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Setup

1
® Energy-Momentum 1ensor 7., = ;6. FasFas — FiaFro,
® (Operators: 0=cygiFLFL , X=cx€uwpogaFl FL

® Define ¢ Go(z) = (0()6(0)). ,
Gy (z) = (x(z)x(0)) ,
Gy(z) = 23727Xw,a6 (z) (Tyw (z) Top(0))c
where x,,.5=PLPL, - ?(PLP% + PisP,,),

G’T,(m) = —166,27 <T12 (513) T12(0)>C .

® Weuse D =4-2 toregularize our calculation.
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Correlators

The LO and NLO Feynman graphs contributing to the correlators

iliﬁﬂﬁ e
{::} (i) (iv)
() {x} gy {ﬁ}

(vi) (vii)
® Wick contraction .

e Simplify the results to a minimal number of independent “master” sum-
integrals.

e (Carry out Matsubara Sums and expand them in terms of large P to get the
results in UV limit (short distance and/or large frequency).

Results: Mikko Laine, Mikko Vepsaldinen, Aleksi Vuorinen, 1011.4439
York Schroder, Mikko Vepsilainen, Aleksi Vuorinen, Yan Zhu, 1109.6548
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Spectral Functions

plw) =1Tm [G(P) ] P—(—i[w+i0+],0)

e After Matsubara Sums, the imaginary part can be

extracted with _ |

W i0+_

Fro(w) .

Im

e Example:

pb
F) = %RQW[(Q —RZ+N(Q-PR2(R-P)?°
Denoting Eq,z q, E,=r, Egp=+(q—r1)2+)2,

1;
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37 |0 = 2) = 8(w + 20)
1 1
X |:((q+r — Eq.,.)(q+r) - (q —r+ Eqr)(q — T‘))(l + 2nq)(nqr - nr)
1 1
+((q 1+ Ep)@+1)  (@—7—Eg)(q— r))(l +2ng)(1 + ngr + nr)]

+ i[(S(t.u 2r) — 6(w+2r)] X
1 1

d(w—gq—r—Eu)—96 Eqr
T _(w g7 = Eg) —0{wtg+r+ q).(q+r+Eqr)2(q—7‘+Eqr)(q—T—Eqr)

) 1 nqr(l -1 Ng + 'n-r) — NgNy
-+ _5(w—q_r+EQr) —6(w+q+7‘—Eqr)‘ (q+T—Eqr)2(q—T+Eqr)(q_T_EQ")

- B B 3 _ | n.(1+ Ng + nqr) — NgNgr
—~ _6(w g+r—E,)—-6w+g r+Eqr)_ (q—7+Eg)2(q+7+Ey)(g+7— Eg)

+ -6(w+q—r—Eqr)—5(w—q+r+Eqr)

(g—7—Egu)q+7+ Eg)(g+ 71— Eqgr)

x ((q+r—Eq.r>(q+r) - (q—r—EqT)(q—ﬂ)“ +2nr)(Rgr = 1)
1 1
+((.0.1: T @2 - Jl=r o Ea e rl)_“.”i?."':’(.l f’."":i’i‘*ﬂ L

nq(l + Ny -+ nqr) nr‘nqr‘ }

factorized int./
Virtual correction

(g,+q)

(Qa _Q)

Phase space int./
Real correction

(g,+q)

[ |
[ |
|
[ |
[ |
|
: (Eqra r—q)
|

[ |

l
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Virtual Correction

fz 6
o (@) = / W
: 4grE,,

% d(w—2r) — (5(w—|—2'r)] X

1

K (I+7°—Eqr)((1+7") (@—7—Eg)(g—7)

1
((q+r+Eq,.)(q+ r) (q_T_I_Eqr)(q_T))(l+2n,~)(1+nqr+nq)

)@+ 20,) g =g

_I_
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Virtual Correction

fz 6
o (@) = / W
: 4grE,,

1

—2 5(w—2r) (5(w—|—2'r)] x w>0

1

K (I+7°—Eqr)((1+7") (@—7—Eg)(g—7)

