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Introduction Introduction -- II

TheThe startingstarting pointpoint isis thethe wellwell--knownknown Hill’sHill’s
equationequation

 0(s)(s)(s) xKx =+″
SuchSuch anan equationequation hashas anan invariantinvariant (the(the soso--
calledcalled CourantCourant--SnyderSnyder invariant)invariant)

0(s)(s)(s) xKx =+

22 2 xxxxA ′+′+= βαγ
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ParentheticallyParenthetically:: inin aa bendingbending--freefree regionregion
thethe followingfollowing dispersiondispersion invariantinvariant existsexists
ParentheticallyParenthetically:: inin aa bendingbending--freefree regionregion
thethe followingfollowing dispersiondispersion invariantinvariant existsexists

22 2 DDDDA ′+′+= βαγ



2

Introduction Introduction -- IIII

InIn thethe casecase ofof aa beam,beam, ii..ee.. anan ensembleensemble ofof
particlesparticles::
EmittanceEmittance:: valuevalue ofof thethe CourantCourant--SnyderSnyderff yy
invariantinvariant correspondingcorresponding toto aa givengiven fractionfraction ofof
particlesparticles..
ExampleExample:: rmsrms emittanceemittance forfor GaussianGaussian beamsbeams..

Why emittance can grow?Why emittance can grow?
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HillHill equationequation isis linearlinear -->> inin thethe presencepresence ofof
nonlinearnonlinear effectseffects emittanceemittance isis nono moremore
conservedconserved..

Introduction Introduction -- IIIIII

Why Why emittanceemittance growth is an issue?growth is an issue?

MachineMachine performanceperformance isis limitedlimited oror reduced,reduced,
ee..gg..

BeamBeam losseslosses cancan generatedgenerated
InIn thethe casecase ofof aa collidercollider thethe luminosityluminosity (i(i..ee..
thethe raterate ofof collisionscollisions perper unitunit time)time) isis reducedreduced..
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Introduction Introduction -- IVIV

FilamentationFilamentation isis oneone ofof thethe keykey conceptsconcepts forfor
computingcomputing emittanceemittance growthgrowth

DueDue toto thethe presencepresence ofof nonlinearnonlinear imperfectionsimperfectionsDueDue toto thethe presencepresence ofof nonlinearnonlinear imperfections,imperfections,
thethe rotationrotation frequencyfrequency inin phasephase spacespace isis amplitudeamplitude--
dependentdependent..
AfterAfter aa certaincertain timetime thethe initialinitial beambeam distributiondistribution isis
smearedsmeared outout toto fillfill aa phasephase spacespace ellipseellipse..
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Scattering through thin foil Scattering through thin foil -- II

TypicalTypical situationsituation::
VacuumVacuum windowwindow betweenbetween thethe transfertransfer lineline andand aa targettarget (in(in
casecase ofof fixedfixed targettarget physics)physics)gg p yp y
VacuumVacuum windowwindow toto separateseparate standardstandard vacuumvacuum inin transfertransfer lineline
fromfrom highhigh vacuumvacuum inin circularcircular machinemachine

Incident Incident 
beambeam

Emerging Emerging 
beambeam
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The particles receive an angular The particles receive an angular 
kickkick
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Scattering through thin foil Scattering through thin foil -- IIII

MultipleMultiple CoulombCoulomb scatteringscattering
duedue toto beambeam--mattermatter
interactioninteraction isis describeddescribed byby
meansmeans ofof thethe rmsrmsmeansmeans ofof thethe rmsrms
scatteringscattering angleangle::

DownstreamDownstream ofof thethe foilfoil thethe
transformedtransformed coordinatescoordinates
areare givengiven byby

