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Objectives 

 Transport coefficients (shear & bulk viscosities) are 

important  inputs to viscous hydrodynamic simulations 

of  relativistic heavy-ion collisions. 

 Shear viscosities affect the elliptic flow versus transverse 

momentum observed in heavy ion collisions.  

 Comparison of different approximation schemes (Chapman-Enskog 

& Relaxation time methods) for shear viscosities. 

 Test cases with different elastic cross sections:  

 (i)Hard sphere gas, (ii) Maxwell gas,  

  (iii) Chiral pions & (iv) Massive pions. 

 These cases span the non-relativistic to the ultra-relativistic 

regimes. 



    

   

Shear & Bulk Viscosity 

Shear Viscosity Bulk Viscosity 
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S = # T3                   η/s = # 1 



Chapman-Enskog Approximation 

“For small deviations from equilibrium, the distribution function can be expressed  

in terms of hydrodynamic variables ( f(x,p) μ(x), u(x), T(x) ) and their gradients.  

Transport coefficients (e.g., bulk & shear viscosities) are then calculable  

from relativistic kinetic theory.” 

Deviation function 

Equilibrium distribution function  

μ(x)   : Chemical potential 

u(x)   : Flow velocity 

T(x)   : Temperature 



The Boltzmann Equation 

  

the solution (deviation function) has the general structure 

The Collision Integral 

Bulk  Viscosity 
Heat Conductivity Shear Viscosity 



Shear Viscosity (working expression) 
1st approximation 

  

Thermal variable  Reduced enthalpy 

The shear viscosity  

       : Relativistic omega integrals ; Contain collision cross sections 

  



The Omega Integrals 

  

Transport cross section 
Thermal weight Relative momentum  dependence 

g = mc sinh ψ = Relative momentum  

P = 2mc cosh ψ = Total momentum 

Relativistic Omega Integrals  

 Relativity parameter , = 



Introducing the dimensionless quantity  

The omega integral in the non-relativistic limit :  

Note the g7 – dependence in the kernel, which favors high relative velocity particles in 

the heat bath (energy density & pressure carry a g4 – dependence). 

 

Note also the importance of the relative velocity and angle dependence in the transport 

cross section which favors transport of momentum perpendicular to the flow direction. 

Reduction to the non-relativistic case 



The Relaxation Time Approximation 
Chakraborty & Kapusta , arXiv:1006.0257 

   

Shear viscosity (for a+b --> c+d) is given by 

is the collision frequency  

The collision frequency can be simplified to 

Here, the collision term in the Boltzmann equation is approximated as  

Total CM  

cross section  



Non-relativistic collision frequency 

 
For non-relativistic particles,   

1.  

2.  

The collision frequency  

The shear viscosity  

Symbols :  

Rel. vel. in the CM frame 

Vel. of the ith particle. 



Test Cases  

 
The non relativistic cases 

These results highlight the role of the energy/momentum dependence in the  

the differential cross section.  

   



Massless pions 

 
The differential cross section 

Chapman-Enskog approximation 

Shear viscosity :   

The omega integral for the massless case :   



   

     

Interacting Pions (Experimental Cross Sections) 
      

Parametrization from Bertsch et al. ,  

PR D37 (1988) 1202. 



Results for pions 

 

  

Pions with experimental 

cross sections. 
Relaxation  

time 

Chapman- 

Enskog 



Summary & Outlook 

 Depending on the relativistic nature of the system, different  

 enegy/momentum dependence in the cross sections seemingly lead to  

 different levels of agreement/disagreement. 

 

 An in-depth analysis of the origin of these differences is underway.  

 

 Comparison with Green-Kubo is on the way. 

 



   

  



  

  

Examples of  theoretical results 