1
((q+r+Eq,.)(q+ r) (q_T_I_Eqr)(q_T))(l+2n,~)(1+nqr+nq)

)@+ 20,) g =g

_I_
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Virtual Correction

fz 6
o (@) = / W
: 4grE,,

1

—25(w—2r) 5(w+2'r)]x w >0

1

K (I+7°—Eqr)((1+7") (@—7—Eg)(g—7)

1
((q+r+Eq,.)(q+ r) (q_T_I_Eqr)(q_T))(l+2n,~)(1+nqr+nq)

)@+ 20,) g =g

_I_
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Virtual Correction

fz 6
o (@) = / W
: 4grE,,

1

—25(w—2r) 5(w+2'r)]x w >0

1

K (I+7°—Eqr)((1+7") (@—7—Eg)(g—7)

1
((q+r+Eq,.)(q+ r) (q_T_I_Eqr)(q_T))(l+2n,~)(1+nqr+nq)

)@+ 20,) g =g
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Virtual Correction

fz 6
o (@) = / W
: 4grE,,

1

—25(w—2'r) 5(w+2r)]x w >0

1

[( Q+7’—Eqr)(<1+7") (@—7—Eg)(g—7)

1
((q+r+Eq,.)(q+ r) (Q—T-I-Eq,.)(q—rp))(l+2n’”)(1+nqr+n0)

)@+ 20,) g =g
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Real Correction

6
(ps) _ il {
ij ((.d) - L,r 4qTEqr

T -J(w —q—r—Ey)-bw+g+r+ Eqr)- (1+7gr)(1 +71g + 72r) + g7

(g+7+Eq)*(q— 7+ Eg)(g — 17— Eqr)
ngr(l + ng + ny) — Ngny

(g+r— Eqr)z(q — 1+ Ep)(g —7— Ey)
Ny (14 ng + ngr) — NgNgy

(g—r+ Eqr)z(q +r+ Ey)(g+7— Ey)
ng(l+ny + ngp) — NpNgy }

(g—7r—Eg)2(g+7r+Ep)(g+7r—Eg) )

+ -6(w—q—r+Eqr)—6(w+q+r—Eq,,)-

+ -6(w—q+r—Eqr)—6(w+q—r+Eqr)-

+ -6(w+q—r—Eqr)—6(w—q+r+Eqr)-

L Y N/
= . dq/ dr/ dE,., E..=+/(gxr)?+ )2
/c;,r d4grE,  (4m) A 0 -l o o

g+r+Eq4 _ 1) ,

(14 ng)(1 + ng + ny) + ngn, NgNpNgr (€

Ngr(1 + ng +n,) — ngn, NgneNge (€977 —

r+FEqgr
nq(l + nr + nqr) - nrnq-r nannqr (6 4 -




Universitat Bielefeld

Real Correction

6
(ps) _ il
ij ((.d) - ‘/q‘,r 4qTEqr{ O < A < W

(14 ngr)(1 + ng + nr) + ngny

(g+7+Eq)*(q— 7+ Eg)(g — 17— Eqr)

ngr(l + ng + ny) — Ngny
(g+7—E4)%(q—71+ Ep)(qg — 17— Ey)

Ny (14 ng + ngr) — NgNgy
(g—r+ Eqr)z(q +r+ Ey)(g+7— Ey)

ng(l+ny + ngp) — NpNgy }
(@—r—Eg)(@+r+Eg)a+r—Ep))

+ -J(w—q—r—Eqr)—6(w+q+r+Eqr)-

+ -6(w—q—r+Eqr)—6(w+q+r—Eq,,)-

+ -6(w—q+r—Eqr)—6(w+q—r+Eqr)-

+ -6(w+q—r—Eqr)—6(w—q+r+Eqr)-

L Y N/
= . dq/ dr/ dE,., E..=+/(gxr)?+ )2
/c;,r d4grE,  (4m) A 0 -l o o

g+r+Eq4 _ 1) ,

(14 ng)(1 + ng + ny) + ngn, NgNpNgr (€

Ngr(1 + ng +n,) — ngn, NgneNge (€977 —

r+FEqgr
nq(l + nr + nqr) - nrnq-r nannqr (6 4 -
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Real Correction

