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Motivation

Fully-differential description of LHC cross
sections have recently reached N3LO in
peturbative QCD.

= Higgs production [Chen et al. 21]
= Drell-Yan [Chen et al. '22]

These computations are vital for precise
studies at the LHC.
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https://arxiv.org/abs/2102.07607
https://arxiv.org/abs/2203.01565
https://arxiv.org/abs/2205.11426
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« soft and collinear divergences arise from
— in virtual corrections

— phase-space integration over on-shell momenta of final-state partons
in real-emission corrections
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Infrared divergences | |
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« soft and collinear divergences arise from

— in virtual corrections
— phase-space integration over on-shell momenta of final-state partons
in real-emission corrections

 need to be regulated, extracted and cancelled
 only then can the limit € — 0 be taken prior to numerical simulation
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« soft and collinear divergences arise from
— loop integrals in virtual corrections

— phase-space integration over on-shell momenta of final-state partons
in real-emission corrections

 need to be regulated, extracted and cancelled
« only then can the limit € — 0 be taken prior to numerical simulation

= slicing and subtraction schemes
are used to define contributions that are individually finite

do| =doyy|+doy
Ot
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TUTI

I dx
=

Subtraction schemes Slicing schemes

= subtract and add back a term that = slice phase space into divergent and finite
approximates the divergent behavior region
f0) o f(x)—f(0) 1
_—+/ dx—"—"——=+0(¢) I = [ + In( 6cut] +/ x)+0(0,¢)
né 0 X
© local regularisation of divergences ® small cut-off leads to large
© numerically stable numerical cancellations and requires
® complex construction, tedious to implement precise control of f
for example © achievable at N3LO
» CoLoRFull [Somogyi et al. ’05] for example
« Antenna [Gehrmann-De Ridder et al. '05 ] * gr-slicing [Catani et al. ']
« STRIPPER [Czakon '10] » N-jettiness slicing [Boughezal et al. '15]

« Nested soft-collinear subtraction

[Caola et al. '17] Other schemes

 Local Analytic Sector Subtraction « projection-to-Born [Cacciari et al. '15]
[Magnea et al. '18] o ..
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https://arxiv.org/abs/1005.0274
https://arxiv.org/abs/1702.01352
https://arxiv.org/abs/1806.09570
https://arxiv.org/abs/hep-ph/0703012
https://arxiv.org/abs/1504.02131
https://arxiv.org/abs/1506.02660

Zero-jettiness slicing

T—Z min {q ki}

ge{n,in}

- q-ki= kj(-)(l Tcosb,) forg=n,n
- T vanishes if all emitted partons become unresolved (soft / collinear to incoming partons)

fully unresolved emission > 1 resolved emission

ONLO = fOTC“t do + f’rcut

p1

P2

do/dr

P2

Teut
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Zero-jettiness factorisation
in SCET, the following factorisation formula can be derived [Stewart et al. '09]
dc=B®B ® S ® H ® dogem+ 0(7)

where the various ingredients are

| Softfunction Ml Hard function

« collinear emission off « soft, non-collinear e virtual corrections
incoming partons emission « process-dependent
 process-independent  process-independent
« known through N3LO « known through N2LO
[Ebert et al. ’20] [Kelley et al. "11]
(partial results in [Monni et al. "11]

[Behring et al '19])

= factorisation allows for explicit cancellation of IR poles
= computation of &(€°)-contribution to cross section in 7 < 7o region
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https://arxiv.org/abs/0910.0467
https://arxiv.org/abs/2006.03056
https://arxiv.org/abs/1910.10059
https://arxiv.org/abs/1105.3676
https://arxiv.org/abs/1105.4560

Three-gluon-emission contribution

§888

=2 / Aoy | (ki ko ks) > + 6 / APy, | (k1 ko, ka) |
a>~A

« triple-soft eikonal function |J|? [Catani et al. '19] contains {gq - k; , q-kij, q ki, ki-kj, k%B}, g =n,i

two distinguishable configurations ks

sz

o 3
1) dPy = [dk] &[T — ki3 -n][ ] Ok
i=1

n
) - 2
2) ddygy = [dk] S[t—kio-n—ks-n] [ ] O[k
i=1
f3(ks-n—ks- i)
where [dk] = [T2_, d%k; & [k2]
n
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Integration-by-parts relations

, q€iky,...kr,p1,....PE}, @ € Z ,[Chetyrkin, Tkachov '81]

L q a N
_ — 0y
0= [ TTa% 5z | o 112
=1 i n=1

- set of linearly independent propagators {D, } defines a topology
« IBP relations relate different integrals within a given topology
= reduce given problem to minimal set of “master integrals” [AIR,FIRE,Reduze,LiteRed,Kira,..]
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Integration-by-parts relations

, q€iky,...kr,p1,....PE}, @ € Z ,[Chetyrkin, Tkachov '81]

L q 0 N
_ — 0Oy
0= [T]d% =z |¢* ] 2;
=1 i n=1

- set of linearly independent propagators {D, } defines a topology
« IBP relations relate different integrals within a given topology
= reduce given problem to minimal set of “master integrals” [AIR,FIRE,Reduze,LiteRed,Kira,..]

