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 Equations of Motion I

Lorentz Force:
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Hills equation:

Variables in rotating coordinate system:

Non−linear equation of motion:

 Equations of Motion II
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horizontal ellipse
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Poincare Section II

x =         R    cos(     Q i +     )

x 2
= R = const.
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Display normalized coordinates:

normalized coordinates:
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Poincare Section III

x  = -  R  sin(    Q i +     )

x/      = R  cos(     Q i +     )
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circles in the
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Smooth Approximation
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sources for resonance driving terms?

x

x/

every point is mapped on itself

Q = N + 1 / n

after n turns!

resonances are not driven

motion remains stable if the

every point is a ’fixed point’

Resonances II

fixed points in the Poincare section:



Non−Linear Resonances I

Magnet errors:

pole face accuracy

geometry errors

eddy currents

edge effects

Vacuum chamber:

LEP I welding

Beam−beam interaction

careful analysis of all 
components

Sextupoles + octupoles
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Non−Linear Resonances II
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Pendulum Dynamics I
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Pendulum Dynamics II
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Pendulum Dynamics III
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Cylindrical Coordinates I
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Cylindrical Coordinates II

�

�

	 R            sin(   )   cos (   )	

	
���

	

� R                  cos    (  )

R

atan(f[s]) = 

x

	

2 x x´

�

���

�

�

x

��


	

	���������	�����(

�����	����	�����( atan 

����(

R =        + x´ �



        k (s)
d R

        k (s)= 

d s

d R
= 

d s

d

d s

d

 −k (s)

= 

= 

d s

        k  (s)

�

14

4
�2

2
E

�

7

14

4

�4

Examples for Equation of Motion I
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Examples for Equation of Motion II
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Examples for Equation of Motion III
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Examples for Equation of Motion IV
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Examples for Equation of Motion V
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Examples for Equation of Motion VI
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Example Sextupole
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Perturbation V
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Summary

Complex dynamics:

Non−linear Perturbation:

amplitude growth 

detuning with amplitude 

coupling 

3 degrees of freedom

+ 1 invariant of the motion

non−linear dynamics+

no global analytical solution!

analytical analysis relies on

perturbation theory