( )corr
rad

p
p

rms L
Lq

p
cMeV ε

β
θ += 1/14
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areare givengiven byby

ixiixixi

iiii

Appp
Axx

θβψ
ψ

+=Δ+→
=→

)cos(
)sin(

0

0

xxp xxx ′+= βα
Normalised coordinateNormalised coordinate αα = 0 at the = 0 at the 

location of the foillocation of the foil

Scattering through thin foil Scattering through thin foil -- IIIIII

ByBy assumingassuming thatthat::
ScatteringScattering angleangle andand betatronicbetatronic phasephase areare uncorrelateduncorrelated
AveragingAveraging overover betatronicbetatronic phasephase (due(due toto filamentationfilamentation)) isis

llpossiblepossible

UsingUsing thethe relationrelation

222
0

222
ixixiii ApxA θβ+=+=

2

2A
rms πε =
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TheThe finalfinal resultresult readsreads

xrmsrms βθπε 2

2
=Δ

2
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Scattering through thin foil Scattering through thin foil -- IVIV

FewFew remarksremarks
TheThe specialspecial casecase withwith αα == 00 atat thethe locationlocation ofof thethe
thinthin foilfoil isis discusseddiscussed -->> itit cancan bebe generalisedgeneralised..
TheThe correctcorrect wayway ofof treatingtreating thisthis problemproblem isis (see(see
nextnext slides)slides)::

ComputeCompute allall threethree secondsecond--orderorder momentsmoments ofof thethe beambeam
distributiondistribution downstreamdownstream ofof thethe foilfoil
EvaluateEvaluate thethe newnew opticaloptical parametersparameters andand emittanceemittance usingusing
thethe statisticalstatistical definitiondefinition

TheThe emittanceemittance growthgrowth dependsdepends onon thethe betabeta--
f !f !
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function!function!

THE SMALLER THE VALUE OF THE BETATHE SMALLER THE VALUE OF THE BETA--
FUNCTION AT THE LOCATION OF THE FOIL FUNCTION AT THE LOCATION OF THE FOIL 

THE SMALLER THE EMITTANCE GROWTHTHE SMALLER THE EMITTANCE GROWTH

Scattering through thin foil Scattering through thin foil -- VV

CorrectCorrect computationcomputation (always(always forfor αα==00))::

)i (/1)i (/1

)cos()cos( 111

βθβ

ψβψβ xoxoo

AA

AAx ==

ByBy squaringsquaring andand averagingaveraging overover thethe beambeam distributiondistribution

)sin(/11)sin(/1 11 ψβθψβ xoxoox AAp −=+−=

2
12

2
02

1
2

10
2

02

22

x

xx

AA

AAx

θ

ββ

><+><><

><=><=><

Massimo GiovannozziMassimo Giovannozzi CAS CAS -- 1818--30 September 201130 September 2011 1010

UsingUsing thethe relationrelation
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Scattering through thin foil Scattering through thin foil -- VIVI

TheThe solutionsolution ofof thethe
systemsystem isis givengiven byby

2
02

0

22
0

22
1

2
A

AA
rmsx=

−
θβ

ThisThis cancan bebe solvedsolved exactly,exactly, oror byby assumingassuming thatthat thethe
relativerelative emittanceemittance growthgrowth isis small,small, thenthen

πNBNB thth ittitt thth ii llNBNB thth ittitt thth ii ll

2
1

2
0

0

1

A

A

x

x =
β
β

Massimo GiovannozziMassimo Giovannozzi CAS CAS -- 1818--30 September 201130 September 2011 1111









−=

=Δ

rms

rms
xx

xrmsrms

0

2

01

0
2

4
1

4

ε
θπββ

βθπεNBNB:: thethe emittanceemittance growthgrowth isis nownow onlyonly
halfhalf ofof thethe previousprevious estimate!estimate!

DownstreamDownstream ofof thethe foilfoil thethe transfertransfer
lineline shouldshould bebe matchedmatched usingusing thethe newnew
TwissTwiss parametersparameters ααxx11,, ββxx11

NBNB:: thethe emittanceemittance growthgrowth isis nownow onlyonly
halfhalf ofof thethe previousprevious estimate!estimate!