1. d-function: reverse unitarity [Anastasiou,Melnikov '02]

1 1 1
—2mi) 8[q* —m?| = i — =
(=27i) 8lg” —nr] 30+ g>—m?+ic  ¢g>—-m?—ic| [¢*>—m?],

Maximilian Delto | CERN QCD seminar | 10th of June 2022


https://arxiv.org/abs/1807.05835
https://arxiv.org/abs/1809.01459
https://arxiv.org/abs/2004.01663
https://arxiv.org/abs/2004.03285
https://arxiv.org/abs/2007.00507
https://arxiv.org/abs/2111.13594
https://arxiv.org/pdf/1912.05778.pdf

Integration-by-parts relations

, q€iky,...kr,p1,....PE}, @ € Z ,[Chetyrkin, Tkachov '81]

L q 0 N
_ — 0Oy
0= [T]d% =z |¢* ] 2;
=1 i n=1

- set of linearly independent propagators {D, } defines a topology
« IBP relations relate different integrals within a given topology
= reduce given problem to minimal set of “master integrals” [AIR,FIRE,Reduze,LiteRed,Kira,..]

1. d-function: reverse unitarity [Anastasiou,Melnikov '02]

1 1 1
—2mi) 8[q* —m?| = i — =
(=27i) 8lg” —nr] 30+ g>—m?+ic  ¢g>—-m?—ic| [¢*>—m?],

2. O-function:
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Integration-by-parts relations

L q a N
_ — 0y
0= [ TTa% 5z | o 112
=1 i n=1

- set of linearly independent propagators {D, } defines a topology
« IBP relations relate different integrals within a given topology
= reduce given problem to minimal set of “master integrals” [AIR,FIRE,Reduze,LiteRed,Kira,..]

, q€iky,...kr,p1,....PE}, @ € Z ,[Chetyrkin, Tkachov '81]

1. d-function: reverse unitarity [Anastasiou,Melnikov '02]

1 1 1
—2mi) 8[q* —m*| = 1i — =
(=27i) 8lg” —nr] 30+ [qz —m?+ic  ¢>—m?—ic| [¢®>—m?],

2. O-function:

Parametric representation

[Caola et al. ’18] [Angeles-Martinez et al. ’18]
[Bizon et al. '20] [Baranowski "20]

1
G[b—a]:/ dz8[z-b—alb ab>0
0

[Chen '20]

27i) 0|D| = dx
2r)6[D] = [ dr—
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Integration-by-parts relations

, q€iky,...kr,p1,....PE}, @ € Z ,[Chetyrkin, Tkachov '81]

L q a N
_ — 0y
0= [ TTa% 5z | o 112
=1 i n=1

- set of linearly independent propagators {D, } defines a topology
« IBP relations relate different integrals within a given topology
= reduce given problem to minimal set of “master integrals” [AIR,FIRE,Reduze,LiteRed,Kira,..]

1. d-function: reverse unitarity [Anastasiou,Melnikov '02]

(—2mi) 8[q* —m*] = Glggl+ [q —n12—|—16 7 —niz —| = r —1m2]c
2. 8-function:
[Caola et al. '18] [Angeles-Martinez et al. *18] [Baranowski et al. "21]
[Bizon et al. '20] [Baranowski '20] hom inhom

9 {a(k) 0l ()} = 78 +507

® proliferation of topologies
[Chen '20] ® manual generation of IBP identities
© no auxiliary integration

(see also [Luo et al. '19])

1
G[b—a]:/ dz8[z-b—alb ab>0
0

27i) 0|D| = dx
2r)6[D] = [ dr—
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Integration-by-parts - example @ NNLO

ddy —
| Gty Gy 0% = (88l —kan ftan—kun ftan— ko
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Integration-by-parts - example @ NNLO

ddy —
| Gty Gy 0% = (88l —kan ftan—kun ftan— ko

* reverse unitarity

/ ddkl ddkz e(klfl — kln) 9(1{2]71 — kzn) B ox
() (B)(z— kiom)] (ko) (k1) (kiam) 10!
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Integration-by-parts - example @ NNLO

ddy —
| Gty Gy 0% = (88l —kan ftan—kun ftan— ko

* reverse unitarity

/ ddkl ddkz e(klfl — kln) 9(1{2]71 — kzn) B ox
() (B)(z— kiom)] (ko) (k1) (kiam) 10!

