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EFT approach to new physics
 Effective Field Theory

energy range of validity 
of the SM}

         New states (susy, compositeness,…)

mt,h,W

Λ

~100 GeV

assumption based on the many tests of the SM!
…and that Nature does not conspire to fool us!

To (humbly) accept that:
The SM provides a good description of physics at low-energies (E≪Λ)



1 Introduction

2 Dimension-six operator basis

Let us consider a sector beyond the SM (BSM) characterised by a new mass-scale ⇤ much

larger than the electroweak scale mW . We will assume, among other requirements to be

specified later, that this sector preserves lepton and baryon number. By integrating out this

sector and performing an expansion of SM fields and their derivatives Dµ over ⇤, we can

obtain an e↵ective Lagrangian made of local operators:

Le↵ =
⇤4

g2⇤
L

✓
Dµ

⇤
,
gHH

⇤
,
gfL,R

fL,R
⇤3/2

,
gFµ⌫

⇤2

◆
' L4 + L6 + · · · , (1)

where Ln denotes the term in the expansion made of operators of dimension n. By g⇤ we denote

a generic coupling of the BSM, while gH and gfL,R
are respectively the couplings of the Higgs-

doublet H (of hypercharge Y = 1/2) and SM fermion fL,R to the BSM sector, and g and Fµ⌫

are respectively the SM gauge couplings and field-strengths. The Lagrangian Eq. (1) is based

on dimensional grounds where the dependence on the couplings is easily obtained when the

Planck constant ~ is put back in place. The dominant e↵ects of the BSM sector are encoded

in L6, as L4 leads only to an unphysical redefinition of the SM couplings. There are di↵erent

basis used in the literature for the set of independent dimension-six operators appearing in L6.

Although physics is independent of the choice of basis, it is clear that some basis are better

suited than others for extracting the relevant information for, for example, Higgs physics.

A convenient basis can be that which capture in few operators the impact of di↵erent new-

physics scenarios, at least for the most interesting cases. For example, in the basis of ref. [],

universal theories only generate 11 CP-conserving operators, but this number can be larger

in other basis, as that of ref. [], with the corresponding correlation in their coe�cients. If

only ff ! ff processes are considered, only 4 operators can parametrize universal theories

if we use the basis []. Another important consideration for the choice of basis is to avoid

mixing operators whose coe�cients are naturally expected to have di↵erent sizes (again, at

least in main theories of interest). For example, it is convenient to keep separated operators

that can be induced at tree-level from integrating weakly-coupled states from those that can

only be generated at the one-loop level. This helps to determine what are the most relevant

operators when dealing with a large class of the BSM such as supersymmetric, composite

Higgs or little Higgs models among others. As shown in ref. [] this criteria is also useful when

considering one-loop operator mixing, since one finds that tree-level induced operators do not

contribute to the RG flow of one-loop induced ones, independently, of course, of the origin of

the operators. In this sense the basis of [] is better suited than that of []. It is obvious that

all the criteria given above are not at all in contradiction with being generic, that is also the

propose of these analysis, as soon as we keep all operators, as we do in this analysis.

In our bases we broadly distinguish three classes of operators. The first two classes consist

of operators that can in principle be generated at tree-level when integrating out heavy states

1

(assuming lepton & baryon number)

 We can then Taylor expand (SM fields and derivative over Λ):

The SM
dimension-4 terms:
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Table 1: 14 CP-even operators made of SM bosons. The operators are grouped in 3 di↵erent

boxes corresponding to the 3 classes of operators defined in Eq. (2). Dashed lines separate

operators of di↵erent structure within a given class. There are, in addition, the 6 CP-odd

operators given in Eqs. (9)-(11).

where Y f

L,R
are the fermion hypercharges and YH the Higgs hypercharge. In particular, we

could trade OB and OW with other operators:
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where, in the last expression, we have eliminated Or using Eq. (19).

For one family of fermions the set of operators that we use is collected in Tables 1 and 2.

We keep all operators of Eqs. (4)-(11), since they are the relevant ones for a well-motivated

class of BSM scenarios such as universal theories, with the exception of Or, that we eliminate

of our basis using Eq. (19). In Tables 1 and 2 there are 58 operators; adding the 6 bosonic CP-

odd ones in Eqs. (9)-(11) leads to a total of 64 operators. We still have 5 redundant operators

that once eliminated leave a total of 59 independent operators, in agreement with [9]. We

leave free the choice of which 5 operators to eliminate: e.g., the operators of Eq. (5) could be

eliminated by using Eq. (20) or, alternatively, we could trade 5 operators that contain fermions

by the operators in Eq. (5). We will use later this freedom in di↵erent ways depending on the

physics process studied. Other redundant operators are discussed in Appendix A.
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mixing operators whose coe�cients are naturally expected to have di↵erent sizes (again, at

least in main theories of interest). For example, it is convenient to keep separated operators

that can be induced at tree-level from integrating weakly-coupled states from those that can
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contribute to the RG flow of one-loop induced ones, independently, of course, of the origin of

the operators. In this sense the basis of [] is better suited than that of []. It is obvious that

all the criteria given above are not at all in contradiction with being generic, that is also the
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1
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assuming L & BDimension-6 
operators

SM EFT:

Too many terms to understand the implications?



The SM EFT is an useful approach 
as it allows to better understand 

the interplay of different experiments

Many many examples of correlations:

1) Either by operator mixing:

Λ 

mW Oi
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Low-energy experiments can be affected by different operators
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⇠ hFF̃ �

h

S

FIG. 1. Left: the diagram that gives rise to fermionic EDMs via the insertion of the operator hF F̃ from Eq. (2). Right: the
two-loop diagram that leads to fermion EDMs in the model involving a VL lepton,  , coupled to a singlet, S, that mixes with
the Higgs. The cross on the scalar line indicates that this contribution is proportional to the mixing term, A, in the scalar
potential.
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where in the final step we made use of the large m limit.
The limiting case (17) receives no logarithmic enhance-
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ĥ!��

�
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(ỸS) ' 1 +

�
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The rate for the weak eigenstate Ŝ to decay to two pho-
tons via its pseudoscalar coupling to the VL fermions is
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, (22)

CP-violating Higgs operators

κγγ≲10-5

LHC not competitive!

EDM
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μ→eγ,eee

1. Renormalization of OeW by OHe

Let us consider the renormalization of the dim-6 dipole operator

O
eµ

eW
= (ēR�

µ⌫
Lµ)�

I
H

†
W

I

µ⌫ (1)

By the dim-6 H
2
 
2
D operator

O
eµ

He
= (H

†
i
 !
D µH)(ēR�

µ
µR) (2)

Figure 1: 3-cuts of the 2-loop amplitude for the renormalization we are considering

At two-loops, one only has to consider the 3-particle cut shown in Fig. 1. The anomalous

dimension will be given by

�
(2�loop)
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The needed subamplitudes are
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 Z→μe
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H|H|2L̄LµR

 h→μe

The first diagram involves a tree-level amplitude and a tree-level form-factor, so that the three-
particle cut accounts for the two-loop factor. The second/third diagram involves tree-level/one-loop
amplitude and one-loop/tree-level form-factor which, together with the two-particle cut, make it
to two-loop order. Bellow we will show that the second and third diagrams do not contribute to
the  ̄� H†DH �! Fµ⌫ ̄H mixings because of simple helicity selection rules. Thus, all our non-
trivial calculations will only involve three-particle cuts. For the transition  ̄� H†DH ! Fµ⌫ ̄H ,
in (4.11) we only need to consider two external particles to the scattering amplitude and form-
factor.

The phase-space integral involving the three-particle cuts can be nicely simplified into the
following angular integration [3]

OiM =
h12i[12]

(16⇡2)2

Z
d⌦3 M(12; xyz)FOi

(xyz34) , (4.12)

where the amplitude describes the x+ y + z ! 1 + 2 scattering process at tree-level. The spinors
in the integrand can be rotated in terms a basis spanned by the two external spinors:

0
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◆
, (4.13)

and the measure is d⌦3 = 4 cos ✓1 sin
3 ✓1d✓12 cos ✓2 sin ✓2d✓22 cos ✓3 sin ✓3d✓3

d�

2⇡
d�

2⇡ . When identical
particles cross the cut, one needs to include the corresponding combinatorial symmetry factor in
the phase space integral, more details below. Note also that (4.12) includes the �1/⇡ factor in the
r.h.s. of (4.1).

4.2.1 Top Yukawa y2t contributions

We expect these type of contributions to be the dominant ones because they are proportional to
Ncy2t . We first explain in detail the mixing of Oeµ

L
into O

eµ

DB
through a top loop. The three particle

cuts are given by

ytyt
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g
02

3

4

1
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e
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Le

µ
R

B

(4.14)

where on the l.h.s. the gauge boson must be attached in all possible ways to the Higgs (dashed
line) or fermion lines (solid). Summing over all such possible attachments of the gauge boson leads
the following tree-level scattering amplitude

M1(32; xaybz) =
p
2ytyµ

✓
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hyzi

[x2][32]
� YtR

hx3i

[y2][z2]
� YH
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◆
Aba , (4.15)
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Figure 2: Feynman contributions to the anomalous dimension of OeW and OeB at the two-loop
level from Oye (left) and O

led̄q̄
,O

leē0 l̄0 (right).

The dipole operators, on the other hand, mix with the Oluqe operator, [6]7

d

d lnµ
Cluqe =

g ye

16⇡2

h
� 8t✓W (YL + Ye)CuB + 12CuW

i
, (2.15)

as well as with O
V eV operators [9]:

d

d lnµ
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16⇡2
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ye0 Ce0W + yuNcCuW + ydNcCdW

i
, (2.16)

d
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4g0
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Im

h
ye0(YL + Ye)Ce0B + yuNc(YQ + Yu)CuB + ydNc(YQ + Yd)CdB

i
, (2.17)
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16⇡2
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h
2t✓W

�
ye0(YL + Ye)Ce0W � yuNc(YQ + Yu)CuW + ydNc(YQ + Yd)CdW

�

+ ye0 Ce0B � yuNcCuB + ydNcCdB

i
. (2.18)

Flavor indices are easily understood as we can always work with diagonal Yukawa matrix ye and
either yu or yd.

The operator OfW also enters at two loops via renormalization of the O
V Ṽ

operators [6],

d

d lnµ
C
WfW = �

1

16⇡2
15g3CfW ,

d

d lnµ
C
W eB = +

1

16⇡2
6g0g2YHCfW . (2.19)

This leads to a two loop, double log contribution to the electron EDM, to be compared with the
finite contribution at one loop in Eq. (2.13). The two loop contribution becomes comparable to the
one-loop one already for ⇤ ⇠ 10 TeV.

Let us now discuss those dimension-6 operators that can directly contribute at the two-loop
level to the anomalous dimension of the electron dipole operators. In fact, we are only interested in
the EDM, i.e. the imaginary part of the the dipole operators, and therefore only complex Wilson
coe�cients can contribute, as the SM interactions preserve CP up to small Yukawa couplings that we
neglect. This reduces the list of possible dimension-6 operators to those to the right of Table 1. For

7The heavy lepton dipole operators induce a running for Oluqe at one loop. However in the basis with diagonal
lepton Yukawa’s they contribute only to the Oluqe involving heavy leptons, which then does not contribute to the
electron dipoles at one loop.

9

Much better constraints from these observables!

LHC bounds on Z,h→μe
orders of magnitude below!

BR(µ ! e�) BR(µ ! eee) R(µN ! eN) BR(h ! µe)

Current 4.2 · 10�13 [33] 1 · 10�12 [34] 7 · 10�13 [35] 6.1 · 10�5 [36]

Future 6.0 · 10�14 [37] 1 · 10�16 [38] 8 · 10�17 [39]

Table 1: Current and near future upper bounds on �Le = �Lµ = 1 processes.

future experimental sensitivities. We will also consider h ! µe, although, as we will show, it
does not place any important constraint. There are other LFV processes such as Z ! µe and
J/ ! µe, but they are not competitive with those in Table 1. We also have processes involving
flavor violations in the quark sector, e.g. K ! µe, but these quark flavor transitions are quite
constrained from other non LFV processes, so we will not consider them here.

We will use the E↵ective Field Theory (EFT) approach to characterize the BSM contributions
to LFV processes as they are captured in the Wilson coe�cients of the dimension-six operators.
Our purpose is to understand at what order in the loop expansion the Wilson coe�cients can enter
into the di↵erent observables of Table 1. Depending on the experimental sensitivity, we will see
that certain Wilson coe�cients can be better bounded by µ ! e� even when they enter at the
two-loop level.

This program will therefore require the calculation of anomalous dimensions at the two-loop
level. We will use on-shell methods to perform these calculations. It has already been shown
the e�ciency of these methods to calculate anomalous dimensions at the loop level [3–9], where
these can be reduced to products of tree-level amplitudes integrated over a phase space. On-
shell amplitude methods are also able to show in a transparent way many selection rules hidden
in the ordinary Feynman approach [10–17], mainly due to helicity [11] or angular momentum
conservation [14, 15]. This simplifies substantially the loop calculations.1

Our calculation of the anomalous dimensions at the two-loop level will in particular show how
µ ! e� can constrain the LFV couplings Wµ⌫e and hµe and some four-fermion interactions at an
unprecedented level. Previous (partial) analysis can be found in Refs. [22–28].2

In Section 2 we review the LFV dimension-six operators of the SM EFT and the tree-level
bounds derived from the processes in Table 1. In Section 3 we analyze which operators mix into
the dipole operators responsible for µ ! e� . We find that there are various important two-loop
anomalous dimension matrix elements that are unknown. Section 4 is then dedicated to compute
these missing pieces of the two-loop renormalization group (RG) equation, via on-shell methods.
In Sections 5 and 6 we analyze the RG mixing of dimension-six operators into the µ ! eee and
µN ! eN processes, respectively. A global perspective of the new loop e↵ects we have found
from mixings into the LFV observables is summarized in Section 7. For illustration, in Section 8
we show the impact of our analysis on two simple UV completions of the SM EFT. Finally, we
conclude in Section 9.

