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Introduction



Motivation

• LHC today is a precision machine

• Many measurements statistically limited ⇒ HL-LHC and future colliders

• Theoretical understanding of SM predictions is key to interpret data

• At least NNLO QCD and NLO EW corrections (⊕ parton shower, resummation, . . . ) must be

included to achieve percent level theory uncertainties
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Class of processes
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Structure of analytic loop amplitudes
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Setup of the computation



Integral topologies & kinematics
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Roadmap
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Previous work
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Differential equations



Finding pure MIs
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Finding pure MIs
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The alphabet
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Function basis



Basis construction
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Initial values

Function basis construction requires algebraic relations between initial values ~g(X0)

Previously

Serious bottleneck [Chicherin, VS, Zoia ’21]

• Rely on MPL expressions [Canko, Papadopoulos, Syrrakos ’20] to calculate ~g(X0) to O(3000) digits

• Pushing the limits of most advanced PSLQ algorithms [Bailey, Broadhurst ’01]

[Bailey, Borwein, Kimberley, Ladd ’17] (∼ 400 constants with ∼ 2000 digits)

New approach

1. Construct symbol-level function basis, i.e. setting ~g(w)(X0) with w > 0

2. Use their definitions trough MI components to upgrade to iterated integrals

3. Presume that MI expression are polynomials in basis functions and

〈 iπ〉 ⊕ 〈π2〉 ⊕ 〈 iπ3, ζ3〉 ⊕ 〈π4, iπζ3〉 =⇒ derive constraints

4. Match to numerical evaluation from AMFlow to validate and fix remaining rational numbers

X Precision for ~g(X0) need not exceed final target precision

X PSLQ fit just one rational number at a time
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Non-analyticity within physical region

Consider iterated integral along γ : t ∈ [0, 1]→ Pphys, and Wi(t
?) = 0,∫

γ

d logWi h =

∫
γ

dWi

Wi

h
t→t?−−−−→ W ′(t)

t− t?
(
h

(0)
+ h

(1)
(t− t?) +O

(
(t− t?)

2
))

Planar scattering

Only linear or quadratic letters vanish in Pphys, poles always canceled, i.e. h(0) = 0

New feature of nonplanar scattering

Square roots of quartic polynomials
√

Σ5 can vanish in Pphys =⇒ new types of divergences

1. Integrable square root: d log
a+
√

Σ5

a−
√

Σ5

Σ5→0−−−−→ dΣ5
a
√

Σ5

t→t?−−−−→ C√
t−t?

+ . . .

2. Uncompensated poles: d log
√

Σ5
Σ5→0−−−−→ dΣ5

2Σ5

t→t?−−−−→ C
t−t? + . . . =⇒ log divergence!

• Choose basis functions to localize non-analytic behavior

• Expectation: functions with type 2 divergence cancel out in physical results

• Numerical evaluation more challenging
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Basis structure
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Basis structure
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Numerical evaluation



Numerical evaluation
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Numerical performance
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Conclusions



Conclusions & Outlook

Conclusions

• A complete set of special functions describing double virtual corrections for two-loop

five-point one-mass processes is available.

• Enables application of modern techniques for analytic calculation of two-loop amplitudes.

• Ready for cross section calculations.

Outlook

• Paper to appear soon.

• Possibility of calculating NNLO QCD corrections for a large class of 2 → 3 processes is

open. Hopefully exciting phenomenology in near future!

• Important contribution towards N3LO QCD corrections for V j, V γ production.
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Numerical performance: conservative precision rescue
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