« |IBP relation

J
0= /ddklddkz—kql,,,
okl
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Integration-by-parts - example @ NNLO

do7 g
/ (kyn) (klfét))e(klzﬁ) , Ay = [dk| O[T — ki2n] O[k171 — kin] Okt — kon|

e reverse unitarity

/ ddkl ddkz e(klfl — kln) 9(1{2]71 — kzn) B ox
() (B)(z— kiom)] (ko) (k1) (kiam) 10!

« |IBP relation

J
0= /ddklddkz Wkﬁ‘...
1
e yields

0=[(d—4)—-7"6"—3"5" 437 T 101.11

9

7] (szl — kzn)

iy a4 Ya—n n—kKkn)| X
[ [ =B — k)] X
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Integration-by-parts - example @ NNLO

do’ _
/ (kon) (klfi))e(klzﬁ) , APy = [dk| 6[7 — ki2n] O kit — kin] Okaii — ko]

e reverse unitarity

/ ddkl ddkz e(klfl — kln) 9(1{2]71 — kzn) B ox
() (B)(z— kiom)] (ko) (k1) (kiam) 10!

« |IBP relation

J
0= /ddklddb—kﬁ‘...
ok

e yields

0=[(d—4)—776"—3"5"+37] 1ET0.1.11

d d o 0 (szl — kzn)
+ [ et (@) () (2 —kam) (kam) (kat) (k1)

Maximilian Delto | CERN QCD seminar | 10th of June 2022



Integration-by-parts - example @ NNLO

ddy —
| Gty Gy 0% = (88l —kan ftan—kun ftan— ko

reverse unitarity

/ ddkl ddkz 0 (klfl — kll’l) ] (szl — kzn) _ e
() () (x —kian)] (ko) (ki) (kigm) — ~ WHHOL!
« IBP relation
d
0= [ ¥t oAt
okl
e yields

0=[(d—4)—776"—3"5"+37] 1ET0.1.11

d d o 0 (szl — kzn)
+ [ et (@) () (2 —kam) (kam) (kat) (k1)

“conventional” IBP relation
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Integration-by-parts - example @ NNLO

ddy —
| Gty Gy 0% = (88l —kan ftan—kun ftan— ko

* reverse unitarity

/ dY%; d%; O (k17 — kin) 8 (kyii — kon) e
[(k%>(k%)(’f o k12n)i| c (k2n) (klfl) (klzfl) 1’1’17071’171
« IBP relation
0
O:/ddk A%y ——n* ...
1 2 8kfn
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Integration-by-parts - example @ NNLO

do’ _
/ (kon) (klfi))e(klzﬁ) , APy = [dk| 6[7 — ki2n] O kit — kin] Okaii — ko]

e reverse unitarity

/ dY%; d%; O (k17 — kin) 8 (kyii — kon) e
[(k%>(k%)(’f o k12n)i| c (kzn) (klfl) (klzfl) 1’1’17071’171
« IBP relation
0
O:/ddk A%y ——n* ...
1 2 8kfn

e yields

0=ni[T" —6"+176" —1"] 7% 1011,
G(kzﬁ—kzn)

_ d d n—kinl X
i [ 'tk Sl ki (K2)(k2) (7 — kpam) (kan) (kat) (K 127)
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Integration-by-parts - example @ NNLO

do?) _
/ o (klf(j)e(kﬂﬁ) , d®Y = [dk] 8|t — kion) O [ky7i — kyn] O[koft — kon]

reverse unitarity

/ ddkl ddkz 0 (klf_l — kll”l) ] (szl — kzn) _ e
() (B)(z— kiom)] (ko) (k1) (kiam) 10!
« |IBP relation
0
O:/ddk dd%, — k.
1 2 akéin
e yields