6
(ps) _ il
ij ((.d) - ‘/q‘,r 4qTEqr{ O < A < W

(14 ngr)(1 + ng + nr) + ngny

(g+7+Eq)*(q— 7+ Eg)(g — 17— Eqr)

ngr(l + ng + ny) — Ngny
(g+7—E4)%(q—71+ Ep)(qg — 17— Ey)

Ny (14 ng + ngr) — NgNgy
(g—r+ Eqr)z(q +r+ Ey)(g+7— Ey)

ng(l+ny + ngp) — NpNgy }
(@—r—Eg)(@+r+Eg)a+r—Ep))

+ -J(w—q—r—Eqr)—6(w+q+r+Eqr)-

+ -6(w—q—r+Eqr)—6(w+q+r—Eqr)-

+ -6(w—q+r—Eqr)—6(w+q—r+Eqr)-

+ |ow+g—r—E,)=bw—qg+r+E,)

L Y N/
= . dq/ dr/ dE,., E..=+/(gxr)?+ )2
/c;,r d4grE,  (4m) A 0 -l o o

g+r+Eq4 _ 1) ,

(14 ng)(1 + ng + ny) + ngn, NgNpNgr (€

Ngr(1 + ng +n,) — ngn, NgneNge (€977 —

r+FEqgr
nq(l + nr + nqr) - nrnq-r nannqr (6 4 -
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Real Correction

]
W) = (4703/ dq/ dr/_ qurnannq,{ : / dq/ﬂ dr/L AE,, 8(w— g -1 — E,) 6(,7, Eyy)
g 1 gr
: d(w—qg—1r—E,) q+r+Eor : = o= :
(l) (2T_w)(2q w) (1 € 1 ) : = A dQ/w“_:’v . dTQ’(‘lsr,w q— r)
. dw—g—r+Ey)/ & b ! -
W)+ —w)(2q w) (e ve ) (i) ﬁ dg ﬁ ar | qur 8(w —q—1+ Egr) 6(q, 1, Eyr)
w+q— Eq) . : o
(i) + (2r—w)(2q+w) (e B e) . / dQ/ﬂ- oo drc‘)qr—w+q+r}.~
(iv) +6(w 9+ 1= Eor) (eq+E‘" — ")} :
(2r + w)(2g —w) ' (i) / dg / dr qu, 8(w +q—1 — Eg) 6(q, 7, Eqyr)
Egr
: (o +20) A2
1 2w
.. : : dq/ , drolg,r,w+gq—r),
Original integration ranges for A = w/10. /
q q q
w/2 r w/2 r w/2 r

) (i) (i)
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Real Correction

For turning all denominators into 1/(4qr):

W W

®: 9=5-9, r25-7,

(ii) : q—>%+q, r—)%—}—r,
W W

(iii) : q—>—2+q, 'r—>2+r,

q q | q

’
’
’
’
’
’
/’
’
’
-
s
’
s
-
s

r w/2 r

(i) (iif)

Integration ranges after the shifts, for A = w/10.
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Real Correction

A = e -] | | |
2(4m)? Divergent!
w u;i_‘u;—zg‘u-{»-)\z 1 , ,
2 D w/2 w/ w/2
i) - / dq/ dr II’(—) Ne _qNe _pNgir
a2 a2 qr ) 2 2 Q
2w 4, i
.. oc én 1 : w/2 r I w/2 r wl/2
(ii) — /(; dg A \ dr H)(qr) Nw 4 qNw 4y nq+,~eQ+r (i) (ii) (i)
iq
o0 wl"'Zg—w‘_l—X"" 2
2w w
(iii) + dq/ X dr H’(—) Ng—= N 4rNg_yp eq‘i} .
g - ar) E

e
(i) ne_gne _,.nQ*r(l—e“"):—(1+2n;_~){1+nq+r+n'§'_q+(1+n —r) na QJ-

n0+r‘nr+fj ]