DownstreamDownstream ofof thethe foilfoil thethe transfertransfer
lineline shouldshould bebe matchedmatched usingusing thethe newnew
TwissTwiss parametersparameters ααxx11,, ββxx11

70

Example: ion stripping for LHC Example: ion stripping for LHC 
lead beam between PS and SPSlead beam between PS and SPS

ββHH PbPb5454++ -->> PbPb8282++

30

50

70
HH

ββVV

Stripper locationStripper location
PbPb5454 -->> PbPb8282

AA lowlow--betabeta
insertioninsertion isis
designeddesigned (beta(beta
reducedreduced byby aa
factorfactor ofof 55))

AA st ippinst ippin f ilf il
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DDHH

DDVV

CourtesyCourtesy MM.. MartiniMartini -- CERNCERNCourtesyCourtesy MM.. MartiniMartini -- CERNCERN

AA strippingstripping foil,foil,
00..88 mmmm thickthick
AlAl,, isis locatedlocated inin
thethe lowlow--betabeta
insertioninsertion
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ExercisesExercises

ComputeCompute thethe TwissTwiss parametersparameters andand emittanceemittance
growthgrowth forfor aa THICKTHICK foilfoil

HintHint:: sliceslice thethe foilfoil assumingassuming aa sequencesequence ofof driftsdrifts
andand thinthin scatterersscatterers..

ComputeCompute thethe TwissTwiss parametersparameters andand emittanceemittance
growthgrowth forfor aa THICKTHICK foilfoil inin aa quadrupolarquadrupolar fieldfield

Hi tHi t b fb f b tb t thth d iftd ift h ldh ld bb
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HintHint:: samesame asas before,before, butbut nownow thethe driftsdrifts shouldshould bebe
replacedreplaced byby quadrupolesquadrupoles..

Injection process Injection process -- II

TwoTwo mainmain sourcessources ofof errorserrors::
SteeringSteering..
OpticsOptics errorserrors ((TwissTwiss parametersparameters andand dispersion)dispersion)..

InIn casecase thethe incomingincoming beambeam hashas anan energyenergy
error,error, thenthen thethe effecteffect willwill bebe aa combinationcombination
ofof thethe twotwo..
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InIn allall casescases filamentationfilamentation,, ii..ee.. nonlinearnonlinear
imperfectionsimperfections inin thethe ring,ring, isis thethe sourcesource ofof
emittanceemittance growthgrowth..
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Injection process Injection process -- IIII

SteeringSteering errorserrors::
InjectionInjection conditions,conditions, ii..ee.. positionposition andand angle,angle, dodo notnot
matchmatch positionposition andand angleangle ofof thethe closedclosed orbitorbit..

CCConsequencesConsequences::
TheThe beambeam performsperforms betatronbetatron oscillationsoscillations aroundaround thethe
closedclosed orbitorbit.. TheThe emittanceemittance growsgrows duedue toto
filamentationfilamentation

SolutionSolution::
ChangeChange thethe injectioninjection conditions,conditions, eithereither byby steeringsteering

hh ff ll hh dd hh
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inin thethe transfertransfer lineline oror usingusing thethe septumseptum andand thethe
kickerkicker..
InIn practice,practice, slowslow driftsdrifts ofof settingssettings maymay requirerequire
regularregular tuningtuning.. InIn thisthis casecase aa damperdamper (see(see lecturelecture
onon feedbackfeedback systems)systems) isis thethe bestbest solutionsolution..

Injection process Injection process -- IIIIII

AnalysisAnalysis inin normalisednormalised phasephase
spacespace ((ii standsstands forfor injectioninjection
mm forfor machine)machine)::mm forfor machine)machine)

SquaringSquaring andand averagingaveraging givesgives

ψψ
ψψ

sinsin
coscos
rrp

rrx

iimx

iim

Δ+=
Δ+=

222 pxr mxmm >+<=><
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AfterAfter filamentationfilamentation

222 rrr im Δ+><=><

2222
. 2

1
2
1

2
1 rrrx imfilafter Δ+><=><=>< 2.