0=ni|[7"—6"+176" —17 ] 7% 011,

1 " G(szl—kzn)
(]{11_1 — k]l’l) (k%)(k%)(f — /(1211)(/(21’1) (/x’]ﬁ) (klzfl)

additional inhomogeneous term that requires partial fraction decomposition

+ nii / d%; d%,
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Integration-by-parts - example @ NNLO Tum

aDy! m T i _
Zidiot11 = / () ) () 7 = KBl =kl = unlffoon = for

A

topology witﬁrze—functions

0= [(d—4)=-7"6 =35 +3"| 7% 0111

dom 1 1
O=nin|7T"—6"+176" —1"] %elx,w,l’l,pt/ 00 [( + ]

’ (klzfl) kln) (kzl’l)

topology with 16-function

« because of inhomogeneous terms (~ d,0), we need new type of topologies:

— come from all possible ways of replacing 6 — o

— fall into a hierarchical structure: {66} % {66,606} % {66}

— relations for 6 topologies have no inhomogeneous terms
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Computational setup

« derive symmetry relations

/ ddy’s kicrko / ddsy

(klkz) (szl) (klkz) (klﬁ)

« define list of “seed integrals” for
independent sectors

« create IBP relations for seed integrals

« define ordering of integrals that appear in
relations

 parse relations to Kira’s “user-defined
system of equations” syntax
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Computational setup

« derive symmetry relations

/ dPhs k@kz/ d®3e

(kik2) (kann) (kikz) (ki7)

« define list of “seed integrals” for
independent sectors

« create IBP relations for seed integrals

« define ordering of integrals that appear in
relations

 parse relations to Kira’s “user-defined
system of equations” syntax

8135
8136  351x(d-4)

8137 121

8138  18*4

8139 )
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Computational setup Ll

« derive symmetry relations « find Mls
ddyy ok do — consider all topologies (66, 66, 65,60)
/(/qkz) (koht) /(klkz) (ki71) — disregard Q—fungtlons | |
o _ — run reduction using “vanilla” Kira
» define list of "seed integrals” for — corresponds to setting inhomogeneous
independent sectors terms in IBP to zero
« create IBP relations for seed integrals . solve “user-defined system of equations”
« define ordering of integrals that appear in
relations
« parse relations to Kira’s “user-defined ” . A, L
system of equations” syntax S ) = 0111,56 + Zci 50+ Zci i,00
CuCy i=2 i=5
8135
8136  351%(d-4)
8137  12%1
8138 184
8139
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Computational setup Ll

« derive symmetry relations « find Mls
ddyy ok do — consider all topologies (66, 66, 65,60)
/(/qkz) (koht) /(klkz) (ki71) — disregard Q—fungtlons | |
o _ — run reduction using “vanilla” Kira
» define list of "seed integrals” for — corresponds to setting inhomogeneous
independent sectors terms in IBP to zero
« create IBP relations for seed integrals . solve “user-defined system of equations”
« define ordering of integrals that appear in
relations
« parse relations to Kira’s “user-defined ” . A, L
system of equations” syntax S ) = 0111,56 + Zci 50+ Zci i,00
CuCy i=2 i=5
8135
8136  351%(d-4)
8137  12%1
8138 184
8139
Reduction v
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Computational setup Ll

« derive symmetry relations « find Mls
/ doy lekz/ do — consider all topologies (66, 66, 65,60)
(kikz) (kait) - (kikz) (ki7) — disregard Q—fungtlons | |
o ) _ ) — run reduction using “vanilla” Kira
» define list of “seed integrals” for — corresponds to setting inhomogeneous
independent sectors terms in IBP to zero
« create IBP relations for seed integrals . solve “user-defined system of equations”
« define ordering of integrals that appear in
relations
 parse relations to Kira’s “user-defined ” . . .
system of equations” syntax S a2 =cly, 5+Z 1, 9+Z ¢ilipg
8135
8136  351%(d-4)
8137  12x1
8138 184
8139

Reduction v Master integrals X
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(=)

Computational setup Ll

e consider

/ dq)gne
o __
4,66 (klkz)(kzn) (klzﬁ)
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(=)

Computational setup Ll

e consider

SOt / (kiko) (kan) (k1272)
- employ Sudakov variables k; = % [oc,n“ + Bitt +2+/ o Bi el ]
By (0 Ba) " 8[1 — 1 — o] O] — o]
Bi(on+ B — 4/ oufareiey ) B (i + o)

201 _
Sy e YR SR (O

el =24 / dBi dBxdas

T—1
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(=)

Computational setup Ll

e consider

SOt / (kiko) (kan) (k1272)
- employ Sudakov variables k; = % [oc,n“ + Bitt +2+/ o Bi el ]
By (0 Ba) " 8[1 — 1 — o] O] — o]
Bi(on+ B — 4/ oufareiey ) B (i + o)