() neigny rngre?™(1—e”) = (1+2ns) [‘”Q*”"w%‘ — (It ngeg)— 5
r

(1 +ng—r)(ng — nr-'§')] |

(iii) ng-g Ny g€l 2(e —1)=(1+ 2ns) [nq_;_- —Ng — Mgy —
ri—y

For integrals:
Q@ Depend on g+r only, we can integrate them by integrating (X,y)=(q+t,q-1),

@ Independent on r, one can integrate r first.
11
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PZ; (Ld)

® (ollect every part together and simplify them with A < w,

e All the divergent terms cancel each other, we can set A — 01n the end.

o0 =% 1\ Ng—e(l+ng—r)(ng —npr«
N /dq/ zdr(—— g—2( q—r) (g y
= 0

r nen_w

q
o0 q 14+ ngew)ngernpw
+ / dq/ dr (—i)( "*273.2‘” "2 4+ O(Aln)A).
0 0 r
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Numerical Calculation

Complex integral function

pg(w) mw? gSN. 22 @2 73 7 A_

42405 = (47)2 (1+2n ){04-{— (41?)3 3 1nw.‘2 -+ 3 + 8o, (w)| ¢ + O(g°)
—Px(w) Tw? 4 goN. [22. p? 97 7 i
16dac2  (dm)? (1+2n5)49" + (477)3 3 1n 2T g T8srWw)| p+ O(g°)

In the regime w > w1, “Fast apparent
convergence’: 1n<u°pt(~)_1n(w)_ﬁ In(2P®) = In(w) — 2 .

44 44
When w < 7T, EQCD: ™) = @) - - 5 .

The scale parameter i = timp o afbog?] */* exp[-5ta], To = 12545

2bl]g2 !
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Spectral Functions

L B 4
< o
~ 3
<r —_
Se— S
f\"q NA
b= =
& &
o o~
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/ » - 2 -
Pp(w) Tw? 4 9°N.[22 p* 73 , 8
s = ~(142n« | h—+ - +8 O
idpd @ TN F e |3 B g P80 O0)
—py (W) mw + GSN.[22 p? 971 . 8
PSS — ; 1 2 w - P _ 111 - — 8 O
16d4c2 (47?)2( T nz) g+ (4w)2 | 8~ w? T3 QT(w)_ +0(g)
pg:h('i:rx)unusd = pth(':urx)muud _ p:f’::‘:::mml + pi’f:::-m:::ud ~ p:?:s(:\[? - p:]nlnl: + pi:‘ul‘nmufd *
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Correlators

A
% 4y cosh (7 —'r)w
G(T =/ —p(w,0 , .
(7) 0o T p(w,0) sinh—3§"

5 2
(/T /-16d,c,
S
i

G

~10°F

10‘. 3 ! ! | M | ' | 3
00 0.1 0.2 0.3 04 0.5
t T

Q@ Considerable difference between LO and NLO in spectral function
leads to a small correction to the 1imaginary-time correlators.
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Comparing with LQCD

Lattice data fmm H.B. ‘Meyer, j]‘]—[f? 04(2010), 099 [10023344]
4 U LA L L 15 — T T T T 1
o T=22T, | o T=22T,
o T=32T 07 | g T=32T ;
3+ i
= sl e 3
g . [ ¢ & @
= Tt
O, S b L -
‘-\ 2 o 0
E o !
o =
C 5k -
I [osmemmenme e é -------------------------- -
-10- -
: | ! | : | . | ! | -1 . | : | . | . l . ]
?).0 0.1 0.2 03 04 0.5 ?).0 0.1 0.2 03 04 0.5
t T T T

@ The ratio shows good agreement at short distance.

@ The difference no longer shows the short distance divergence.
A model independent analytic continuation could be attempted.
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Summary and Outlook

@ A novel method has been evaluated to calculate the
correlators and spectral functions to NLO 1n pure Yang-
Muills theory.

@ Spectral functions in bulk channel has been computed with
this method, which is very helpful to constrain the
corresponding correlator and determine the thermal
coefficient.

W The application to shear channel 1s underway.

W Production rate of axion and dilation in cosmology, as well
as the spectral function of electromagnetic current in
QCD...., can be evaluated with this method.
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