1On-shell techniques for the SM EFT have also been applied in related contexts [18–21].
2For similar studies on LFV processes involving ⌧ leptons, see for example Refs. [29–32].
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• Deviations in Z/W couplings to fermions related:

June 7, 2021 CMS Highlights 

Test of τ/µ and τ/e Universality in W Decays

9

Using tt̄ events in the dilepton channel, select relatively unbiased samples of on-shell W bosons

Trailing lepton pT used to discriminate between 
prompt W → e/μ decays from W → τ → e/μ 
decays in ee, μμ, and eμ events

CMS-PAS-SMP-18-011

A long-standing LEP 
“tension” (>2.5σ) is 

gone

result consistent with SM and with recent 
ATLAS (most-precise) τ/μ result CMS LU result is consistent with and 

improves on LEP/ADLO result

Run-2 2016, 35.9 fb−1 

τ/μ

τ/e

LEP/ADLO

CMS

ATLAS

W → eνe

W → μνμ

W → τντ

LEP/ADLO
CMS

Branching fractions W → e, μ, τ

After LEP Z-measurements, 
not expected deviations

in WfLfL at the LHC



WfLfL’

2) Either by accidental symmetries:

ZfLfL

• Deviations in Z/W couplings to fermions related:

• Deviations in H→ZZ* and H→WW* related:
AP, Riva 308.2803

≈ 1+ 0.6 δg1Z - 0.5 δκγ - 1.6 κZγ

of these 7 quantities. For example, for the case of h ! Zl̄l, we find

�aZ
lL

aZ
lL

2 [�0.2, 0.1] ,
�baZ

lL

baZ
lL

2 [�8, 7]⇥ 10�2 , bZ
lL
2 [�2, 5]⇥ 10�2, bbZ

lL
2 [�2, 5] ,⇥10�2,

�aZ
lR

aZ
lR

2 [�0.2, 0.3] ,
�baZ

lR

baZ
lR

2 [�8, 7]⇥ 10�2, bZ
lR

2 [�3, 2]⇥ 10�2, bbZ
lR

2 [�2, 5]⇥ 10�2 .

Although the allowed range in aZ
lL,R

is quite large, we notice that their impact on the total am-

plitude, when summed over lepton chiralities, is much smaller, 2
P

l=lL,lR
gl
Z
aZ
l
/
P

l=lL,lR
(gl

Z
)2 2

[�6, 4]⇥ 10�2.

It is interesting to notice that in the limit g0 ! 0 the result of Eq. (46) is custodial

invariant, i.e., one finds equal corrections for Z and W . This is because, for g0 ! 0, the

only Wilson coe�cients breaking the custodial symmetry are cT and cf
L,R

[1] that, being

constrained at the per-mille, have been dropped from Eq. (46). We then find that the test of

the custodial symmetry used at LHC [40] defined as

�2

WZ
⌘

�(h ! WW (⇤))

�SM(h ! WW (⇤))

�SM(h ! ZZ(⇤))

�(h ! ZZ(⇤))
, (47)

is constrained by

�2

WZ
� 1 ' s2

✓W
[0.9cW � 2.6cB + 3HW � 3.9HB]

' 0.6�gZ
1
� 0.5�� � 1.6Z� 2 [�6, 8]⇥ 10�2 , (48)

where the numerical values of the first line have been taken from [5]. We see that Eq. (48)

puts a bound on �WZ much stronger than the present direct experimental limit given by [27] 5:

(�WZ � 1) 2 [�0.5, 0.1].

Along the lines presented here we could also study the corrections from Wilson coe�cients

to the Higgs production modes f̄f ! V h and V V ! h that we could similarly show that are

constrained by our previous analysis.

4 CP-odd operators

For completeness, we show here how CP-odd operators enter in TGC and in the process

h ! V f̄f , and how they can be related. These operators are 6

O
B eB = g02|H|

2Bµ⌫
eBµ⌫ , O

G eG = g2
s
|H|

2GA

µ⌫
eGAµ⌫ ,

O
HfW = ig(DµH)†�a(D⌫H)fW a

µ⌫
, O

H eB = ig0(DµH)†(D⌫H) eBµ⌫ , (49)

O
3fW =

1

3!
g✏abcW

a ⌫

µ
W b

⌫⇢
fW c ⇢µ ,

5The experimental bound on �WZ is extracted not only using Eq. (47) but also considering custodial
breaking e↵ects in vector-boson fusion. The impact of these latter e↵ects is however negligible.

6A CP-odd operator involving 3 gluon field-strengths and the operators iyf |H|
2
f̄LHfR+h.c. complete the

list of CP-odd operators; since they do not enter in the observables discussed here, they have been omitted.
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I.  Many absence of mixings to dipoles
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Figure 1: A potential contribution from O�q to OD.

that the JJ-operators O4f and O�f do not renormalize the loop-operators. For this purpose,
it is important to recall that we can write four-fermion operators, such as (q†�̄µq)(u†�̄µu), in
the equivalent form q†u†qu. From this, it is obvious that closing a loop of fermions can only
give operators containing the Lorentz structure f †f or qu that cannot be completed to give
a dipole operator (nor its equivalent forms, q�µ⌫�⇢D⇢q†F µ⌫ or Dµ�qDµuH). For the case of
O�f , the absence of renormalization of the dipole operator, as for example from diagrams
like the one in Fig. 1, can be proved just by realizing that we can always keep the Lorentz
structure �̄µDµ(�f) external to the loop; this Lorentz structure cannot be completed to form
a dipole operator. The contribution of O�f to OFF is also absent, as can be deduced from
Eq. (14): the first term, after closing the fermion loop, gives the wrong Lorentz structure
to generate OFF , while the second term gives an interaction with too many fields if we use
the fermion EOM. Finally, Oyu can only contribute to the Lorentz structure �qu, not to the
dipole one in Eq. (15).

We can be more systematic and complete using our ESFT approach. Let us see first how
the operators of Eq. (12) can be embedded in super-operators. By embedding q and u in the
chiral supermultiplets Q and U , we find that the dipole loop-operator must arise from the
✓2-term of a non-chiral superfield:

� (Q
$
D↵U) W

↵ = �✓2
OD + · · · .

(16)Among the JJ-operators of Eq. (13), two of them can arise from supersymmetric D-terms
and are then supersymmetry-preserving:

�
�†eV��

� �
Q†eVQQ

�
= ✓̄2✓2

O�q + · · · ,
�
Q†eVQQ

� �
Q†eVQQ

�
= �

1

2
✓̄2✓2

O4q + · · · , (17)and similar operators for Q ! U , where we again use the short-hand notation VQ = 2QqV .
Nevertheless, one of the JJ-operators must come from the ✓2-component of a non-chiral
superfield that is not invariant under supersymmetry:

�
�†eV��

�
�QU = ✓2

Oyu + · · · .
(18)
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that the JJ-operators O4f and O�f do not renormalize the loop-operators. For this purpose,
it is important to recall that we can write four-fermion operators, such as (q†�̄µq)(u†�̄µu), in
the equivalent form q†u†qu. From this, it is obvious that closing a loop of fermions can only
give operators containing the Lorentz structure f †f or qu that cannot be completed to give
a dipole operator (nor its equivalent forms, q�µ⌫�⇢D⇢q†F µ⌫ or Dµ�qDµuH). For the case of
O�f , the absence of renormalization of the dipole operator, as for example from diagrams
like the one in Fig. 1, can be proved just by realizing that we can always keep the Lorentz
structure �̄µDµ(�f) external to the loop; this Lorentz structure cannot be completed to form
a dipole operator. The contribution of O�f to OFF is also absent, as can be deduced from
Eq. (14): the first term, after closing the fermion loop, gives the wrong Lorentz structure
to generate OFF , while the second term gives an interaction with too many fields if we use
the fermion EOM. Finally, Oyu can only contribute to the Lorentz structure �qu, not to the
dipole one in Eq. (15).

We can be more systematic and complete using our ESFT approach. Let us see first how
the operators of Eq. (12) can be embedded in super-operators. By embedding q and u in the
chiral supermultiplets Q and U , we find that the dipole loop-operator must arise from the
✓2-term of a non-chiral superfield:

� (Q
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(16)Among the JJ-operators of Eq. (13), two of them can arise from supersymmetric D-terms
and are then supersymmetry-preserving:
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O4q + · · · , (17)and similar operators for Q ! U , where we again use the short-hand notation VQ = 2QqV .
Nevertheless, one of the JJ-operators must come from the ✓2-component of a non-chiral
superfield that is not invariant under supersymmetry:

�
�†eV��

�
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to generate OFF , while the second term gives an interaction with too many fields if we use
the fermion EOM. Finally, Oyu can only contribute to the Lorentz structure �qu, not to the
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We can be more systematic and complete using our ESFT approach. Let us see first how
the operators of Eq. (12) can be embedded in super-operators. By embedding q and u in the
chiral supermultiplets Q and U , we find that the dipole loop-operator must arise from the
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Finite terms to g-2

No contribution O(1/M2) to dipoles
from a heavy singlet + doublet fermion:
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FIG. 1. Leading diagrams for (g � 2)µ. While these diagrams naively generate dimension-six operators,

the bottom diagram, and the sum of the top two diagrams, actually give vanishing leading contribution to

(g � 2)µ.

GeV for perturbative couplings and so are excluded by direct LHC searches. We hence focus on the

direct left-right mixing operators. We naively expect that the dominant contribution comes from

the correction around the energy scale mS ,mL � mW , so we use the Higgs picture and consider

the diagrams in Fig. 1 that would generate a dimension-six operator H`D2ec. The contribution of

the diagrams to (g � 2)µ, however, vanishes as we show below.

It is easy to see that the contribution to (g � 2)µ from ✏µq⌫�µ⌫ is absent; putting pµ ! 0 the

only linear dependence on qµ comes through the photon vertex and vanishes since ✏ · q = 0. We

may thus put q = 0 and see the dependence on p in order to compute the correction to (g � 2)µ.

The correction from the bottom diagram is proportional to
Z
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where we have performed the Wick rotation. The correction from the top two diagrams is propor-

tional to
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To compute (g � 2)µ, it is enough to see the terms linear in p, so one may put p2 = 0 in the L

propagator in the second term. Because of the partial cancellation between the two terms, the

~ O(1/M4)

N. Arkani-Hamed, K. Harigaya 2106.01373
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Finite terms to H𝛄𝛄

No contribution O(1/M2) to dipoles
from a heavy E+L fermion:
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Asking for a better understanding…



II. EFT (EFfective Theories)
           from on-shell amplitudes

p1, h1

p2, h2

pi, hi

pj, hj
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the power of being on-shell !

only physical states (p2=0)Ghosts, Golstones,…
(p2≠0)

 definite helicity (h = ∓)

An important gain in simplicity:
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momenta, it is convenient to write them back with positive momenta. Following the appendix
of Ref. [28], we define

|� pi↵ = i|pi↵ , |� p]↵̇ = i|p]↵̇ , (78)

that consistently leads to |� pi[�p| = �p.
The polarizations for incoming vectors with momentum p are given by

✏+
µ
=

hq|�µ|p]
p
2hqpi

, ✏�
µ
= �

hp|�µ|q]
p
2[qp]

, (79)

where q is a reference momentum [1]. We notice that when considering an internal vector in
Eq. (77), the polarizations come with opposite sign for the momentum in each amplitude A1

and A2. Therefore we have

✏+
µ
(p)✏�

⌫
(�p) + ✏�

µ
(p)✏+

⌫
(�p) =

X

h

✏h
µ
(p)(✏h

⌫
(p))⇤ , (80)

where we have used Eq. (78) and Eq. (79). Eq. (80) gives the proper sum over vector polar-
izations that we expect in a propagator. For fermions, however, the situation is di↵erent. We
have

u⌥(p) = P⌥

 
|pi↵

|p]↵̇

!
, v̄⌥(p) =

�
hp|↵ [p|↵̇

�
P⌥ , (81)

respectively for incoming h = ⌥1/2 fermions and antifermions, where P⌥ = (1± �5)/2. There-
fore, for internal fermions, where the polarizations come with opposite sign for the momentum
in each amplitude A1 and A2, we obtain

u+(p)ū+(�p) + u�(p)ū�(�p) = i/p , (82)

that leads to an extra i from the expected /p, that we have then to subtract. For this reason,
for each internal fermion line we must multiply by �i.

B.2 SM Amplitudes

The on-shell amplitude approach is based on building higher-point amplitudes from already
existing ones of lower n. The basic “blocks” are the n = 3 amplitudes, which are totally fixed
by their helicities. For the SM gauge boson interactions, using the indices a, b, ... for the adjoint
representation of the non-abelian groups, and i, j indices for the fundamental representation,
we have

ASM(1 j , 2 ̄i
, 3V a

�
) = ga

h13i2

h12i
(T a)ij , ASM(1 j , 2 ̄i

, 3V a
+
) = ga

[23]2

[12]
(T a)ij , (83)

ASM(1Hj , 2H†
i
, 3V a

�
) = ga

h13ih23i

h21i
(T a)ij , ASM(1Hj , 2H†

i
, 3V a

+
) = ga

[13][23]

[12]
(T a)ij . (84)

For the abelian U(1)Y hypercharge we have similar expressions, with (T a)ij ! Yi�ij. We fix
our normalization as Tr[T aT b] = �ab/2, with YH = 1/2 and real ga. Let us comment that, in
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When the theory is also invariant under some internal symmetry group, amplitudes behave
as invariant tensors under its action on particle multiplets. In this section we will not bother
to specify the form of group-tensors, reducing to the so-called “color-stripped” amplitudes [1].
In Section 4 we will however consider explicit examples for SM amplitudes, and the invariant
tensors will be provided. Several SM examples can also be found in Refs. [4–6].

