(12)
1 . | 1
g - L(a0) 1000 1o L
2\0 0/ 2\0 g V2
\. i,
4 ™
SU(4) D SU(2) X SU(2) 4 = (2,2)
(10 0 0 (1 0 0 0
g_ L for o of 1t fo-10 0 11
Z 00 -1 0 0 0 1 0 = ’
2\/5\0 0 0 -1, 2\/5\0 0 0 -1, 2 2
\ 12)(2 ® 0, 0; ® 12)(2 )




SU(N)-natural inflation

m General N

2 ™
SUN)DSU@2)X -+ N=m+-- (m=2,,N)
, m—1 m-=3 m— 1
5’7z=ﬂ(m)dlag( ST, 5 ,O,---,O>
m(mz—l) —1/2
e (222
e A
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SU(N)-natural inflation

m Numerical simulation

1 2 T T T T T T T T T | T T T

normalized amplitude &(¢)

normalized time tH
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Chromo-natural inflation

m “Tensor” perturbations
Since Al‘.’ is invariant under the diagonal rotation of 1 and a:
A? — UY U"b/i]’? = A?, ( U: rotation matrix )

o sb
<

we can consider a as a spatial index.
Then, SVT decomposition can be applied to Aj“.

To see the GW production, we focus on the tensor component:

gi = 612(5z‘j +h), Af = A%+ 5A% = A% + 1,

a ?

/"‘

Traceless and transverse
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Chromo-natural inflation

m “Tensor” perturbations eI (d) = + ke (k)
C Ak < A « _ aMp,
V(5.0 = | e [efiori) + el Wi | vy ==y,
24
"k a [ReTR Ly TL adr = d, €5 = ng 2
o0 = | oo™ 0T + dfbori@]. | My
4 2, /€ 2k 2\/€gm )
2RI 4 |2 3] PRIL _ Vs 0. TRIL + Vs TRIL | V8o TRIL
72 Myt T 72
i » , i
2TRL L | 12 + 2k(2my +mg ') n 2mg + 1) TRIL — (\PR/L>
i B T 72 .
\. ' ' /

TX experiences a tachyonic instability.

PR is sourced by TX.
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Chromo-natural inflation

m “Tensor” perturbations

1000
100|
10/

0.100|
0.010;‘

Horizon crossing

V2k X YR x et J‘“

 V2k xtp

= — Lkt

107 107 0.001 0.100° 10 1000
[E. Dimastrogiovanni, M. Fasiello, and T. Fujita (2016)]
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SU(N)-natural inflation

m Background gauge fields

Consider SU(N) gauge group: T

L = — lF“ F + la $o'd — V(¢h) + iFa/F“W
4 124 9 H 4f KU
4 ! - ™
Assume a x e and & = = const .
2fH
Parametrize A" by M'(1) = S A (D).
L a(t)H )
%’ cf.) In CNI, M;* = md;
/wEoM for background gauge field ~
M¢ 3.
! a a bac £bde ya gcaqd A g€ abcagbrqc —
H2+EMi+2Mi + [P f 1\/1].Ml.1\/1].—efeijkfl MJ.Mk—O, |
\\ ,

i
Structure constant of SU(N)
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SU(N)-natural inflation

m Background gauge fields

~E0M of static background gauge fields

""t‘
M‘} 3 a a bac rbde y gc aqd a g€ abcaqgbaqc —
o+ AV DM+ P SMEMEMS — e f MM =0,
\., o
_ | -
H* K
— p, =— | fe f“deMl.bZ\@?MidZ\@? +2 ( 11; + Mf‘) — const.

We have considered homogeneous and static solutions.

But this is still difficult to solve...

- We assume that “electromagnetic” fields are “parallel”.
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SU(N)-natural inflation

m Parallelism of electromagnetic fields -

E; and B; are coupled through the Chern-Simons coupling:

PF; F* — « EE!BY

4 Ty
—% L, and B; source each other. E; = ET*, B; = B/T*
—¥ \We assume : a.
Ei X Bi (i=2x,Y,2) T .SU(N)geneérj]’:ors
- Tr [T9T?] =
e 2 J
On the other hand, for constant M,
aH? a’H? e vh
Ef = ———M¢, B'=———¢;f""M"M
g 2g Y
Then, { . ik ™
ige
B. = [E Ek]
2
\ Y




SU(N)-natural inflation

m Parallelism of electromagnetic fields -

E; and B; are coupled through the Chern-Simons coupling:

PF; F* — « EE!BY

- ~
-+ E. and B; source each other. E, = E‘T%, B, = B°T°
—¥ We assume Ei X Bi (i=2x,9,2) T% : SU(N) generators
5ab
- Tr [T°T%| =
2
e J

UsingE, x B, oxc M, x T,

igeijk
B; = o

The basis of M, {7 .} generates an SU(2) subalgebra.
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SU(N)-natural inflation

m Background solution

( EoM ~
i& 2ME + fbac phde M Mid Mf; — &y fabe Mjb M¢ =0 )
le = 0, 5{, MIA“ =0, fik= A€k J
s ™
261+/12612012—§/12‘Gljk|6jdk_0 (i=x,y,2)




SU(N)-natural inflation

m Isotropy of the solution

2 A
Since the gauge fields have nonzero VEV only in SU(2) part:

AAdg — 67537}, [f;yi,égrj] — iﬂi%gkgayk,
This solution is also isotropic as in CNI:
Vp 3 . a _ abagb
R7G : R;M! = GM,

SSB pattern is: SO(3) X SU(2) — SO(3)
C SU(N)

..

The only difference from CNI is A.

What values can A take?
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SU(N)-natural inflation

m Numerical simulation N

o L _ e _ i B
e Solve the EoM with time derivatives : (a x e, &= oFH const.)

M¢ 3 .
a bac rbde a gca1d a g€ abcagbagc
o M DM fEMEMEMY = ey MM = 0,

e |nitial condition is random variables :

A =0, M7 (t,) = (Gaussian distribution)

l

* \We characterize the results by the averaged amplitude:

o 1
3
.. S
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SU(N)-natural inflation

m Numerical simulation

10_... e

1/2

normalized amplitude & (¢)

normalized time tH
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Perturbations in SU(N)

m “Universality” of the linear perturbations

L . A
A; = (A +6A)NT  + 6A7T 4
With this decomposition, we have

FiFe =F F + OAl) + O(5Al5A%) + O(SASSA)

pup” vo up” vo
s — ) ~
Then, the quadratic action of the perturbations has
k oAk BsaC
O(5g;5A8),  G(5AISAY), OSAPSAC)
Especially, O(6A,/5A}) terms have forms of
. 5A55A£ or fiBCSAféApC 4— close under SU(2) )

action of 7, 0n I
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