201 _
Sy e YR SR (O

« regulate both endpoint singularities

I2(1—2¢) F(&) F(0) F(1)
2JV2 T e {/ de, [ Bl 252)1+2e - 521+s C(1=&))l+2e

el =24 / dBi dBxdas

T—1

nn

4,60

AR

T—1 —€ —2¢
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(=)

Computational setup Ll

e consider

4,00 — (klkz)(kzn) (klzﬁ)

« employ Sudakov variables k“ % [oc,n“ + Bin* + 2\/05113, ]

By *(0aB2) ¢ 8[1— B1 — B] 0], — o]
Bi(on+ B — 4/ oufareiey ) B (i + o)

Bﬁaziz_zt/yzw/ d& &1 (1 = &) R (&)

el =24 / dBi dBxdas

T—1

el(1—4e) Jo
« regulate both endpoint singularities
(1 - 2e) F(&) F(1) 0]
nn ) 2 / . .
el T—1 C/V 1 —4e { ’é [ 1+8 52)1+28 (1 o 52)1+28 " _28 }
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(=)

Computational setup Ll

e consider

SOt / (kiko) (kan) (k1272)
- employ Sudakov variables k; = % [oc,n“ + Bitt +2+/ o Bi el ]
By (0 Ba) " 8[1 — 1 — o] O] — o]
Bi(on+ B — 4/ oufareiey ) B (i + o)

201 _
Sy e YR SR (O

« regulate both endpoint singularities

2JV2F2 (1-2¢) {/ &, [ - F(&) CF(0)

[(1—4¢ gyt glte

el =24 / dBi dBxdas

T—1

nn

4,60

F(0) }

T—1
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(=)

Computational setup Ll

e consider

SOt / (kiko) (kan) (k1272)
- employ Sudakov variables k; = % [oc,n“ + Bitt +2+/ o Bi el ]
By (0 Ba) " 8[1 — 1 — o] O] — o]
Bi(on+ B — 4/ oufareiey ) B (i + o)

201 _
Sy e YR SR (O

« regulate both endpoint singularities

I2(1—2¢) F(&) F(0) F(1)
2JV2 T e {/ de, [ Bl 252)1+2e - 521+s C(1=&))l+2e

el =24 / dBi dBxdas

T—1

nn

4,60

AR

T—1 —€ —2¢
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(=)

Computational setup Ll

e consider

4,00 — (klkz)(kzn) (klzﬁ)

« employ Sudakov variables k“ % [(x,n“ + Bin* + 2\/05113, ]

B (0af2) ¢ 8[1 — B1 — Ba] 60 — )]
71 Bi(on+ B — 4/ oafeier) (1 + )

201 _
Sy e YR SR (O

« regulate both endpoint singularities

I2(1—2¢) F(&) F(0) F(1)
2JV28F 7, {/ d& [ H—e 252)1+2g _521+s B (1—&)1+2¢

 expand with HypExp [Huber et al. '05] & integrate with HyperInt [Panzer '14]

2w 17mte? 1937°

—273 9 810

nn
4,00

=242 / dBidBsday

nn

4,60

AR

T—1 —€ —2¢

nn

4,60

e’ [—6m*{; —26¢5| — € [ — 64532] +0(&)

T—1
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TUTI

Complications for three-gluon emission

Note: nni configuration still work in progress

General complexity

« more “level”: 660, 660, 6560, 604, ...
« 0(400) topologies
* integral relations
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TUTI

Complications for three-gluon emission

Note: nni configuration still work in progress

General complexity

« more “level”: 6660, 6660, 660, 660, ...
« 0'(400) topologies
* integral relations

Rapidity divergences

 appear for certrain observables (e.g. gr) in the limit of large rapidity and only cancel in
soft+collinear

» obey a rapidity renormalisation-group formalism [Chiu et al.]
« in case of zero-jettiness, we find individual integrals that are not regulated dimensionally
= require analytic regulator
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Complications for three-gluon emission

Note: nni configuration still work in progress

General complexity
« more “level”: 6660, 6660, 660, 660, ...
« 0'(400) topologies
« integral relations

Rapidity divergences
 appear for certrain observables (e.g. gr) in the limit of large rapidity and only cancel in
soft+collinear
« obey a rapidity renormalisation-group formalism [Chiu et al.]
« in case of zero-jettiness, we find individual integrals that are not regulated dimensionally
= require analytic regulator

Master integrals

« more complicated master integrals
= resort to numerical calculation and PSLQ reconstruction