2
rrms

filafter
rms Δ+= πεε
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Injection process Injection process -- IVIV

ExampleExample ofof beambeam
distributiondistribution
generatedgenerated bybygeneratedgenerated byby
steeringsteering errorserrors andand
filamentationfilamentation..
TheThe beambeam corecore isis
displaceddisplaced -->> largelarge
effecteffect onon emittanceemittance
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effecteffect onon emittanceemittance

Injection process Injection process -- VV

DispersionDispersion mismatchmismatch:: analysisanalysis isis similarsimilar toto thatthat forfor
steeringsteering errorserrors..
AA particleparticle withwith momentummomentum offsetoffset ΔΔpp/p/p willwill havehavepp pp pp
injectioninjection conditionsconditions givengiven byby

TheThe vectorvector ΔΔrr isis obtainedobtained byby:: takingtaking differencedifference ofof
injectioninjection conditionsconditions;; transformingtransforming inin normalisednormalised phasephase

ppDp

ppDx

xiix

xii

/

/
' Δ=

Δ= WhileWhile thethe machinemachine
requiresrequires injectioninjection
conditionsconditions givengiven byby ppDp

ppDx

xmmx

xmm

/

/
' Δ=

Δ=
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injectioninjection conditionsconditions;; transformingtransforming inin normalisednormalised phasephase
spacespace.. ThenThen afterafter squaringsquaring andand averagingaveraging overover thethe
beambeam distributiondistribution thethe finalfinal resultresult isis

( )[ ] 2222
pDDDr σαβ Δ+′Δ+Δ=Δ
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Injection process Injection process -- VIVI

ExampleExample ofof beambeam
distributiondistribution generatedgenerated
byby dispersiondispersionbyby dispersiondispersion
mismatchmismatch andand
filamentationfilamentation..
TheThe effecteffect isis onon thethe
tailstails ofof thethe beambeam
distributiondistribution..
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Injection process Injection process -- VIIVII

OpticsOptics errorserrors::
OpticalOptical parametersparameters ofof thethe transfertransfer lineline atat thethe injectioninjection

i ti t diff tdiff t f mf m thth ff thth iipointpoint areare differentdifferent fromfrom thosethose ofof thethe ringring..

ConsequencesConsequences::
TheThe beambeam performsperforms quadrupolarquadrupolar oscillationsoscillations (size(size changeschanges
onon aa turnturn--byby--turnturn basis)basis).. TheThe emittanceemittance growsgrows duedue toto
filamentationfilamentation..
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SolutionSolution::
TuneTune transfertransfer lineline toto matchmatch opticsoptics ofof thethe ringring
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Injection process Injection process -- VIIIVIII

Massimo GiovannozziMassimo Giovannozzi CAS CAS -- 1818--30 September 201130 September 2011 2121

InIn normalisednormalised phasephase spacespace (that(that ofof thethe ring)ring) thethe
injectedinjected beambeam willwill fillfill anan ellipseellipse duedue toto thethe
mismatchmismatch ofof thethe opticsoptics

Injection process Injection process -- IXIX
TheThe computationcomputation ofof thethe emittanceemittance blowblow--upup duedue toto opticsoptics
errorserrors isis veryvery similarsimilar toto previousprevious casescases..