Similarly as it is done for operators, we can consider the building-block amplitudes that
define the theory as organized according to an expansion in E/⇤, which means an expansion
in powers of hiji/⇤ and [ij]/⇤. When we go beyond the ordinary interactions that arise
from dimensionless couplings (the equivalent of dimension-4 operators), we find now extra
interactions at any order in E/⇤. Since we will pay special attention to applications in the SM,
we will concentrate here in E2/⇤2 terms, which are the leading corrections to the SM when
lepton number is conserved. We leave for Appendix D the discussion on terms of order E/⇤.

For a generic theory of (i) vector bosons V± with helicity h = ±1, (ii) Weyl fermions  
with h = �1/2, and (iii) scalars �, we have the following building-block amplitudes at order
E2/⇤2 (up to complex conjugation):

• n=3:

AF 3(1V� , 2V� , 3V�) =
CF 3

⇤2
h12ih23ih31i , (2)

that has h = �3. It is quite straightforward to see that this is the only amplitude at
n = 3. Since n = 3 amplitudes have mass dimension one, they must contain 3 powers
of either brackets hiji or squares [ij] in the numerator. Moreover, we have the condition
hiji[ji] = 2pi ·pj = 0 (i, j = 1, 2, 3), that forces the vanishing of either all [ij], in which case
we can only have Eq. (2), or all hiji, that leaves its complex-conjugated version as the only
possibility. It is important to notice that Eq. (2) is antisymmetric under i $ j, and can
only arise for non-abelian gauge bosons, in which case the full amplitude is proportional
to the structure constants.

• n=4: These amplitudes are dimensionless, so they must contain 2 powers of brackets or
squares. We have the following possibilities, with total helicity h = �2:

AF 2�2(1V� , 2V� , 3�, 4�) =
CF 2�2

⇤2
h12i2 , (3)

AF 2�(1V� , 2 , 3 , 4�) =
CF 2�

⇤2
h12ih13i , (4)

A 4(1 , 2 , 3 , 4 ) =
�
C 4h12ih34i+ C 0

 4h13ih24i
� 1

⇤2
. (5)

With h = 0, we have:

A⇤�4(1�, 2�, 3�, 4�) =
�
C⇤�4h12i[12] + C 0

⇤�4h13i[13]
� 1

⇤2
, (6)

A  ̄�2(1 , 2 ̄, 3�, 4�) =
C  ̄�2

⇤2
h13i[23] , (7)

A 2 ̄2(1 , 2 , 3 ̄, 4 ̄) =
C 2 ̄2

⇤2
h12i[34] . (8)
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n=5
h=-1

n=6
h=0

• n=5: On dimensional grounds, these amplitudes must have one power of brackets (or
squares). We have only one possibility, with h = �1:

A 2�3(1 , 2 , 3�, 4�, 5�) =
C 2�3

⇤2
h12i . (9)

• n=6: This has dimension mass�2, so it cannot carry any power of momentum. The only
possibility is a 6-scalar amplitude, with h = 0:

A�6(1�, 2�, 3�, 4�, 5�, 6�) =
C�6

⇤2
. (10)

The corresponding complex-conjugated amplitudes are obtained by the exchange hiji $ [ji],
and have opposite helicities, h ! �h. We notice that these amplitudes can be unambiguously
specified by assigning (n, h, nF ), where nF = 0, 2, 4 labels the fermion content.

As we said, the approach followed here is equivalent to that with operators. In fact, if we
choose a basis of higher-dimensional operators written in Weyl spinor notation (see for instance
[7] for the case of the SM), the correspondence between dimension-6 operators and the above
amplitudes is one-to-one. For example, the amplitudes of Eq. (2) and Eq. (4) correspond to
the tree-level amplitudes with the lowest number of legs that can be made, respectively, from
the dimension-6 operators F ↵�F��F �

↵
⌘ F 3 and F ↵� ↵ �� ⌘ F 2�, and similarly for all the

others. In Appendix C we give the explicit relation of some dimension-6 operators, written
in the more usual Dirac notation [8], with the on-shell amplitudes. An advantage of on-shell
amplitudes versus operators is that we do not need to bother in specifying the operator basis,
nor to eliminate redundancies by field redefinitions.

We will generically refer to the amplitudes (2)–(10) as AOi , and their corresponding coe�-
cients as COi . These last play a similar role as the Wilson coe�cients. At the loop level, they
can mix and lead to an anomalous-dimension matrix equivalent to that in Eq. (1). Below, we
discuss how to calculate �i using unitarity methods.

3 Anomalous dimensions from on-shell methods

At the one-loop level, any amplitude can have a Passarino-Veltman decomposition, given by

Aloop =
X

a

C(a)
2 I(a)2 +

X

b

C(b)
3 I(b)3 +

X

c

C(c)
4 I(c)4 +R , (11)

where Im are master scalar integrals with m propagators1 (m = 2, 3, 4) and Cm are kinematic-
dependent coe�cients, rational functions of hiji and [ij]. The master integrals are given by

Im = (�1)mµ4�D

Z
dD`

i(2⇡)D
1

`2(`� P1)2(`� P1 � P2)2 · · ·
, (12)

1
Tadpole contributions cancel for massless theories, when using dimensional regularization.
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III. EFT renormalization
            via amplitude methods
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One-loop reduction to Passarino-Veltman integrals:

divergent  ☞  c2 = anomalous dimensions

RadCor-Loopfest

Passarino-Veltman Decomposition

• Recycling known scalar integrals: 
 
 

• UV (log) divergence only from bubble integrals: 
 

• Tadpole and “massless” bubble,                , are scaleless. 

‣ vanish in dimensional regularization 

‣ Important caveat in massless bubble
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Figure 1: A potential contribution from O�q to OD.

that the JJ-operators O4f and O�f do not renormalize the loop-operators. For this purpose,
it is important to recall that we can write four-fermion operators, such as (q†�̄µq)(u†�̄µu), in
the equivalent form q†u†qu. From this, it is obvious that closing a loop of fermions can only
give operators containing the Lorentz structure f †f or qu that cannot be completed to give
a dipole operator (nor its equivalent forms, q�µ⌫�⇢D⇢q†F µ⌫ or Dµ�qDµuH). For the case of
O�f , the absence of renormalization of the dipole operator, as for example from diagrams
like the one in Fig. 1, can be proved just by realizing that we can always keep the Lorentz
structure �̄µDµ(�f) external to the loop; this Lorentz structure cannot be completed to form
a dipole operator. The contribution of O�f to OFF is also absent, as can be deduced from
Eq. (14): the first term, after closing the fermion loop, gives the wrong Lorentz structure
to generate OFF , while the second term gives an interaction with too many fields if we use
the fermion EOM. Finally, Oyu can only contribute to the Lorentz structure �qu, not to the
dipole one in Eq. (15).

We can be more systematic and complete using our ESFT approach. Let us see first how
the operators of Eq. (12) can be embedded in super-operators. By embedding q and u in the
chiral supermultiplets Q and U , we find that the dipole loop-operator must arise from the
✓2-term of a non-chiral superfield:

� (Q
$
D↵U) W

↵ = �✓2
OD + · · · .

(16)Among the JJ-operators of Eq. (13), two of them can arise from supersymmetric D-terms
and are then supersymmetry-preserving:

�
�†eV��

� �
Q†eVQQ

�
= ✓̄2✓2

O�q + · · · ,
�
Q†eVQQ

� �
Q†eVQQ

�
= �

1

2
✓̄2✓2

O4q + · · · , (17)and similar operators for Q ! U , where we again use the short-hand notation VQ = 2QqV .
Nevertheless, one of the JJ-operators must come from the ✓2-component of a non-chiral
superfield that is not invariant under supersymmetry:

�
�†eV��

�
�QU = ✓2

Oyu + · · · .
(18)
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(up to self-renormalization). This is equivalent to calculate the anomalous dimension of the
coe�cient CF 2�, defined in Eq. (4), for the particular case of the SM.

The amplitude to consider is W a

�
H†le, where W a

�
is an SU(2)L gauge boson with h = �1,

H is the Higgs of hypercharge YH = 1/2, and l, e are respectively the SM SU(2)L-doublet and
singlet leptons, with h = �1/2 and hypercharges Yl = �1/2 and Ye = 1. At tree-level, following
the notation of Fig. 3, the only contribution to this amplitude is given by

A(1e, 2lj , 3Wa
�
, 4

H
†
i
) =

CWHle

⇤2
h31ih32i(T a)ij ⌘ AWHle , (27)

with T a = �a/2 here. We recall that, for amplitudes involving fermions, respecting the order
of labels is crucial for getting the signs correct (see Appendix B and references therein). At
the loop level, the coe�cient CWHle receives an anomalous dimension, that we will denote by
�WHle. Using Eq. (26) we can easily see that only a few COi can contribute to this anomalous
dimension. Indeed, since Eq. (27) has n = 4 and h = �2, only AOj with n = 3 or n = 4,
h = �2 can contribute. This leaves only the coe�cients of Eq. (2) and Eqs. (3)–(5) as potential
candidates to contribute to the anomalous dimension of CWHle. We already see the usefulness
of the amplitude method approach, allowing here to easily understand that there are many
vanishing contributions to the dipole operators. In working within the usual Feynman diagram
approach, these zeros appear as mysterious cancellations between di↵erent one-loop diagrams.

We also notice that Eq. (27) is symmetric under the interchange of spinors 1 and 2. As
we will see, this property also provides useful selection rules for non-renormalizations, that are
often not apparent when using higher-dimensional operators in Dirac notation [8].

4.1 One-loop contribution from C 4, CF 2�2 and CF 2�

Let us start with the contributions from n = 4 AOj amplitudes. We first consider A 4 . We
require at least two SM leptons in order to contribute to W a

�
H†le. This leaves, as the only

possible set of negative-helicity fermions forming a SM singlet, the set e, l, q, u, where q and u
are respectively the SM SU(2)L-doublet and singlet quark, with h = �1/2 and hypercharges
Yq = �1/6 and Yu = 2/3. We have then two possible amplitudes6

Aluqe(1e, 2li , 3u, 4qj) =
Cluqe

⇤2
h23ih41i✏ij , (28)

6
A third possibility / h13ih42i can be reduced to the given ones by the Schouten identity, Eq. (76).
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that the JJ-operators O4f and O�f do not renormalize the loop-operators. For this purpose,
it is important to recall that we can write four-fermion operators, such as (q†�̄µq)(u†�̄µu), in
the equivalent form q†u†qu. From this, it is obvious that closing a loop of fermions can only
give operators containing the Lorentz structure f †f or qu that cannot be completed to give
a dipole operator (nor its equivalent forms, q�µ⌫�⇢D⇢q†F µ⌫ or Dµ�qDµuH). For the case of
O�f , the absence of renormalization of the dipole operator, as for example from diagrams
like the one in Fig. 1, can be proved just by realizing that we can always keep the Lorentz
structure �̄µDµ(�f) external to the loop; this Lorentz structure cannot be completed to form
a dipole operator. The contribution of O�f to OFF is also absent, as can be deduced from
Eq. (14): the first term, after closing the fermion loop, gives the wrong Lorentz structure
to generate OFF , while the second term gives an interaction with too many fields if we use
the fermion EOM. Finally, Oyu can only contribute to the Lorentz structure �qu, not to the
dipole one in Eq. (15).

We can be more systematic and complete using our ESFT approach. Let us see first how
the operators of Eq. (12) can be embedded in super-operators. By embedding q and u in the
chiral supermultiplets Q and U , we find that the dipole loop-operator must arise from the
✓2-term of a non-chiral superfield:

� (Q
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D↵U) W

↵ = �✓2
OD + · · · .

(16)Among the JJ-operators of Eq. (13), two of them can arise from supersymmetric D-terms
and are then supersymmetry-preserving:
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O4q + · · · , (17)and similar operators for Q ! U , where we again use the short-hand notation VQ = 2QqV .
Nevertheless, one of the JJ-operators must come from the ✓2-component of a non-chiral
superfield that is not invariant under supersymmetry:
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(up to self-renormalization). This is equivalent to calculate the anomalous dimension of the
coe�cient CF 2�, defined in Eq. (4), for the particular case of the SM.

The amplitude to consider is W a

�
H†le, where W a

�
is an SU(2)L gauge boson with h = �1,

H is the Higgs of hypercharge YH = 1/2, and l, e are respectively the SM SU(2)L-doublet and
singlet leptons, with h = �1/2 and hypercharges Yl = �1/2 and Ye = 1. At tree-level, following
the notation of Fig. 3, the only contribution to this amplitude is given by

A(1e, 2lj , 3Wa
�
, 4

H
†
i
) =

CWHle

⇤2
h31ih32i(T a)ij ⌘ AWHle , (27)

with T a = �a/2 here. We recall that, for amplitudes involving fermions, respecting the order
of labels is crucial for getting the signs correct (see Appendix B and references therein). At
the loop level, the coe�cient CWHle receives an anomalous dimension, that we will denote by
�WHle. Using Eq. (26) we can easily see that only a few COi can contribute to this anomalous
dimension. Indeed, since Eq. (27) has n = 4 and h = �2, only AOj with n = 3 or n = 4,
h = �2 can contribute. This leaves only the coe�cients of Eq. (2) and Eqs. (3)–(5) as potential
candidates to contribute to the anomalous dimension of CWHle. We already see the usefulness
of the amplitude method approach, allowing here to easily understand that there are many
vanishing contributions to the dipole operators. In working within the usual Feynman diagram
approach, these zeros appear as mysterious cancellations between di↵erent one-loop diagrams.

We also notice that Eq. (27) is symmetric under the interchange of spinors 1 and 2. As
we will see, this property also provides useful selection rules for non-renormalizations, that are
often not apparent when using higher-dimensional operators in Dirac notation [8].