N
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Integral relations at N3LO

APy ~8lt—ki-n—ky-n—kz-n] fi(ky-ii—ki-n)fa(ky - i—ka-n)f3 (ks - — k3 - n)
Ay, ~O[t—ki-n—ky-n—ks-) fi(ki -7t — ki -n) ok i — ko n) f3(ks - n— ks - 7t)

nnmn nni

000 000 P

Caaj 056/<— 006 s500l<—956]  |6@s ‘?’E“:/ l \E’j“‘

460 o0 gdo

leﬂj ) e (1) U

040 040
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Integral relations at N3LO

Ay, ~6[T— [fitlkiy-in—ky-n)fo(ky-n—ky-n)fz(ks-n—kz-n)
d@}‘;}% ~O[T—ky-n—ky-n—kz-n|fi(ki-n—ky-n)folka-ii—ky-n)f3(ks-n—kz-i)

nnmn nni

000 000 P

Caaj 056/<— 006 s500l<—956]  |6@s ‘?’E“:/ l \E’j“‘

) e (1) 460 o0 gdo

040 040
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Integral relations at N3LO

APt ~8[t—ki-n—ky-n—ks-n] fi(ki-i—ki-n)folka-i—ky-n)fs(ks -7t — k3 -n)
dq’}%ﬁ ~O[t—ky n—ky n—ky-nlfilki-n—ki-n)falka-n—ky-n)f3(ks-n—k;-n)

nnn nnf
660 660
000 <—— 060 <——064 000 660 064
@ ) e (1) @ o0 gdo
040 040
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Integral relations at N3LO Tm

APy s ~ O[T —ki-n—ky-n—ks-n|fi(ki-n—ki-n)fo(ky-n—ky-n)6lks-n—ks-n
APy ~ [T —ki-n—ky-n—ks i) fi(ky - —ky-n) falka -7t — ko) Slkes -n — ks -]

nnmn nni

000 000 P

Caaj 056/<— 006 s500l<—956]  |6@s ak:/ l \E’j“‘

460 o0 gdo

leﬂj ) e (1) U

040 040
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Rapidity divergences at N3LO
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Rapidity divergences at N3LO

o arise,whenk;-n>k;j-nork;-n>k;-n
- forfi=6,ki-n:k,~-ﬁ
— forfi=0,k;-n <k;-n(except nnn: k3-n <k;-n)
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Rapidity divergences at N3LO

o arise,whenk;-n>k;j-nork;-n>k;-n
- forfi:6,ki-n:ki-fz
— forfi=0,k;-n <k;-n(except nnn: k3-n <k;-n)

 break dimensional regularization and are hard to detect
— original integrals and master integrals are finite

— only numerical checks showed that reduction relations are wrong
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Rapidity divergences at N3LO

o arise,whenk;-n>k;-nork;-n>k;-n
- forﬁzé,ki-n:k,--ﬁ
— forfi=0,k;-n <k;-n(except nnn: k3-n <k;-n)

 break dimensional regularization and are hard to detect

— original integrals and master integrals are finite
— only numerical checks showed that reduction relations are wrong

Introduce analytic regulator

[ o — tim [, (an)” (en)” (kn)”

v—0

[awpun, — tim [ (kn)” (kon)” (k)"

v—0

« IBP relations
O 0= +IE-n)s — 0= |16 +I(E—n)s vt | ()
akll,l,‘ 1 1 1 1 kl.n o000

* IBP reduction in limit v — 0
S888 — chlk—l- VZE]J/((V ~ O) + ﬁ(\/)
k k

1%
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Rapidity divergences at N3LO

o arise,whenk;-n>k;-nork;-n>k;-n
- forﬁzé,ki-n:k,--ﬁ
— forfi=0,k;-n <k;-n(except nnn: k3-n <k;-n)

 break dimensional regularization and are hard to detect

— original integrals and master integrals are finite
— only numerical checks showed that reduction relations are wrong

Introduce analytic regulator

[ o — tim [, (an)” (en)” (kn)”

v—0

[awpun, — tim [ (kn)” (kon)” (k)"

v—0

akl . ! ! ! ! kl ‘n o

* IBP reduction in limit v — 0
S888 — chlk—l- VZEkjk V= O) + ﬁ(\/)
k k

“v = 0”-reduction ~1/v
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Rapidity divergences at N3LO
_Example

« consider the following master integral

. Do
! _/(k1k3)(k1n)(k1217l)(k3l7l)
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Rapidity divergences at N3LO
_Esample