TheThe finalfinal resultresult readsreads::
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TheThe finalfinal resultresult readsreads::
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NBNB:: inin thisthis casecase thethe emittanceemittance growthgrowth isis
proportionalproportional toto thethe initialinitial valuevalue ofof emittanceemittance
NBNB:: inin thisthis casecase thethe emittanceemittance growthgrowth isis
proportionalproportional toto thethe initialinitial valuevalue ofof emittanceemittance
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Injection process Injection process -- XX

ExampleExample ofof beambeam
distributiondistribution generatedgenerated
byby opticsoptics mismatchmismatchbyby opticsoptics mismatchmismatch
andand filamentationfilamentation..
TheThe beambeam corecore isis alsoalso
affectedaffected asas wellwell asas
thethe tailstails..
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Scattering processes Scattering processes -- I I 

TwoTwo mainmain categoriescategories consideredconsidered::
ScatteringScattering onon residualresidual gasgas -->> similarsimilar toto scatteringscattering
onon aa thinthin foilfoil (the(the gasgas replacesreplaces thethe foil)foil)onon aa thinthin foilfoil (the(the gasgas replacesreplaces thethe foil)foil)

betaaveragetheiswhere
L

tc
p

cMeVqk
rad

p

p
pk β

β
β

β
πε σ

2

22 /14
2 










=Δ

NBNB:: ββppctct representsrepresents thethe scattererscatterer lengthlength untiluntil
timetime tt..
NBNB:: ββppctct representsrepresents thethe scattererscatterer lengthlength untiluntil
timetime tt..
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IntraIntra--beambeam scattering,scattering, ii..ee.. CoulombCoulomb scatteringscattering
betweenbetween chargedcharged particlesparticles inin thethe beambeam..

That is why good vacuum is necessary!That is why good vacuum is necessary!That is why good vacuum is necessary!That is why good vacuum is necessary!
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Scattering processes Scattering processes -- IIII

IntraIntra--beambeam scatteringscattering
MultipleMultiple (small(small angle)angle)
C l bC l b iiCoulombCoulomb scatteringscattering
betweenbetween chargedcharged
particlesparticles..
SingleSingle scatteringscattering
eventsevents leadlead toto
TouscheckTouscheck effecteffect..
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AllAll threethree degreesdegrees ofof
freedomfreedom areare affectedaffected..

Scattering processes Scattering processes -- IIIIII

Features of IBSFeatures of IBS

ForFor constantconstant latticelattice functionsfunctions andand belowbelow
hh hh hhtransitiontransition energy,energy, thethe sumsum ofof thethe threethree

emittancesemittances isis constantconstant..
AboveAbove transitiontransition thethe sumsum ofof thethe emittancesemittances
alwaysalways growsgrows..
InIn anyany strongstrong focusingfocusing latticelattice thethe sumsum ofof thethe
emittancesemittances alwaysalways growsgrows
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emittancesemittances alwaysalways growsgrows..
EvenEven thoughthough thethe sumsum ofof emittancesemittances grows,grows,
emittanceemittance reductionreduction inin oneone planeplane isis predictedpredicted
byby simulations,simulations, butbut nevernever observedobserved inin realreal
machinesmachines..
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Scattering processes Scattering processes -- IVIV

Scaling laws of IBSScaling laws of IBS
AccurateAccurate computationscomputations cancan bebe performedperformed onlyonly withwith
numericalnumerical toolstools..mm
However,However, scalingscaling lawslaws cancan bebe derivedderived..
AssumingAssuming

ThenThen

lyx
lyx

F ,,
0,,

11
ττ

=
StrongStrong dependencedependence onon
chargecharge
StrongStrong dependencedependence onon
chargecharge
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εεx,y,lx,y,l** areare normalisednormalised
emittancesemittances

NNbb ofof particles/bunchparticles/bunch

rr00 classicalclassical protonproton radiusradius

εεx,y,lx,y,l** areare normalisednormalised
emittancesemittances

NNbb ofof particles/bunchparticles/bunch

rr00 classicalclassical protonproton radiusradius

Others Others 

DiffusiveDiffusive phenomenaphenomena::
ResonanceResonance crossingscrossingsgg

CollectiveCollective effectseffects
SpaceSpace chargecharge (soft(soft partpart ofof CoulombCoulomb interactionsinteractions
betweenbetween chargedcharged particlesparticles inin thethe beam)beam) -->> coveredcovered
byby aa specificspecific lecturelecture..
BeamBeam--beambeam -->> coveredcovered byby aa specificspecific lecturelecture..
I t bilitiI t biliti dd bb ifiifi l tl t
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InstabilitiesInstabilities -->> coveredcovered byby aa specificspecific lecturelecture..
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Emittance manipulationEmittance manipulation