4.1 One-loop contribution from C 4, CF 2�2 and CF 2�

Let us start with the contributions from n = 4 AOj amplitudes. We first consider A 4 . We
require at least two SM leptons in order to contribute to W a

�
H†le. This leaves, as the only

possible set of negative-helicity fermions forming a SM singlet, the set e, l, q, u, where q and u
are respectively the SM SU(2)L-doublet and singlet quark, with h = �1/2 and hypercharges
Yq = �1/6 and Yu = 2/3. We have then two possible amplitudes6

Aluqe(1e, 2li , 3u, 4qj) =
Cluqe

⇤2
h23ih41i✏ij , (28)

6
A third possibility / h13ih42i can be reduced to the given ones by the Schouten identity, Eq. (76).
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that the JJ-operators O4f and O�f do not renormalize the loop-operators. For this purpose,
it is important to recall that we can write four-fermion operators, such as (q†�̄µq)(u†�̄µu), in
the equivalent form q†u†qu. From this, it is obvious that closing a loop of fermions can only
give operators containing the Lorentz structure f †f or qu that cannot be completed to give
a dipole operator (nor its equivalent forms, q�µ⌫�⇢D⇢q†F µ⌫ or Dµ�qDµuH). For the case of
O�f , the absence of renormalization of the dipole operator, as for example from diagrams
like the one in Fig. 1, can be proved just by realizing that we can always keep the Lorentz
structure �̄µDµ(�f) external to the loop; this Lorentz structure cannot be completed to form
a dipole operator. The contribution of O�f to OFF is also absent, as can be deduced from
Eq. (14): the first term, after closing the fermion loop, gives the wrong Lorentz structure
to generate OFF , while the second term gives an interaction with too many fields if we use
the fermion EOM. Finally, Oyu can only contribute to the Lorentz structure �qu, not to the
dipole one in Eq. (15).

We can be more systematic and complete using our ESFT approach. Let us see first how
the operators of Eq. (12) can be embedded in super-operators. By embedding q and u in the
chiral supermultiplets Q and U , we find that the dipole loop-operator must arise from the
✓2-term of a non-chiral superfield:

� (Q
$
D↵U) W

↵ = �✓2
OD + · · · .

(16)Among the JJ-operators of Eq. (13), two of them can arise from supersymmetric D-terms
and are then supersymmetry-preserving:

�
�†eV��

� �
Q†eVQQ
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= ✓̄2✓2

O�q + · · · ,
�
Q†eVQQ
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1

2
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O4q + · · · , (17)and similar operators for Q ! U , where we again use the short-hand notation VQ = 2QqV .
Nevertheless, one of the JJ-operators must come from the ✓2-component of a non-chiral
superfield that is not invariant under supersymmetry:

�
�†eV��

�
�QU = ✓2

Oyu + · · · .
(18)
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(up to self-renormalization). This is equivalent to calculate the anomalous dimension of the
coe�cient CF 2�, defined in Eq. (4), for the particular case of the SM.

The amplitude to consider is W a

�
H†le, where W a

�
is an SU(2)L gauge boson with h = �1,

H is the Higgs of hypercharge YH = 1/2, and l, e are respectively the SM SU(2)L-doublet and
singlet leptons, with h = �1/2 and hypercharges Yl = �1/2 and Ye = 1. At tree-level, following
the notation of Fig. 3, the only contribution to this amplitude is given by

A(1e, 2lj , 3Wa
�
, 4

H
†
i
) =

CWHle

⇤2
h31ih32i(T a)ij ⌘ AWHle , (27)

with T a = �a/2 here. We recall that, for amplitudes involving fermions, respecting the order
of labels is crucial for getting the signs correct (see Appendix B and references therein). At
the loop level, the coe�cient CWHle receives an anomalous dimension, that we will denote by
�WHle. Using Eq. (26) we can easily see that only a few COi can contribute to this anomalous
dimension. Indeed, since Eq. (27) has n = 4 and h = �2, only AOj with n = 3 or n = 4,
h = �2 can contribute. This leaves only the coe�cients of Eq. (2) and Eqs. (3)–(5) as potential
candidates to contribute to the anomalous dimension of CWHle. We already see the usefulness
of the amplitude method approach, allowing here to easily understand that there are many
vanishing contributions to the dipole operators. In working within the usual Feynman diagram
approach, these zeros appear as mysterious cancellations between di↵erent one-loop diagrams.

We also notice that Eq. (27) is symmetric under the interchange of spinors 1 and 2. As
we will see, this property also provides useful selection rules for non-renormalizations, that are
often not apparent when using higher-dimensional operators in Dirac notation [8].

4.1 One-loop contribution from C 4, CF 2�2 and CF 2�

Let us start with the contributions from n = 4 AOj amplitudes. We first consider A 4 . We
require at least two SM leptons in order to contribute to W a

�
H†le. This leaves, as the only

possible set of negative-helicity fermions forming a SM singlet, the set e, l, q, u, where q and u
are respectively the SM SU(2)L-doublet and singlet quark, with h = �1/2 and hypercharges
Yq = �1/6 and Yu = 2/3. We have then two possible amplitudes6

Aluqe(1e, 2li , 3u, 4qj) =
Cluqe

⇤2
h23ih41i✏ij , (28)

6
A third possibility / h13ih42i can be reduced to the given ones by the Schouten identity, Eq. (76).
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that the JJ-operators O4f and O�f do not renormalize the loop-operators. For this purpose,
it is important to recall that we can write four-fermion operators, such as (q†�̄µq)(u†�̄µu), in
the equivalent form q†u†qu. From this, it is obvious that closing a loop of fermions can only
give operators containing the Lorentz structure f †f or qu that cannot be completed to give
a dipole operator (nor its equivalent forms, q�µ⌫�⇢D⇢q†F µ⌫ or Dµ�qDµuH). For the case of
O�f , the absence of renormalization of the dipole operator, as for example from diagrams
like the one in Fig. 1, can be proved just by realizing that we can always keep the Lorentz
structure �̄µDµ(�f) external to the loop; this Lorentz structure cannot be completed to form
a dipole operator. The contribution of O�f to OFF is also absent, as can be deduced from
Eq. (14): the first term, after closing the fermion loop, gives the wrong Lorentz structure
to generate OFF , while the second term gives an interaction with too many fields if we use
the fermion EOM. Finally, Oyu can only contribute to the Lorentz structure �qu, not to the
dipole one in Eq. (15).

We can be more systematic and complete using our ESFT approach. Let us see first how
the operators of Eq. (12) can be embedded in super-operators. By embedding q and u in the
chiral supermultiplets Q and U , we find that the dipole loop-operator must arise from the
✓2-term of a non-chiral superfield:
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thattheJJ-operatorsO4fandO�fdonotrenormalizetheloop-operators.Forthispurpose,

itisimportanttorecallthatwecanwritefour-fermionoperators,suchas(q†̄�µq)(u
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that the JJ-operators O4f and O�f do not renormalize the loop-operators. For this purpose,
it is important to recall that we can write four-fermion operators, such as (q†�̄µq)(u†�̄µu), in
the equivalent form q†u†qu. From this, it is obvious that closing a loop of fermions can only
give operators containing the Lorentz structure f †f or qu that cannot be completed to give
a dipole operator (nor its equivalent forms, q�µ⌫�⇢D⇢q†F µ⌫ or Dµ�qDµuH). For the case of
O�f , the absence of renormalization of the dipole operator, as for example from diagrams
like the one in Fig. 1, can be proved just by realizing that we can always keep the Lorentz
structure �̄µDµ(�f) external to the loop; this Lorentz structure cannot be completed to form
a dipole operator. The contribution of O�f to OFF is also absent, as can be deduced from
Eq. (14): the first term, after closing the fermion loop, gives the wrong Lorentz structure
to generate OFF , while the second term gives an interaction with too many fields if we use
the fermion EOM. Finally, Oyu can only contribute to the Lorentz structure �qu, not to the
dipole one in Eq. (15).

We can be more systematic and complete using our ESFT approach. Let us see first how
the operators of Eq. (12) can be embedded in super-operators. By embedding q and u in the
chiral supermultiplets Q and U , we find that the dipole loop-operator must arise from the
✓2-term of a non-chiral superfield:
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(16)Among the JJ-operators of Eq. (13), two of them can arise from supersymmetric D-terms
and are then supersymmetry-preserving:

�
�†eV��

� �
Q†eVQQ

�
= ✓̄2✓2

O�q + · · · ,
�
Q†eVQQ

� �
Q†eVQQ

�
= �

1

2
✓̄2✓2

O4q + · · · , (17)and similar operators for Q ! U , where we again use the short-hand notation VQ = 2QqV .
Nevertheless, one of the JJ-operators must come from the ✓2-component of a non-chiral
superfield that is not invariant under supersymmetry:
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that the JJ-operators O4f and O�f do not renormalize the loop-operators. For this purpose,
it is important to recall that we can write four-fermion operators, such as (q†�̄µq)(u†�̄µu), in
the equivalent form q†u†qu. From this, it is obvious that closing a loop of fermions can only
give operators containing the Lorentz structure f †f or qu that cannot be completed to give
a dipole operator (nor its equivalent forms, q�µ⌫�⇢D⇢q†F µ⌫ or Dµ�qDµuH). For the case of
O�f , the absence of renormalization of the dipole operator, as for example from diagrams
like the one in Fig. 1, can be proved just by realizing that we can always keep the Lorentz
structure �̄µDµ(�f) external to the loop; this Lorentz structure cannot be completed to form
a dipole operator. The contribution of O�f to OFF is also absent, as can be deduced from
Eq. (14): the first term, after closing the fermion loop, gives the wrong Lorentz structure
to generate OFF , while the second term gives an interaction with too many fields if we use
the fermion EOM. Finally, Oyu can only contribute to the Lorentz structure �qu, not to the
dipole one in Eq. (15).

We can be more systematic and complete using our ESFT approach. Let us see first how
the operators of Eq. (12) can be embedded in super-operators. By embedding q and u in the
chiral supermultiplets Q and U , we find that the dipole loop-operator must arise from the
✓2-term of a non-chiral superfield:
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superfield that is not invariant under supersymmetry:
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that the JJ-operators O4f and O�f do not renormalize the loop-operators. For this purpose,
it is important to recall that we can write four-fermion operators, such as (q†�̄µq)(u†�̄µu), in
the equivalent form q†u†qu. From this, it is obvious that closing a loop of fermions can only
give operators containing the Lorentz structure f †f or qu that cannot be completed to give
a dipole operator (nor its equivalent forms, q�µ⌫�⇢D⇢q†F µ⌫ or Dµ�qDµuH). For the case of
O�f , the absence of renormalization of the dipole operator, as for example from diagrams
like the one in Fig. 1, can be proved just by realizing that we can always keep the Lorentz
structure �̄µDµ(�f) external to the loop; this Lorentz structure cannot be completed to form
a dipole operator. The contribution of O�f to OFF is also absent, as can be deduced from
Eq. (14): the first term, after closing the fermion loop, gives the wrong Lorentz structure
to generate OFF , while the second term gives an interaction with too many fields if we use
the fermion EOM. Finally, Oyu can only contribute to the Lorentz structure �qu, not to the
dipole one in Eq. (15).

We can be more systematic and complete using our ESFT approach. Let us see first how
the operators of Eq. (12) can be embedded in super-operators. By embedding q and u in the
chiral supermultiplets Q and U , we find that the dipole loop-operator must arise from the
✓2-term of a non-chiral superfield:
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it is important to recall that we can write four-fermion operators, such as (q†�̄µq)(u†�̄µu), in
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structure �̄µDµ(�f) external to the loop; this Lorentz structure cannot be completed to form
a dipole operator. The contribution of O�f to OFF is also absent, as can be deduced from
Eq. (14): the first term, after closing the fermion loop, gives the wrong Lorentz structure
to generate OFF , while the second term gives an interaction with too many fields if we use
the fermion EOM. Finally, Oyu can only contribute to the Lorentz structure �qu, not to the
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But the on-shell methods also tell us
 about the non-zero result
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Figure 1: A potential contribution from O�q to OD.

that the JJ-operators O4f and O�f do not renormalize the loop-operators. For this purpose,
it is important to recall that we can write four-fermion operators, such as (q†�̄µq)(u†�̄µu), in
the equivalent form q†u†qu. From this, it is obvious that closing a loop of fermions can only
give operators containing the Lorentz structure f †f or qu that cannot be completed to give
a dipole operator (nor its equivalent forms, q�µ⌫�⇢D⇢q†F µ⌫ or Dµ�qDµuH). For the case of
O�f , the absence of renormalization of the dipole operator, as for example from diagrams
like the one in Fig. 1, can be proved just by realizing that we can always keep the Lorentz
structure �̄µDµ(�f) external to the loop; this Lorentz structure cannot be completed to form
a dipole operator. The contribution of O�f to OFF is also absent, as can be deduced from
Eq. (14): the first term, after closing the fermion loop, gives the wrong Lorentz structure
to generate OFF , while the second term gives an interaction with too many fields if we use
the fermion EOM. Finally, Oyu can only contribute to the Lorentz structure �qu, not to the
dipole one in Eq. (15).

We can be more systematic and complete using our ESFT approach. Let us see first how
the operators of Eq. (12) can be embedded in super-operators. By embedding q and u in the
chiral supermultiplets Q and U , we find that the dipole loop-operator must arise from the
✓2-term of a non-chiral superfield:

� (Q
$
D↵U) W

↵ = �✓2
OD + · · · .