« consider the following master integral

I’ll’ll’l \%

_ / Pos6
k1k3 kll’l klzl’l k3n)
« employ Sudakov variables k“ % [(x,n“ + Bin* — 2/ i fie; }

 use o[ — B2]

« introduce fraction &; = B;/a;,i = 1,3

_ : , B\ B5 %€ 8[1 — Bios] (B1B2fB3)Y
_/dQ/O TTdBidé dé; (5153) ETE 2 Ers B rEAE
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Rapidity divergences at N3LO
_ Exmple

« consider the following master integral

I’ll’ll’l \%

_/ Pys6
k1k3 kll’l klzl’l)(k3fl)

employ Sudakov variables k“ % [(x,n“ + Bin* — 2/ i fie; }

use 6oy — 3]

introduce fraction & = B;/a;,i=1,3

_ : . BB\ B, 8[1 — l3123] (B1B23)"
lﬂm%[ﬁ%%ﬂé(&@) B TR S EE b E TR

consider the region 1 ~ & ~ & ~A — 0

o dA (AN,
I_/m/l ) M v
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Rapidity divergences at N3LO
_ Example |

« consider the following master integral

\%
_/ Ay 56
k1k3 kll’l klzl’l) (k3l’l)
« employ Sudakov variables k“ % [(x,n“ + Bin* — 2/ i fie; }

 use o[ — B2]

« introduce fraction &; = B;/a;,i = 1,3

! BB\ ~° B5 %€ 8[1 — Bi2s] (B1B2Bs)Y
— (40 :
foe [ Tlapazas: (32) G+ & — 2/ Bt el By B+ E1Po) s

« consider the region B ~ & ~ & ~A — 0

o dA (AN,
I_/m/l ) M v

= describes a situation where g(k,) is emitted in the transverse plane kyn = ki
and gluons g(k;), g(k3) are very forward
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Rapidity divergences at N3LO
_ Example |

« consider the following master integral

%
_ / APy
k1k3 kll’l klzl’l) (k3l’l)

employ Sudakov variables k“ % [(x,n“ + Bin* — 2/ i fie; }

use 6oy — 3]

introduce fraction & = B;/a;,i=1,3

_ : . AN By %€ 81— Bi2s] (B1B2f3)Y
[ae /0 Hdﬁ,d&dé( 5153) B TR S EE b E TR

consider the region 1 ~ & ~ & ~A — 0

da A%\ ° 1
— (40 | == [ 2= AV X~ —
/ / P (m) Y
= describes a situation where g(k,) is emitted in the transverse plane kyn = ki
and gluons g(k;), g(k3) are very forward

= 1/v-pole gets multiplied with reduction coefficient ¢ ~ v
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Master integrals at N3LO

« fall into two categories: with and without the propagator k%23 = 2[k1ky + k1k3 + koks]

— without k%,,: compute along the lines discussed for NNLO

1
N / (kika) (kiks) -

— with  kf,,: difficult to compute analytically

Numerical computation of Ml (see also )

- add parameter m? to propagator

nnn,vV nnn,vV
_ dq)f1f2f3 . / 4y
ko) - Ky +m?] ...

« using the IBP technology for 6-functions, derive differential equation
d,2J = KJ

- compute boundary conditions in m?> — o, where the “bad” propagator simplifies

« solve differential equation numerically, compute the limit m — 0, and recover I from
Taylor-branch in

J — Z Cn1n2n3 (m2)7’l1+n28 lnn3 (mz)

« result with 2000 digits, allows to reconstruct analytic expression with PSLQ
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=5 - =

TUTI

Master integrals at N3LO - boundary constants

Computing master integrals in configuration nnn
in the limit m — o leads to three different regions
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TUTI

Master integrals at N3LO - boundary constants

Computing master integrals in configuration nnn
in the limit m — o leads to three different regions

« three o-functions: o; = B;and B, < 7
/ (0ifi) "¢ 6]t — Bi2s] 6[ay — Bi] 6[ax — Bo] 6|03 — B3] <[]
[mz + oqBr+ 0B — /o BronBrcosdn + 253 + 1 H3}
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=5 - =

TUTI

Master integrals at N3LO - boundary constants

Computing master integrals in configuration nnn
in the limit m — o leads to three different regions

« three o-functions: o; = B;and B, < 7
/ (i) "¢ 8[7 — Bi23] Slon — Bi] [0 — o] 8[03 — B3] <[]
2+ 1+ 0By — /o BiaBrcos gy + 203 + 163
« two &-functions: o unconstrained
/ (0iBi)"“ S[7 — Bi23] Olou — Bi] §lon — Ba] 03 — Bs] ]
[mz + B+ B — JouBionBacosdy + 223 + 1 3]
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(=)