EmittanceEmittance isis normallynormally preservedpreserved..
S tiS ti hh itit ii ttSometimes,Sometimes, however,however, itit isis necessarynecessary toto
manipulatemanipulate thethe beambeam soso toto reducereduce itsits
emittanceemittance..

StandardStandard techniquestechniques:: electronelectron cooling,cooling, stochasticstochastic
coolingcooling -->> coveredcovered byby aa specificspecific lecturelecture..
LessLess standardstandard techniquestechniques:: longitudinallongitudinal oror transversetransverse
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LessLess standardstandard techniquestechniques:: longitudinallongitudinal oror transversetransverse
beambeam splittingsplitting..

LongitudinalLongitudinal manipulation: LHC manipulation: LHC 
beam in PS machine beam in PS machine -- II

0.35 eVs (bunch)
1.1 × 1011 ppb

PS ejection:
72 bunches

in 1 turn

320 ns beam gap
72 bunches

on h=84

1 eVs (bunch)
4.4 × 1011 ppb

40 %
Blow-up

(pessimistic)

115 %
Blow-up

(voluntary)

Triple splitting
at 1.4 GeV

Quadruple splitting 
at 25 GeV

Acceleration
to 25 GeV 

18 bunches
on h=21
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CourtesyCourtesy RR.. GarobyGaroby -- CERNCERNCourtesyCourtesy RR.. GarobyGaroby -- CERNCERN

1.4 eVs (bunch)
13.2 × 1011 ppb

( y)

PS injection:
2+4 bunches
 in 2 batches

Em
pt

y
bu

ck
et

6 bunches
on h=7
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LongitudinalLongitudinal manipulation: LHC manipulation: LHC 
beam in PS machine beam in PS machine -- IIII

MeasurementMeasurement resultsresults obtainedobtained atat
thethe CERNCERN ProtonProton SynchrotronSynchrotron
MeasurementMeasurement resultsresults obtainedobtained atat
thethe CERNCERN ProtonProton SynchrotronSynchrotron
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CourtesyCourtesy RR.. GarobyGaroby -- CERNCERNCourtesyCourtesy RR.. GarobyGaroby -- CERNCERN

TransverseTransverse manipulation: CERN manipulation: CERN 
PS multiPS multi--turn extractionturn extraction –– II

TheThe mainmain ingredientsingredients areare::
TheThe beambeam isis splitsplit inin thethe transversetransverse phasephase spacespace

usingusing
NonlinearNonlinear magneticmagnetic elementselements ((sextupolessextupoles adad
octupolesoctupoles)) toto createcreate stablestable islandsislands..
SlowSlow ((adiabaticadiabatic)) tunetune--variationvariation toto crosscross anan
appropriateappropriate resonanceresonance..
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TransverseTransverse manipulation: manipulation: 
crossing thirdcrossing third--order resonanceorder resonance
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TransverseTransverse manipulation: manipulation: 
crossing fourthcrossing fourth--order resonanceorder resonance

AA seriesseries ofof
horizontalhorizontal beambeamhorizontalhorizontal beambeam
profilesprofiles havehave beenbeen
takentaken whenwhen crossingcrossing
thethe fourthfourth--orderorder
resonanceresonance..
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MeasurementMeasurement resultsresults
obtainedobtained atat thethe CERNCERN
ProtonProton SynchrotronSynchrotron

MeasurementMeasurement resultsresults
obtainedobtained atat thethe CERNCERN
ProtonProton SynchrotronSynchrotron
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