(16)Among the JJ-operators of Eq. (13), two of them can arise from supersymmetric D-terms
and are then supersymmetry-preserving:

�
�†eV��

� �
Q†eVQQ

�
= ✓̄2✓2

O�q + · · · ,
�
Q†eVQQ

� �
Q†eVQQ

�
= �

1

2
✓̄2✓2

O4q + · · · , (17)and similar operators for Q ! U , where we again use the short-hand notation VQ = 2QqV .
Nevertheless, one of the JJ-operators must come from the ✓2-component of a non-chiral
superfield that is not invariant under supersymmetry:

�
�†eV��

�
�QU = ✓2

Oyu + · · · .
(18)
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But the on-shell methods also tell us
 about the non-zero result
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that the JJ-operators O4f and O�f do not renormalize the loop-operators. For this purpose,
it is important to recall that we can write four-fermion operators, such as (q†�̄µq)(u†�̄µu), in
the equivalent form q†u†qu. From this, it is obvious that closing a loop of fermions can only
give operators containing the Lorentz structure f †f or qu that cannot be completed to give
a dipole operator (nor its equivalent forms, q�µ⌫�⇢D⇢q†F µ⌫ or Dµ�qDµuH). For the case of
O�f , the absence of renormalization of the dipole operator, as for example from diagrams
like the one in Fig. 1, can be proved just by realizing that we can always keep the Lorentz
structure �̄µDµ(�f) external to the loop; this Lorentz structure cannot be completed to form
a dipole operator. The contribution of O�f to OFF is also absent, as can be deduced from
Eq. (14): the first term, after closing the fermion loop, gives the wrong Lorentz structure
to generate OFF , while the second term gives an interaction with too many fields if we use
the fermion EOM. Finally, Oyu can only contribute to the Lorentz structure �qu, not to the
dipole one in Eq. (15).

We can be more systematic and complete using our ESFT approach. Let us see first how
the operators of Eq. (12) can be embedded in super-operators. By embedding q and u in the
chiral supermultiplets Q and U , we find that the dipole loop-operator must arise from the
✓2-term of a non-chiral superfield:

� (Q
$
D↵U) W

↵ = �✓2
OD + · · · .

(16)Among the JJ-operators of Eq. (13), two of them can arise from supersymmetric D-terms
and are then supersymmetry-preserving:

�
�†eV��

� �
Q†eVQQ

�
= ✓̄2✓2

O�q + · · · ,
�
Q†eVQQ

� �
Q†eVQQ

�
= �

1

2
✓̄2✓2

O4q + · · · , (17)and similar operators for Q ! U , where we again use the short-hand notation VQ = 2QqV .
Nevertheless, one of the JJ-operators must come from the ✓2-component of a non-chiral
superfield that is not invariant under supersymmetry:

�
�†eV��

�
�QU = ✓2

Oyu + · · · .
(18)
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But the on-shell methods also tell us
 about the non-zero result

●

�⇤

q†

�

q

u

Aµ

Figure 1: A potential contribution from O�q to OD.

that the JJ-operators O4f and O�f do not renormalize the loop-operators. For this purpose,
it is important to recall that we can write four-fermion operators, such as (q†�̄µq)(u†�̄µu), in
the equivalent form q†u†qu. From this, it is obvious that closing a loop of fermions can only
give operators containing the Lorentz structure f †f or qu that cannot be completed to give
a dipole operator (nor its equivalent forms, q�µ⌫�⇢D⇢q†F µ⌫ or Dµ�qDµuH). For the case of
O�f , the absence of renormalization of the dipole operator, as for example from diagrams
like the one in Fig. 1, can be proved just by realizing that we can always keep the Lorentz
structure �̄µDµ(�f) external to the loop; this Lorentz structure cannot be completed to form
a dipole operator. The contribution of O�f to OFF is also absent, as can be deduced from
Eq. (14): the first term, after closing the fermion loop, gives the wrong Lorentz structure
to generate OFF , while the second term gives an interaction with too many fields if we use
the fermion EOM. Finally, Oyu can only contribute to the Lorentz structure �qu, not to the
dipole one in Eq. (15).

We can be more systematic and complete using our ESFT approach. Let us see first how
the operators of Eq. (12) can be embedded in super-operators. By embedding q and u in the
chiral supermultiplets Q and U , we find that the dipole loop-operator must arise from the
✓2-term of a non-chiral superfield:

� (Q
$
D↵U) W

↵ = �✓2
OD + · · · .

(16)Among the JJ-operators of Eq. (13), two of them can arise from supersymmetric D-terms
and are then supersymmetry-preserving:

�
�†eV��

� �
Q†eVQQ

�
= ✓̄2✓2

O�q + · · · ,
�
Q†eVQQ

� �
Q†eVQQ

�
= �

1

2
✓̄2✓2

O4q + · · · , (17)and similar operators for Q ! U , where we again use the short-hand notation VQ = 2QqV .
Nevertheless, one of the JJ-operators must come from the ✓2-component of a non-chiral
superfield that is not invariant under supersymmetry:

�
�†eV��

�
�QU = ✓2

Oyu + · · · .
(18)
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But there is more to say by 
angular-momentum decomposition (partial-waves)

Figure 3: Tree-level contribution to the W a

�
H†le amplitude.

(up to self-renormalization). This is equivalent to calculate the anomalous dimension of the
coe�cient CF 2�, defined in Eq. (4), for the particular case of the SM.

The amplitude to consider is W a

�
H†le, where W a

�
is an SU(2)L gauge boson with h = �1,

H is the Higgs of hypercharge YH = 1/2, and l, e are respectively the SM SU(2)L-doublet and
singlet leptons, with h = �1/2 and hypercharges Yl = �1/2 and Ye = 1. At tree-level, following
the notation of Fig. 3, the only contribution to this amplitude is given by

A(1e, 2lj , 3Wa
�
, 4

H
†
i
) =

CWHle

⇤2
h31ih32i(T a)ij ⌘ AWHle , (27)

with T a = �a/2 here. We recall that, for amplitudes involving fermions, respecting the order
of labels is crucial for getting the signs correct (see Appendix B and references therein). At
the loop level, the coe�cient CWHle receives an anomalous dimension, that we will denote by
�WHle. Using Eq. (26) we can easily see that only a few COi can contribute to this anomalous
dimension. Indeed, since Eq. (27) has n = 4 and h = �2, only AOj with n = 3 or n = 4,
h = �2 can contribute. This leaves only the coe�cients of Eq. (2) and Eqs. (3)–(5) as potential
candidates to contribute to the anomalous dimension of CWHle. We already see the usefulness
of the amplitude method approach, allowing here to easily understand that there are many
vanishing contributions to the dipole operators. In working within the usual Feynman diagram
approach, these zeros appear as mysterious cancellations between di↵erent one-loop diagrams.

We also notice that Eq. (27) is symmetric under the interchange of spinors 1 and 2. As
we will see, this property also provides useful selection rules for non-renormalizations, that are
often not apparent when using higher-dimensional operators in Dirac notation [8].

4.1 One-loop contribution from C 4, CF 2�2 and CF 2�

Let us start with the contributions from n = 4 AOj amplitudes. We first consider A 4 . We
require at least two SM leptons in order to contribute to W a

�
H†le. This leaves, as the only

possible set of negative-helicity fermions forming a SM singlet, the set e, l, q, u, where q and u
are respectively the SM SU(2)L-doublet and singlet quark, with h = �1/2 and hypercharges
Yq = �1/6 and Yu = 2/3. We have then two possible amplitudes6

Aluqe(1e, 2li , 3u, 4qj) =
Cluqe

⇤2
h23ih41i✏ij , (28)

6
A third possibility / h13ih42i can be reduced to the given ones by the Schouten identity, Eq. (76).

11

Example of dipoles:
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But there is more to say by 
angular-momentum decomposition (partial-waves)

Example of dipoles:
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Figure 1: A potential contribution from O�q to OD.

that the JJ-operators O4f and O�f do not renormalize the loop-operators. For this purpose,
it is important to recall that we can write four-fermion operators, such as (q†�̄µq)(u†�̄µu), in
the equivalent form q†u†qu. From this, it is obvious that closing a loop of fermions can only
give operators containing the Lorentz structure f †f or qu that cannot be completed to give
a dipole operator (nor its equivalent forms, q�µ⌫�⇢D⇢q†F µ⌫ or Dµ�qDµuH). For the case of
O�f , the absence of renormalization of the dipole operator, as for example from diagrams
like the one in Fig. 1, can be proved just by realizing that we can always keep the Lorentz
structure �̄µDµ(�f) external to the loop; this Lorentz structure cannot be completed to form
a dipole operator. The contribution of O�f to OFF is also absent, as can be deduced from
Eq. (14): the first term, after closing the fermion loop, gives the wrong Lorentz structure
to generate OFF , while the second term gives an interaction with too many fields if we use
the fermion EOM. Finally, Oyu can only contribute to the Lorentz structure �qu, not to the
dipole one in Eq. (15).

We can be more systematic and complete using our ESFT approach. Let us see first how
the operators of Eq. (12) can be embedded in super-operators. By embedding q and u in the
chiral supermultiplets Q and U , we find that the dipole loop-operator must arise from the
✓2-term of a non-chiral superfield:

� (Q
$
D↵U) W

↵ = �✓2
OD + · · · .

(16)Among the JJ-operators of Eq. (13), two of them can arise from supersymmetric D-terms
and are then supersymmetry-preserving:
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O4q + · · · , (17)and similar operators for Q ! U , where we again use the short-hand notation VQ = 2QqV .
Nevertheless, one of the JJ-operators must come from the ✓2-component of a non-chiral
superfield that is not invariant under supersymmetry:

�
�†eV��

�
�QU = ✓2

Oyu + · · · .
(18)
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☞ angular-momentum selection rules

aJ=1
SM
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J=1

J=1

Not needed the full 
SM amplitude, only:

Amplitudes with J≠1cannot contribute to dipoles
see also arXiv:2001.04481 

B. vonHarling, P. Baratella, C. Fernandez, AP   2010.13809
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Anomalous Dimensions as a product of partial-waves

1/Λ2 amplitude
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Beyond one-loop

Two-loop:

2005.06983
2005.12917 
2112.12131 

review next such computation. For the case at hand, Eq. (4.4) is given by

yt

g
0

2

4

1�L

3�

y

xa

L
e
L

H

e
µ
R

B

(4.6)

where the gauge boson must be attached anywhere in the left of the cut. This gives a two-to-two
amplitude given by

M(24k; xay) =
p
2yt

✓
YtR

[xy]2

[x2][y2]
+ YH

[xy][4x]

[42][x2]

◆
T

a

k
, (4.7)

where T a

k
= g0�a

k
is the SU(2)L tensor arising from the contraction of left-handed doublets. On the

right hand side we have the form factor given by

F
O

eµtt

LuQe

(xay31l) = �h1yihx3i✏la . (4.8)

It is now a straightforward matter to plug (4.7) and (4.8) into (4.4), perform the spinor rotations
(4.5) and few elementary integrals, leading to

2
p
2yµg

0
h12ih23i✏lk

| {z }
dipole

yt
yµ

Nc/2

(16⇡2)
(YH � 2YtR

) , (4.9)

where Nc = 3 is the number of colors and yt the top Yukawa coupling. We recognize the minimal
form-factor of the dipole (4.2) and therefore the anomalous dimension is �DB = (ytNc/16⇡2)(�1/2)(YQL

+
YtR

)Ceµtt

LuQe
.

In the case of mixing into ODW , we set hypercharges YtR
= 0 and YH = 1 and change the

SU(2)L tensor to be T
a

k
= g(⌧↵/2)a

k
on the amplitude side. Then we get the following result:

2
p
2gyµh12ih23i✏lk0(⌧

↵)k
0

k| {z }
dipole

Ncyt/4

(16⇡2)
. (4.10)

From the last expression we recognize the dipole (4.3) and the corresponding anomalous dimension.

4.2 Two-loop mixing into dipoles

We want to calculate here the two-loop mixing  ̄� H†DH �! Fµ⌫ ̄H which is the only one
relevant for µ ! e� not yet calculated. The two-loop leading-log contributions to the r.h.s. can in
principle involve three-particle cuts or two-particle cuts:

OiM +
1-loop

OiM +
1-loop

OiM . (4.11)
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Two-loops for μ→eγ

J. Elias-Miro, C. Fernandez, M. Gümüs,  AP 2112.12131 

affects μ→eγ at the two-loop level:

1. Renormalization of OeW by OHe

Let us consider the renormalization of the dim-6 dipole operator

O
eµ

eW
= (ēR�

µ⌫
Lµ)�

I
H

†
W

I

µ⌫ (1)

By the dim-6 H
2
 
2
D operator

O
eµ

He
= (H

†
i
 !
D µH)(ēR�

µ
µR) (2)

Figure 1: 3-cuts of the 2-loop amplitude for the renormalization we are considering

At two-loops, one only has to consider the 3-particle cut shown in Fig. 1. The anomalous

dimension will be given by
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The needed subamplitudes are
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1

 Z→μe

The first diagram involves a tree-level amplitude and a tree-level form-factor, so that the three-
particle cut accounts for the two-loop factor. The second/third diagram involves tree-level/one-loop
amplitude and one-loop/tree-level form-factor which, together with the two-particle cut, make it
to two-loop order. Bellow we will show that the second and third diagrams do not contribute to
the  ̄� H†DH �! Fµ⌫ ̄H mixings because of simple helicity selection rules. Thus, all our non-
trivial calculations will only involve three-particle cuts. For the transition  ̄� H†DH ! Fµ⌫ ̄H ,
in (4.11) we only need to consider two external particles to the scattering amplitude and form-
factor.