TUTI

Master integrals at N3LO - boundary constants

Computing master integrals in configuration nnn
in the limit m — o leads to three different regions

« three o-functions: o; = B;and B, < 7
/ (i) "¢ 8[7 — Bi23] Slon — Bi] [0 — o] 8[03 — B3] <[]
[mz + Oélﬁz—l- 062[31 — 1/ a1ﬁ1a2ﬁ2C08¢12 + 23+ 1« 3}
« two &-functions: o unconstrained
/ (0iBi)"“ S[7 — Bi23] Olou — Bi] §lon — Ba] 03 — Bs] ]
[mz + i+ wp— o prapBrcosd; + 23 + 1+ 3]
« one o-function: oy, 0, unconstrained
/ (aifi) € 6]t — Pios] O[a — B1] B0 — o] 5[0 — B3] N [mz]—l—%
[mz + a1+ ufi —aifiopfrcosdn + 243 + 1+ 3]

Maximilian Delto | CERN QCD seminar | 10th of June 2022 19
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TUTI

Master integrals at N3LO - boundary constants

Computing master integrals in configuration nnn
in the limit m — o leads to three different regions

« three o-functions: o; = B;and B, < 7
/ (i) "¢ 8[7 — Bi23] Slon — Bi] [0 — o] 8[03 — B3] <[]
[mz + Oélﬁz—l- 062[31 — 1/ a1ﬁ1a2ﬁ2C08¢12 + 23+ 1« 3}
« two &-functions: o unconstrained
/ (0iBi)"“ S[7 — Bi23] Olou — Bi] §lon — Ba] 03 — Bs] ]
[mz + i+ wp— o prapBrcosd; + 23 + 1+ 3]
« one o-function: oy, 0, unconstrained
/ (aifi) € 6]t — Pios] O[a — B1] B0 — o] 5[0 — B3] N [mz]—l—%
[mz + a1+ ufi —aifiopfrcosdn + 243 + 1+ 3]

« no Mls with three 6-functions (zero 6 functions)
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Result for same-hemisphere contribution

24 308 1 3380\ 1 44072 10048
sim——_ 44— (121 +——) +—= ( —1000
3 85+384+83< 5 >+82< S >

1/ 2377x% 440(;  71927% 253252
e + + +

€ 45 3 27 81

197287% 6387

1
— (—2806455 + +4224Liy (§> +3696&31n(2) — 1767 In?(2) + 1761n*(2)

15
1320883 7884872 1925074
In(2
+ 3 + o1 +961n(2) + 03 )
6735170
+e (2304 § 51 —44648s51In(2) +257848F — s 677T —6336GR(0,0,75,1,—1)

268895(s
3

1 1 1
45056 Lis (5) —45056Liy (5) In(2) + 176 Cly (g) 7 — 105683 Li (Z) 3982, 72

— 6336G(0,0,1,r5,—1) —3168Gg(0,0,1,r2,74) — 6336Gg(0,0, 75, —1)In(2) +

4400Cl, (%) 73 N 887*In(2)
27 45

41747
27

218248 1n2(2) + 21128 In(2) In(3) — 1584 C12 (g) In(3) —
6167*In(3) N 11264721n3(2)  225281n°(2)
27 9 15
107272 1n%(2) N 10721n%*(2) N 554032¢; N 7303787
3 3 27 243

+ 140881681 43 <1923 {Lis (—eXp(i;/ 3)) b +160C1 (%) 1n(2) - 16710%(2) - 5680 1”3>) +6()

1
+8576Li4 <§> +7504831n(2) +

—327%1n(2) —3841n%(2) 4 8321n(2)

« up to (&%) only zeta values and Lis (1)

- at 0(¢), we find multiple zeta value {_s _;, GPLs with sixth root of unity, ...
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Conclusion L

« extended notion of IBP relations & reverse unitarity enables us to reduce phase-space integrals
that contain Heaviside functions

« the method also provides the means to derive differential equations

« with this, we computed the same-hemisphere configuration of the three-gluon-emission
contribution to the zero jettiness function

Outlook

« computation of second configuration (nni) currently underway
 remaining contributions are

— RRR: ggg-emission

— RRV: one-loop corrections to gg- and gg-emission

— RVV: two-loop correction to g-emission

« other observables, e.g. 1-jettiness
« other objects containing Heaviside functions, e.g. soft contributions in subtraction schemes
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