The phase-space integral involving the three-particle cuts can be nicely simplified into the
following angular integration [3]

OiM =
h12i[12]

(16⇡2)2

Z
d⌦3 M(12; xyz)FOi

(xyz34) , (4.12)

where the amplitude describes the x+ y + z ! 1 + 2 scattering process at tree-level. The spinors
in the integrand can be rotated in terms a basis spanned by the two external spinors:

0

@
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�z

1

A =

0

@
cos ✓1 �ei� cos ✓3 sin ✓1

cos ✓2 sin ✓1 ei�
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cos ✓1 cos ✓2 cos ✓3 � ei� sin ✓2 sin ✓3

�

sin ✓1 sin ✓2 ei�
�
cos ✓1 cos ✓3 sin ✓2 + ei� cos ✓2 sin ✓3

�

1

A
✓
�1
�2

◆
, (4.13)

and the measure is d⌦3 = 4 cos ✓1 sin
3 ✓1d✓12 cos ✓2 sin ✓2d✓22 cos ✓3 sin ✓3d✓3

d�

2⇡
d�

2⇡ . When identical
particles cross the cut, one needs to include the corresponding combinatorial symmetry factor in
the phase space integral, more details below. Note also that (4.12) includes the �1/⇡ factor in the
r.h.s. of (4.1).

4.2.1 Top Yukawa y2t contributions

We expect these type of contributions to be the dominant ones because they are proportional to
Ncy2t . We first explain in detail the mixing of Oeµ

L
into O

eµ

DB
through a top loop. The three particle

cuts are given by

ytyt
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02
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4
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e
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B

(4.14)

where on the l.h.s. the gauge boson must be attached in all possible ways to the Higgs (dashed
line) or fermion lines (solid). Summing over all such possible attachments of the gauge boson leads
the following tree-level scattering amplitude

M1(32; xaybz) =
p
2ytyµ

✓
YµR

hyzi

[x2][32]
� YtR

hx3i

[y2][z2]
� YH
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Aba , (4.15)
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Finite terms?

Difficult in general, but simplifies a lot 
for BSM calculations, where new physics scale M >> Eexp

New insights from the amplitude method!



Finite terms to g-2

No contribution O(1/M2) to dipoles
from a heavy singlet + doublet fermion:
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FIG. 1. Leading diagrams for (g � 2)µ. While these diagrams naively generate dimension-six operators,

the bottom diagram, and the sum of the top two diagrams, actually give vanishing leading contribution to

(g � 2)µ.

GeV for perturbative couplings and so are excluded by direct LHC searches. We hence focus on the

direct left-right mixing operators. We naively expect that the dominant contribution comes from

the correction around the energy scale mS ,mL � mW , so we use the Higgs picture and consider

the diagrams in Fig. 1 that would generate a dimension-six operator H`D2ec. The contribution of

the diagrams to (g � 2)µ, however, vanishes as we show below.

It is easy to see that the contribution to (g � 2)µ from ✏µq⌫�µ⌫ is absent; putting pµ ! 0 the

only linear dependence on qµ comes through the photon vertex and vanishes since ✏ · q = 0. We

may thus put q = 0 and see the dependence on p in order to compute the correction to (g � 2)µ.

The correction from the bottom diagram is proportional to
Z

d4k
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✏ · k

(k2)2
f
⇣
(k + p)2

⌘
, f(u) =

u
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L
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S
)
, (5)

where we have performed the Wick rotation. The correction from the top two diagrams is propor-

tional to

Z
d4k
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✏ · k
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L

�

1

A . (6)

To compute (g � 2)µ, it is enough to see the terms linear in p, so one may put p2 = 0 in the L

propagator in the second term. Because of the partial cancellation between the two terms, the

~ O(1/M4)
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Figure 1: One-loop contribution to the g�2 of the SM leptons from the model Eq. (3.3) with YV = 0
and Y 0

V
6= 0, with the relevant 2-cuts.

The first thing to realize in this example, and the others that will follow, is that all the
coe�cients C4 and C3 vanish, as all possible 4-cuts and 3-cuts of Fig. 1 give zero. The reason
is the following. Since we are taking pH0 = 0, we have pS = pL and then the condition to have
S and L simultaneously on-shell cannot be fulfilled as both have di↵erent masses. This implies
that the 4-cut is zero (no boxes) and the only potential nonzero 3-cut must arise from cutting two
massless states and one massive state. This corresponding triangle is however also zero. Indeed,
one can follow the arguments of Ref. [11] to prove that in the absence of IR divergencies (as it is
our case), IR-divergent triangles cannot be present when there are no boxes. We are then left only
with bubbles.

We can obtain the bubble coe�cients C2 from 2-cuts. Before performing calculations it is
important to remark that since pH0 = 0, we have p1 + p2 + p3 = 0. Therefore we can work
either in the limit in which s13 = (p1 + p3)2 is small but nonzero, but then we will have to take
also p22 = s13 6= 0 (i.e. the fermion e slightly o↵-shell), or alternatively, we can take the limit
s23 = (p2 + p3)2 ! 0 and then p21 = s23 6= 0 (i.e. the fermion ` slightly o↵-shell). Let us choose
the first option and consider the 2-cuts where S becomes on-shell. There are in principle two
possible 2-cuts of this type. However, the one leaving ` alone as an external leg is proportional to
I2(p21 = 0,M2

S
, 0) and cannot give any contribution of O(s13/M2).2 The only relevant 2-cut is then

the one depicted by cutS in Fig. 1. We have

C(13)
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Z
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S
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H+)⇥A(30
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where the integral is over the Lorentz-Invariant Phase Space (LIPS) associated with the momenta
of the two cut states, p10 and p30 , normalized as

R
dLIPS = 1. With a bar over a state we denote

that the signs of the momentum, helicity and all other quantum numbers of the state have been
reversed, and F is the number of internal fermions (F = 1 in this case) [11].

The tree-level amplitudes in Eq. (3.4) can be easily calculated from the model Eq. (3.3). We use
the spinor-helicity formalism for massive particles from Ref. [17], using properties and conventions
which are summarized in Appendix B. This gives (recall that pH0 = 0)
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2All these types of bubbles, added to the s13-independent terms of the bubble Eq. (3.8), must sum to zero since
the one-loop amplitude cannot have divergent terms.
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Figure 1: One-loop contribution to the g�2 of the SM leptons from the model Eq. (3.3) with YV = 0
and Y 0

V
6= 0, with the relevant 2-cuts.

The first thing to realize in this example, and the others that will follow, is that all the
coe�cients C4 and C3 vanish, as all possible 4-cuts and 3-cuts of Fig. 1 give zero. The reason
is the following. Since we are taking pH0 = 0, we have pS = pL and then the condition to have
S and L simultaneously on-shell cannot be fulfilled as both have di↵erent masses. This implies
that the 4-cut is zero (no boxes) and the only potential nonzero 3-cut must arise from cutting two
massless states and one massive state. This corresponding triangle is however also zero. Indeed,
one can follow the arguments of Ref. [11] to prove that in the absence of IR divergencies (as it is
our case), IR-divergent triangles cannot be present when there are no boxes. We are then left only
with bubbles.

We can obtain the bubble coe�cients C2 from 2-cuts. Before performing calculations it is
important to remark that since pH0 = 0, we have p1 + p2 + p3 = 0. Therefore we can work
either in the limit in which s13 = (p1 + p3)2 is small but nonzero, but then we will have to take
also p22 = s13 6= 0 (i.e. the fermion e slightly o↵-shell), or alternatively, we can take the limit
s23 = (p2 + p3)2 ! 0 and then p21 = s23 6= 0 (i.e. the fermion ` slightly o↵-shell). Let us choose
the first option and consider the 2-cuts where S becomes on-shell. There are in principle two
possible 2-cuts of this type. However, the one leaving ` alone as an external leg is proportional to
I2(p21 = 0,M2

S
, 0) and cannot give any contribution of O(s13/M2).2 The only relevant 2-cut is then

the one depicted by cutS in Fig. 1. We have
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where the integral is over the Lorentz-Invariant Phase Space (LIPS) associated with the momenta
of the two cut states, p10 and p30 , normalized as

R
dLIPS = 1. With a bar over a state we denote

that the signs of the momentum, helicity and all other quantum numbers of the state have been
reversed, and F is the number of internal fermions (F = 1 in this case) [11].

The tree-level amplitudes in Eq. (3.4) can be easily calculated from the model Eq. (3.3). We use
the spinor-helicity formalism for massive particles from Ref. [17], using properties and conventions
which are summarized in Appendix B. This gives (recall that pH0 = 0)
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2All these types of bubbles, added to the s13-independent terms of the bubble Eq. (3.8), must sum to zero since
the one-loop amplitude cannot have divergent terms.
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Figure 1: One-loop contribution to the g�2 of the SM leptons from the model Eq. (3.3) with YV = 0
and Y 0

V
6= 0, with the relevant 2-cuts.

The first thing to realize in this example, and the others that will follow, is that all the
coe�cients C4 and C3 vanish, as all possible 4-cuts and 3-cuts of Fig. 1 give zero. The reason
is the following. Since we are taking pH0 = 0, we have pS = pL and then the condition to have
S and L simultaneously on-shell cannot be fulfilled as both have di↵erent masses. This implies
that the 4-cut is zero (no boxes) and the only potential nonzero 3-cut must arise from cutting two
massless states and one massive state. This corresponding triangle is however also zero. Indeed,
one can follow the arguments of Ref. [11] to prove that in the absence of IR divergencies (as it is
our case), IR-divergent triangles cannot be present when there are no boxes. We are then left only
with bubbles.

We can obtain the bubble coe�cients C2 from 2-cuts. Before performing calculations it is
important to remark that since pH0 = 0, we have p1 + p2 + p3 = 0. Therefore we can work
either in the limit in which s13 = (p1 + p3)2 is small but nonzero, but then we will have to take
also p22 = s13 6= 0 (i.e. the fermion e slightly o↵-shell), or alternatively, we can take the limit
s23 = (p2 + p3)2 ! 0 and then p21 = s23 6= 0 (i.e. the fermion ` slightly o↵-shell). Let us choose
the first option and consider the 2-cuts where S becomes on-shell. There are in principle two
possible 2-cuts of this type. However, the one leaving ` alone as an external leg is proportional to
I2(p21 = 0,M2

S
, 0) and cannot give any contribution of O(s13/M2).2 The only relevant 2-cut is then

the one depicted by cutS in Fig. 1. We have
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where the integral is over the Lorentz-Invariant Phase Space (LIPS) associated with the momenta
of the two cut states, p10 and p30 , normalized as

R
dLIPS = 1. With a bar over a state we denote

that the signs of the momentum, helicity and all other quantum numbers of the state have been
reversed, and F is the number of internal fermions (F = 1 in this case) [11].

The tree-level amplitudes in Eq. (3.4) can be easily calculated from the model Eq. (3.3). We use
the spinor-helicity formalism for massive particles from Ref. [17], using properties and conventions
which are summarized in Appendix B. This gives (recall that pH0 = 0)
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2All these types of bubbles, added to the s13-independent terms of the bubble Eq. (3.8), must sum to zero since
the one-loop amplitude cannot have divergent terms.
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Figure 1: One-loop contribution to the g�2 of the SM leptons from the model Eq. (3.3) with YV = 0
and Y 0

V
6= 0, with the relevant 2-cuts.

The first thing to realize in this example, and the others that will follow, is that all the
coe�cients C4 and C3 vanish, as all possible 4-cuts and 3-cuts of Fig. 1 give zero. The reason
is the following. Since we are taking pH0 = 0, we have pS = pL and then the condition to have
S and L simultaneously on-shell cannot be fulfilled as both have di↵erent masses. This implies
that the 4-cut is zero (no boxes) and the only potential nonzero 3-cut must arise from cutting two
massless states and one massive state. This corresponding triangle is however also zero. Indeed,
one can follow the arguments of Ref. [11] to prove that in the absence of IR divergencies (as it is
our case), IR-divergent triangles cannot be present when there are no boxes. We are then left only
with bubbles.

We can obtain the bubble coe�cients C2 from 2-cuts. Before performing calculations it is
important to remark that since pH0 = 0, we have p1 + p2 + p3 = 0. Therefore we can work
either in the limit in which s13 = (p1 + p3)2 is small but nonzero, but then we will have to take
also p22 = s13 6= 0 (i.e. the fermion e slightly o↵-shell), or alternatively, we can take the limit
s23 = (p2 + p3)2 ! 0 and then p21 = s23 6= 0 (i.e. the fermion ` slightly o↵-shell). Let us choose
the first option and consider the 2-cuts where S becomes on-shell. There are in principle two
possible 2-cuts of this type. However, the one leaving ` alone as an external leg is proportional to
I2(p21 = 0,M2

S
, 0) and cannot give any contribution of O(s13/M2).2 The only relevant 2-cut is then

the one depicted by cutS in Fig. 1. We have
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where the integral is over the Lorentz-Invariant Phase Space (LIPS) associated with the momenta
of the two cut states, p10 and p30 , normalized as

R
dLIPS = 1. With a bar over a state we denote

that the signs of the momentum, helicity and all other quantum numbers of the state have been
reversed, and F is the number of internal fermions (F = 1 in this case) [11].

The tree-level amplitudes in Eq. (3.4) can be easily calculated from the model Eq. (3.3). We use
the spinor-helicity formalism for massive particles from Ref. [17], using properties and conventions
which are summarized in Appendix B. This gives (recall that pH0 = 0)
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2All these types of bubbles, added to the s13-independent terms of the bubble Eq. (3.8), must sum to zero since
the one-loop amplitude cannot have divergent terms.
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Figure 1: One-loop contribution to the g�2 of the SM leptons from the model Eq. (3.3) with YV = 0
and Y 0

V
6= 0, with the relevant 2-cuts.

The first thing to realize in this example, and the others that will follow, is that all the
coe�cients C4 and C3 vanish, as all possible 4-cuts and 3-cuts of Fig. 1 give zero. The reason
is the following. Since we are taking pH0 = 0, we have pS = pL and then the condition to have
S and L simultaneously on-shell cannot be fulfilled as both have di↵erent masses. This implies
that the 4-cut is zero (no boxes) and the only potential nonzero 3-cut must arise from cutting two
massless states and one massive state. This corresponding triangle is however also zero. Indeed,
one can follow the arguments of Ref. [11] to prove that in the absence of IR divergencies (as it is
our case), IR-divergent triangles cannot be present when there are no boxes. We are then left only
with bubbles.

We can obtain the bubble coe�cients C2 from 2-cuts. Before performing calculations it is
important to remark that since pH0 = 0, we have p1 + p2 + p3 = 0. Therefore we can work
either in the limit in which s13 = (p1 + p3)2 is small but nonzero, but then we will have to take
also p22 = s13 6= 0 (i.e. the fermion e slightly o↵-shell), or alternatively, we can take the limit
s23 = (p2 + p3)2 ! 0 and then p21 = s23 6= 0 (i.e. the fermion ` slightly o↵-shell). Let us choose
the first option and consider the 2-cuts where S becomes on-shell. There are in principle two
possible 2-cuts of this type. However, the one leaving ` alone as an external leg is proportional to
I2(p21 = 0,M2

S
, 0) and cannot give any contribution of O(s13/M2).2 The only relevant 2-cut is then

the one depicted by cutS in Fig. 1. We have

C(13)
2 =

Z
dLIPS (�1)FA(1`, 3�� , 1

0

S
, 30

H+)⇥A(30
H̄+ , 10S̄, 2e, 4H0) , (3.4)

where the integral is over the Lorentz-Invariant Phase Space (LIPS) associated with the momenta
of the two cut states, p10 and p30 , normalized as

R
dLIPS = 1. With a bar over a state we denote

that the signs of the momentum, helicity and all other quantum numbers of the state have been
reversed, and F is the number of internal fermions (F = 1 in this case) [11].

The tree-level amplitudes in Eq. (3.4) can be easily calculated from the model Eq. (3.3). We use
the spinor-helicity formalism for massive particles from Ref. [17], using properties and conventions
which are summarized in Appendix B. This gives (recall that pH0 = 0)
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2All these types of bubbles, added to the s13-independent terms of the bubble Eq. (3.8), must sum to zero since
the one-loop amplitude cannot have divergent terms.
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Figure 1: One-loop contribution to the g�2 of the SM leptons from the model Eq. (3.3) with YV = 0
and Y 0

V
6= 0, with the relevant 2-cuts.

The first thing to realize in this example, and the others that will follow, is that all the
coe�cients C4 and C3 vanish, as all possible 4-cuts and 3-cuts of Fig. 1 give zero. The reason
is the following. Since we are taking pH0 = 0, we have pS = pL and then the condition to have
S and L simultaneously on-shell cannot be fulfilled as both have di↵erent masses. This implies
that the 4-cut is zero (no boxes) and the only potential nonzero 3-cut must arise from cutting two
massless states and one massive state. This corresponding triangle is however also zero. Indeed,
one can follow the arguments of Ref. [11] to prove that in the absence of IR divergencies (as it is
our case), IR-divergent triangles cannot be present when there are no boxes. We are then left only
with bubbles.

We can obtain the bubble coe�cients C2 from 2-cuts. Before performing calculations it is
important to remark that since pH0 = 0, we have p1 + p2 + p3 = 0. Therefore we can work
either in the limit in which s13 = (p1 + p3)2 is small but nonzero, but then we will have to take
also p22 = s13 6= 0 (i.e. the fermion e slightly o↵-shell), or alternatively, we can take the limit
s23 = (p2 + p3)2 ! 0 and then p21 = s23 6= 0 (i.e. the fermion ` slightly o↵-shell). Let us choose
the first option and consider the 2-cuts where S becomes on-shell. There are in principle two
possible 2-cuts of this type. However, the one leaving ` alone as an external leg is proportional to
I2(p21 = 0,M2
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, 0) and cannot give any contribution of O(s13/M2).2 The only relevant 2-cut is then
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where the integral is over the Lorentz-Invariant Phase Space (LIPS) associated with the momenta
of the two cut states, p10 and p30 , normalized as

R
dLIPS = 1. With a bar over a state we denote

that the signs of the momentum, helicity and all other quantum numbers of the state have been
reversed, and F is the number of internal fermions (F = 1 in this case) [11].

The tree-level amplitudes in Eq. (3.4) can be easily calculated from the model Eq. (3.3). We use
the spinor-helicity formalism for massive particles from Ref. [17], using properties and conventions
which are summarized in Appendix B. This gives (recall that pH0 = 0)
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2All these types of bubbles, added to the s13-independent terms of the bubble Eq. (3.8), must sum to zero since
the one-loop amplitude cannot have divergent terms.
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• Scalar + heavy doublet + charged fermion:
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Figure 4: One-loop contributions to the g� 2 of the SM leptons from the model Eq. (3.20), with the

relevant 2-cuts.

3.2.1 A natural zero for models with an extra (massless) scalar singlet

We have seen that in the model Eq. (3.15) we do not find a vanishing contribution from the
diagrams (b)+(c) since each contribution is even under E $ L, ` $ e. To have a contribution
which is odd under this interchange, we need to have the same type of diagram as the one in
Fig. 1 with no mass insertions in the heavy fermion lines. Unfortunately, diagrams of this type
are identically zero in the model Eq. (3.15) as the Higgs line cannot be closed if we do not insert
fermion masses. Nevertheless, diagrams of this type can be generated if we add an extra massless
scalar singlet �0 to the model with the following couplings:

�L = Y �

L
�0`Lc + Y �

R
�0Ece+ h.c. (3.20)

The Feynman diagrams involving this scalar are given in Fig. 4. Now, we can follow the same
reasoning as in Sec. 3.1 to show that this contribution to the dipole moment is zero. Indeed, we
can get the dependence on ML of cutE (where E is put on-shell) by noticing that it only enters
in the L propagator, so it must appear as 1/(M2

E
�M2

L
). Dimensional analysis tells us then that

�C� / 1/(M2
E
�M2

L
). The dependence on the masses for cutL is determined by a permutation

similar to Eq. (3.10) with S replaced by E which gives �C� / 1/(M2
L
� M2

E
). Adding both

contributions we get zero. It is clear that the cancellations have nothing to do with where the
photon is attached, either to the Higgs line as in Fig. 1 or to the fermion line as in Fig. 4.

4 |H|
2F 2 Wilson coe�cient

Let us now move to the calculation of the Wilson coe�cient of the operator contributing to the
decay of a Higgs to two photons. The operator reads

C��

M2

q2
e

2
|H|

2F 2
µ⌫

, (4.1)

and the resulting amplitude is

C��

M2
AH2F 2(1�� , 2�� , 3H0 , 4H0) = �

C��

M2
q2
e
h12i2 . (4.2)

We consider the same model as Eq. (3.15), containing two vector-like fermions, L and E, with
the same quantum numbers as the SM leptons. Here we assume vanishing Yukawa couplings

8
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Figure 5: One-loop contributions to H�� from the model Eq. (3.15), with the relevant 2-cuts. There

is a similar 2-cut isolating the other photon that we do not show. Fermion lines can be clockwise and

counterclockwise.

between the new fermions and the SM leptons though, YL,R = 0. In the following, we will focus
on the case YV = 0, Y 0

V
6= 0. The discussion for the opposite case YV 6= 0, Y 0

V
= 0 is identical.

Since the amplitude Eq. (4.2) does not depend on the Higgs momenta, we can take them to be
zero, p3 = p4 = 0. In this case we can take the limit pi/M ! 0 by giving to the photons a small
nonzero mass p2 ⌘ p21 = p22 = �p1p2. An alternative is to set only one Higgs momentum to zero,
say p3 = 0, but in this case we have nonzero 3-cuts as we elaborate in Appendix C.

There are three di↵erent diagrams which can contribute to the Wilson coe�cient, shown in
Fig. 5. Additional contributions arise from the same diagrams with E $ L. So the total
contribution must be symmetric under E $ L. As we will see, this will clash with the fact that
the contributions from Fig. 5 are odd under E $ L. Although to show that the total contribution
is zero is quite easy, we will proceed here with the details of the calculation which can be useful
for cases where they do not add up to zero.

As in the g�2 case, there are no possible 3-cuts or 4-cuts since the on-shell conditions cannot be
simultaneously fulfilled for vanishing Higgs momenta. This leaves the 2-cuts shown in Fig. 5. The
2-cut denoted as cutEL isolates two amplitudes involving a photon coupled to two di↵erent fermions
which are zero by gauge invariance. This can explicitly seen by calculating these amplitudes,

A(1�, 2E, 3L, 4H0) =
1

s�M2
E

�
h1|p2|1]

h23i

p
+h12ih13i

�
+

1

u�M2
L

�
h1|p3|1]

h32i

p
+h12ih13i

�
, (4.3)

where s = (p3 + p4)2, u = (p2 + p4)2 and p =
p
p2. In the limit p4 ! 0, we have s ! M2

L
and

u ! M2
E
, and the amplitude vanishes after symmetrizing over the SU(2) indices of the photon.

The only remaining 2-cut is cutE of Fig. 5. This involves a coupling of a massive photon to
massive fermions given by [19]

A(1�, `E, `
0

E
) =

qe
p

�
h1`i [1`0] + [1`]h1`0i

�
. (4.4)

On the other side of the cut, we have the same type of amplitude A(1�, `E, `0E) but with the external
fermion line corrected by the insertion of two Higgs. This can be considered as a correction to the
E propagator which can be absorbed into a renormalization of the wavefunction �ZE and of the
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� Cµe

DW

951 TeV
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218 TeV
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(1812 TeV)

Cµe
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+ Cµe
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127 TeV
(214 TeV)

26 TeV
(309 TeV)

24 TeV
(253 TeV)

Cµe

R
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(59 TeV)

160 TeV
(1602 TeV)

225 TeV
(1535 TeV)

Cµe

L
+ Cµe

L3

4 TeV
(7 TeV)

164 TeV
(1642 TeV)

225 TeV
(1535 TeV)

Cµe

L
� Cµe

L3

24 TeV
(41 TeV)

35 TeV
(421 TeV)

50 TeV
(395 TeV)

Cµett

LuQe

304 TeV
(510 TeV)

63 TeV
(735 TeV)

59 TeV
(604 TeV)

Cµett

LeQu

80 TeV
(141 TeV)

14 TeV
(209 TeV)

5 TeV
(57 TeV)

Cµeee

LL(RR),LR(RL)

207,174 TeV
(2070,1740 TeV)

Cµeuu

LL,RR,LR

352 TeV
(2693 TeV)

Cµedd

LL,RR,LR

376 TeV
(2725 TeV)

Cµdde

LR

18 TeV
(164 TeV)

Cµe⌧⌧

LL,RR,LR,RL

14,16,14,16 TeV
(174,194,174,194 TeV)

22 TeV
(200 TeV)

Cµe⌧⌧

LL3

20 TeV
(247 TeV)

55 TeV
(476 TeV)

Cµett

LL,RR,LR,RL

122 TeV
(214 TeV)

21 TeV
(317 TeV)

22,32,32,22 TeV
(200,290,290,200 TeV)

Cµett

LL3

230 TeV
(401 TeV)

41 TeV
(592 TeV)

100 TeV
(851 TeV)

Cµebb

LL,RR,LR,RL

14,16,14,16 TeV
(174,194,174,194 TeV)

22 TeV
(200 TeV)

Cµe

y

4 TeV
(6 TeV)

1 TeV
(9 TeV)

1 TeV
(7 TeV)

0.3 TeV

Table 2: Present (future) lower bounds on ⇤ of the dimension-six operators (2.2)-(2.5) from the
di↵erent LFV violating processes. We have fixed the Wilson coe�cient Ci = 1, turning each one by
one. We show the bound in black, blue, purple and red depending on whether the Wilson coe�cients
contribute to the observables at the tree-level, one-loop single-log, two-loop double-log or two-loop
single-log order, respectively. Blank spaces correspond to contributions that we estimate to be too
small to be competitive with existing bounds.

5
J. 

El
ia

s-
M

ir
o,

 C
. F

er
na

nd
ez

, M
. G

üm
üs

,  A
P 

21
12

.1
21

31
 

B
R
(µ

!
e�

)
B
R
(µ

!
ee
e)

R
(µ
N

!
eN

)
B
R
(h

!
µ
e)

C
u
rr
en

t
4.
2
·
10

�
1
3
[3
3]

1
·
10

�
1
2
[3
4]

7
·
10

�
1
3
[3
5]

6.
1
·
10

�
5
[3
6]

F
u
tu

re
6.
0
·
10

�
1
4
[3
7]

1
·
10

�
1
6
[3
8]

8
·
10

�
1
7
[3
9]

T
a
b
le

1
:
C
u
rr
en
t
an

d
n
ea
r
fu
tu
re

u
p
p
er

b
ou

n
d
s
on

�
L
e
=

�
L
µ
=

1
p
ro
ce
ss
es
.

fu
tu
re

ex
p
er
im

en
ta
l
se
n
si
ti
vi
ti
es
.

W
e
w
il
l
al
so

co
n
si
d
er

h
!

µ
e,

al
th
ou

gh
,
as

w
e
w
il
l
sh
ow

,
it

d
oe
s
n
ot

p
la
ce

an
y
im

p
or
ta
nt

co
n
st
ra
in
t.

T
h
er
e
ar
e
ot
h
er

L
F
V

p
ro
ce
ss
es

su
ch

as
Z

!
µ
e
an

d
J
/ 

!
µ
e,

b
u
t
th
ey

ar
e
n
ot

co
m
p
et
it
iv
e
w
it
h
th
os
e
in

T
ab

le
1.

W
e
al
so

h
av
e
p
ro
ce
ss
es

in
vo
lv
in
g

fl
av
or

vi
ol
at
io
n
s
in

th
e
qu

ar
k
se
ct
or
,
e.
g.

K
!

µ
e,

b
u
t
th
es
e
qu

ar
k
fl
av
or

tr
an

si
ti
on

s
ar
e
qu

it
e

co
n
st
ra
in
ed

fr
om

ot
h
er

n
on

L
F
V

p
ro
ce
ss
es
,
so

w
e
w
il
l
n
ot

co
n
si
d
er

th
em

h
er
e.

W
e
w
il
l
u
se

th
e
E
↵
ec
ti
ve

F
ie
ld

T
h
eo
ry

(E
F
T
)
ap

p
ro
ac
h
to

ch
ar
ac
te
ri
ze

th
e
B
S
M

co
nt
ri
b
u
ti
on

s
to

L
F
V

p
ro
ce
ss
es

as
th
ey

ar
e
ca
p
tu
re
d
in

th
e
W

il
so
n
co
e�

ci
en
ts

of
th
e
d
im

en
si
on

-s
ix

op
er
at
or
s.

O
u
r
p
u
rp
os
e
is
to

u
n
d
er
st
an

d
at

w
h
at

or
d
er

in
th
e
lo
op

ex
p
an

si
on

th
e
W

il
so
n
co
e�

ci
en
ts

ca
n
en
te
r

in
to

th
e
d
i↵
er
en
t
ob

se
rv
ab

le
s
of

T
ab

le
1.

D
ep

en
d
in
g
on

th
e
ex
p
er
im

en
ta
l
se
n
si
ti
vi
ty
,
w
e
w
il
l
se
e

th
at

ce
rt
ai
n
W

il
so
n
co
e�

ci
en
ts

ca
n
b
e
b
et
te
r
b
ou

n
d
ed

by
µ
!

e�
ev
en

w
h
en

th
ey

en
te
r
at

th
e

tw
o-
lo
op

le
ve
l.

T
h
is

p
ro
gr
am

w
il
l
th
er
ef
or
e
re
qu

ir
e
th
e
ca
lc
u
la
ti
on

of
an

om
al
ou

s
d
im

en
si
on

s
at

th
e
tw

o-
lo
op

le
ve
l.

W
e
w
il
l
u
se

on
-s
h
el
l
m
et
h
od

s
to

p
er
fo
rm

th
es
e
ca
lc
u
la
ti
on

s.
It

h
as

al
re
ad

y
b
ee
n
sh
ow

n
th
e
e�

ci
en
cy

of
th
es
e
m
et
h
od

s
to

ca
lc
u
la
te

an
om

al
ou

s
d
im

en
si
on

s
at

th
e
lo
op

le
ve
l
[3
–9
],
w
h
er
e

th
es
e
ca
n
b
e
re
d
u
ce
d
to

p
ro
d
u
ct
s
of

tr
ee
-l
ev
el

am
p
li
tu
d
es

in
te
gr
at
ed

ov
er

a
p
h
as
e
sp
ac
e.

O
n
-

sh
el
l
am

p
li
tu
d
e
m
et
h
od

s
ar
e
al
so

ab
le

to
sh
ow

in
a
tr
an

sp
ar
en
t
w
ay

m
an

y
se
le
ct
io
n
ru
le
s
h
id
d
en

in
th
e
or
d
in
ar
y
F
ey
n
m
an

ap
p
ro
ac
h

[1
0–
17
],

m
ai
n
ly

d
u
e
to

h
el
ic
it
y
[1
1]

or
an

gu
la
r
m
om

en
tu
m

co
n
se
rv
at
io
n
[1
4,

15
].
T
h
is
si
m
p
li
fi
es

su
b
st
an

ti
al
ly

th
e
lo
op

ca
lc
u
la
ti
on

s.
1

O
u
r
ca
lc
u
la
ti
on

of
th
e
an

om
al
ou

s
d
im

en
si
on

s
at

th
e
tw

o-
lo
op

le
ve
l
w
il
l
in

p
ar
ti
cu
la
r
sh
ow

h
ow

µ
!

e�
ca
n
co
n
st
ra
in

th
e
L
F
V

co
u
p
li
n
gs

W
µ
⌫ e

an
d
h
µ
e
an

d
so
m
e
fo
u
r-
fe
rm

io
n
in
te
ra
ct
io
n
s
at

an
u
n
p
re
ce
d
en
te
d
le
ve
l.
P
re
vi
ou

s
(p
ar
ti
al
)
an

al
ys
is
ca
n
b
e
fo
u
n
d
in

R
ef
s.
[2
2–
28
].
2

In
S
ec
ti
on

2
w
e
re
vi
ew

th
e
L
F
V

d
im

en
si
on

-s
ix

op
er
at
or
s
of

th
e
S
M

E
F
T

an
d
th
e
tr
ee
-l
ev
el

b
ou

n
d
s
d
er
iv
ed

fr
om

th
e
p
ro
ce
ss
es

in
T
ab

le
1.

In
S
ec
ti
on

3
w
e
an

al
yz
e
w
h
ic
h
op

er
at
or
s
m
ix

in
to

th
e
d
ip
ol
e
op

er
at
or
s
re
sp
on

si
b
le

fo
r
µ
!

e�
.
W
e
fi
n
d
th
at

th
er
e
ar
e
va
ri
ou

s
im

p
or
ta
nt

tw
o-
lo
op

an
om

al
ou

s
d
im

en
si
on

m
at
ri
x
el
em

en
ts

th
at

ar
e
u
n
kn

ow
n
.
S
ec
ti
on

4
is
th
en

d
ed
ic
at
ed

to
co
m
p
u
te

th
es
e
m
is
si
n
g
p
ie
ce
s
of

th
e
tw

o-
lo
op

re
n
or
m
al
iz
at
io
n
gr
ou

p
(R

G
)
eq
u
at
io
n
,
vi
a
on

-s
h
el
l
m
et
h
od

s.
In

S
ec
ti
on

s
5
an

d
6
w
e
an

al
yz
e
th
e
R
G

m
ix
in
g
of

d
im

en
si
on

-s
ix

op
er
at
or
s
in
to

th
e
µ
!

ee
e
an

d
µ
N

!
eN

p
ro
ce
ss
es
,
re
sp
ec
ti
ve
ly
.
A

gl
ob

al
p
er
sp
ec
ti
ve

of
th
e
n
ew

lo
op

e↵
ec
ts

w
e
h
av
e
fo
u
n
d

fr
om

m
ix
in
gs

in
to

th
e
L
F
V

ob
se
rv
ab

le
s
is

su
m
m
ar
iz
ed

in
S
ec
ti
on

7.
F
or

il
lu
st
ra
ti
on

,
in

S
ec
ti
on

8
w
e
sh
ow

th
e
im

p
ac
t
of

ou
r
an

al
ys
is

on
tw

o
si
m
p
le

U
V

co
m
p
le
ti
on

s
of

th
e
S
M

E
F
T
.
F
in
al
ly
,
w
e

co
n
cl
u
d
e
in

S
ec
ti
on

9.
1
O
n
-s
h
el
l
te
ch
n
iq
u
es

fo
r
th
e
S
M

E
F
T

h
av
e
al
so

b
ee
n
ap

p
li
ed

in
re
la
te
d
co
nt
ex
ts

[1
8–
21
].

2
F
or

si
m
il
ar

st
u
d
ie
s
on

L
F
V

p
ro
ce
ss
es

in
vo
lv
in
g
⌧
le
p
to
n
s,

se
e
fo
r
ex
am

p
le

R
ef
s.

[2
9–
32
].

2



OeW ,OeB
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O
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B eB,OW eB
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2-loop

O
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1-loop
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Figure 1: Corrections to the electron EDM (imaginary part of CeW,eB) induced up to the 2-loop
level. The dashed and solid arrows denote mixing at 1-loop and 2-loop order respectively. On the
right we list the operators that generate contributions enhanced by a double logarithm (showing the
1-loop mixing patterns that generate it), whereas on the left we list operators giving rise to a single
logarithm.

only interested in calculating the leading correction to the EDM. For Wilson coe�cients a↵ecting
the EDM already at the one-loop level, such as Cluqe, the two-loop corrections would only provide
a small correction to their bound.

New dimension-6 operators can contribute to the electron EDM by mixing with the dipoles
OeW and OeB in two di↵erent ways. Either by mixing at the one-loop level with the operators we
discussed in the previous section, Oluqe and O

V Ṽ
(V = W,B), that contribute at the one-loop level

to the dipoles, or by direct two-loop contribution to the anomalous dimension of OeW and OeB (see
Table 1).

The first case can potentially give larger corrections, as in the leading-log approximation, they
will contain two logarithms, i.e. / ln2(⇤2

/m
2
W
). From the selection rules of Table 2, we see that

only two classes of operators can contribute at this order. One is given by the  4 operators that
could not generate an electron dipole at the one-loop due to the absence of Feynman diagrams,

namely the O
(1)
lequ

operator. The second class is given by dipole operators involving the second and
third lepton generations, Oe0W and Oe0B, or the quarks, OuW , OuB, OdW and OdB.

Notice that, as we pointed out before, there is an exception to the selection rules of Table 2,
corresponding to a possible mixing of  ̄2

 
2 operators into  4 when the pair of Yukawas either yuye

or yuyd is involved in the loop [3, 4]. Nevertheless, by working in the basis in which the lepton
and up-type quark Yukawa matrices are real and diagonal, one can easily find that there are not
 ̄
2
 
2 operators contributing to the imaginary part of Oluqe at the one-loop level. Indeed, in this

basis yuye is real and diagonal, and the only  ̄2
 
2 operators that could contribute to Oluqe are the

ones involving two electron fields and two same-generation quarks. The Wilson coe�cients of these
operators are necessarily real and do not induce CP-violating e↵ects.

Therefore the one-loop mixing pattern and RGEs are the following. The Olequ operator can
mix with Oluqe at the one-loop level [6]:

d

d lnµ
Cluqe =

g
2

16⇡2
⇥
4(YL + Ye)(YQ + Yu)t

2
✓W

� 3
⇤
C

(1)
lequ

. (2.14)
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1 Introduction

Electric dipole moments (EDM) provide one of the best indirect probes for new-physics. Since a
non-zero EDM requires a violation of the CP symmetry, and the Standard Model (SM) contributions
are accidentally highly suppressed, the EDM is an exceptionally clean observable to uncover beyond
the SM (BSM) physics. Indeed, if BSM physics lies at the TeV scale, we expect new interactions and
therefore new sources of CP violation to be present,1 inducing sizable EDM to be observed in the
near future. For this reason, experimental bounds on the electron and neutron EDM have provided
the most substantial constraints on the best motivated BSM scenarios, such as supersymmetry or
composite Higgs models.

The ACME experiment has recently released a new bound on the electron EDM that improve
by a factor ⇠ 8.6 their previous bound [1]:

|de| < 1.1 · 10�29 e · cm . (1.1)

1As in the SM, we can expect that any parameter of the BSM that can be complex will be complex, providing
unavoidably large new sources of CP violation.

2

tree-level

CeW 5.5⇥ 10�5
yeg

CeB 5.5⇥ 10�5
yeg

0

one-loop

Cluqe 1.0⇥ 10�3
yeyt

C
WfW 4.7⇥ 10�3

g
2

C
B eB 5.2⇥ 10�3

g
0 2

C
W eB 2.4⇥ 10�3

gg
0

CfW 6.4⇥ 10�2
g
3

two-loops

Clequ 3.8⇥ 10�2
yeyt

C⌧W 260 y⌧g

C⌧B 380 y⌧g0

CtW 6.9⇥ 10�3
ytg

CtB 1.2⇥ 10�2
ytg

0

CbW 64 ybg

CbB 47 ybg0

C
led̄q̄

10 yeyt(yt/yb)

C
leē0 l̄0 0.63 yeyt(yt/y⌧ )

two-loops finite

Cye 14 ye�h

Cyt 14 yt�h

Cyb 2.9⇥ 103 yb�h

Cy⌧ 3.4⇥ 103 y⌧�h

Table 4: Bounds on the Wilson coe�cients coming from Eq. (1.1) taking ⇤ = 10 TeV. For a better
appreciation of the bound, we have extracted the Yukawa, gauge or Higgs coupling (�h = 0.1) that
we naturally expect to carry these Wilson coe�cients. For C

led̄q̄
and C

leē0 l̄0 we have further extracted
a factor (yt/yb) and (yt/y⌧ ) respectively to reflect the fact that these coe�cients can be potentially
larger consistently with their natural sizes Eq. (3.2).

In fact, in most of the UV-complete BSM theories (e.g. supersymmetry, composite Higgs or theories
with flavor symmetries only broken by Yukawas) we expect operators with chirality flips to carry
yukawa couplings, i.e.,

CfV / yf , Cye / ye , Clequ / yeyu , Cluqe / yeyu , C
led̄q̄

/ yeyd , C
leē0 l̄0 / yeye0 , (3.3)

implying that we only expect sizable contributions to the electron EDM from four-fermion operators
involving the third family. All these considerations can be useful for a proper interpretation of the
recent ACME bound.

In Table 4 we list the bounds on individual Wilson coe�cients that can be inferred from the
new electron EDM measurement Eq. (1.1). To derive the bounds we considered the various Wilson
coe�cients one-by-one. Although typical BSM theories give rise to simultaneous contributions to
several Wilson coe�cients, strong cancellations are typically not present. In such situation the
bounds obtained on single Wilson coe�cients remain approximately valid.11

3.2 Leptoquarks and extra Higgs

As a first example of an application of the above EFT analysis, we focus here on new-physics models
containing states of Table 3. In particular, we focus on leptoquarks and heavy Higgs-like states.12

As can be seen from Table 3, four leptoquark multiplets can give rise to electron EDM contri-

11Bounds on e↵ective operators coming from measurements of the electron EDM were previously derived in the
literature in refs. [12, 18].

12Notice that, in addition to the electron EDM, leptoquarks and heavy Higgs-like states, as well as supersymmetric
scenarios, can also be constrained by the EDM of 199Hg atom through the CP-odd electron-nucleon interaction [19].
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