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How do we Study Inhomogeneous Phases?

• With Models of QCD:
• Gross-Neveu
• NJL
• QM
...

• By Direct Ansatz
• By Stability Analysis
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NJL

L = ψ̄(i/∂ −m)ψ + G
{
(ψ̄ψ)2 +

(
ψ̄iγ5~τψ

)2}

φS(x) = 〈ψ̄(x)ψ(x)〉, φP(x) =
〈
ψ̄(x)iγ5τ 3ψ(x)

〉
ΩMF = −T

V
Tr log

(
S−1

T

)
+ G 1

V

∫
d3x

(
φ2S(x) + φ2P(x)

)
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Anzats

• Chiral Density Wave:

φS(~x) = − ∆

2GS
cos(~q ·~x), φP(~x) = − ∆

2GP
sin(~q ·~x)

• Real-Kink-Crystal:

M(x) = ∆
√
ν sn(∆x|ν)
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Stability Analysis

φS(x) = φ̄S + δφS(x), φP(x) ≡ δφP(x)

ΩMF =
∞∑
n=0

Ω(n), Ω(n) ∝ O(δφn)

Ω(0) = −T
V
Tr log

(
S̄−1

T

)
+ G

(
φ̄2S + φ̄2P

)
Ω(1) = −δφS,0

(
M0 −m+ 2G

[
8TNc

∫ d3p
(2π)3

M0
(iωn + µ)2 − p2 −M20

])
,

Ω(2) = 2G2
∑
qk

{∣∣δφS,qk∣∣2 Γ−1S (
q2k

)
+
∣∣δφP,qk∣∣2 Γ−1P (

q2k
)}
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A plot twist? Gross-Neveu Model!
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Quantum Chromodynamics



How about QCD?
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How about QCD?

• You need an ansatz for the propagator that supports a
self-consistent solution of the Dyson-Schwinger Equations

S−1
(
p, p′

)
=
[
− i (ωn + iµ) γ4C(p) − ip3γ3E(p) − i~p⊥A(p)

− i (ωn + iµ) γ5γ4C5(p) − ip3γ5γ3E5(p) − iγ5~p⊥A5(p)
]
δ
(
p− p′

)
+

(
B
(
p, p′

)
− iγ4γ3F

(
p, p′

)
− iγ4

~p⊥∣∣~p⊥∣∣ G
(
p, p′

)
− iγ3

~p⊥∣∣~p⊥∣∣H
(
p, p′

)) (I − γ5)

2
δ
(
p− p′ + Q

)

+

(
B
(
p, p′

)
+ iγ4γ3F

(
p, p′

)
+ iγ4

~p⊥∣∣~p⊥∣∣ G
(
p, p′

)
+ iγ3

~p⊥∣∣~p⊥∣∣H
(
p, p′

)) (I + γ5)

2
δ
(
p− p′ − Q

)
.

• Then you solve the DSE and, in theory, you must calculate
whether or not this solution is favoured!

• They calculated a necessary condition for stability, namely
dΓ
dQ

> 0.
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Stability Analysis

• We chose to start from a 2PI effective action

Γ = Tr log
[
S−1

]
− Tr

[
1− S−10 S

]
+ Γ2PI

and rather than expand on the condensates, we expand
the propagator itself

S(k1, k2) = S̄(k1)δ(k1 − k2) + δS(k1, k2)

• Fundamentally, we want a Taylor expansion

F[ϕ(u)] =F[ϕ0(u)] +
∫

δF[ϕ(u)]
δϕ(u′)

∣∣∣∣∣
ϕ=ϕ0

× (ϕ(u) − ϕ0(u
′))du′

+
1
2!

∫ ∫
δ2F[ϕ(u)]

δϕ(u′)δϕ(u′′)

∣∣∣∣∣
ϕ=ϕ0

× (ϕ(u) − ϕ0(u
′)) × (ϕ(u) − ϕ0(u

′′))du′du′′ + · · ·

17



Stability Analysis

• We chose to start from a 2PI effective action

Γ = Tr log
[
S−1

]
− Tr

[
1− S−10 S

]
+ Γ2PI

and rather than expand on the condensates, we expand
the propagator itself

S(k1, k2) = S̄(k1)δ(k1 − k2) + δS(k1, k2)

• Fundamentally, we want a Taylor expansion

F[ϕ(u)] =F[ϕ0(u)] +
∫

δF[ϕ(u)]
δϕ(u′)

∣∣∣∣∣
ϕ=ϕ0

× (ϕ(u) − ϕ0(u
′))du′

+
1
2!

∫ ∫
δ2F[ϕ(u)]

δϕ(u′)δϕ(u′′)

∣∣∣∣∣
ϕ=ϕ0

× (ϕ(u) − ϕ0(u
′)) × (ϕ(u) − ϕ0(u

′′))du′du′′ + · · ·

17



Stability Analysis

• We chose to start from a 2PI effective action

Γ = Tr log
[
S−1

]
− Tr

[
1− S−10 S

]
+ Γ2PI

and rather than expand on the condensates, we expand
the propagator itself

S(k1, k2) = S̄(k1)δ(k1 − k2) + δS(k1, k2)

• Fundamentally, we want a Taylor expansion

F[ϕ(u)] =F[ϕ0(u)] +
∫

δF[ϕ(u)]
δϕ(u′)

∣∣∣∣∣
ϕ=ϕ0

× (ϕ(u) − ϕ0(u
′))du′

+
1
2!

∫ ∫
δ2F[ϕ(u)]

δϕ(u′)δϕ(u′′)

∣∣∣∣∣
ϕ=ϕ0

× (ϕ(u) − ϕ0(u
′)) × (ϕ(u) − ϕ0(u

′′))du′du′′ + · · ·

17



Stability Analysis

• We chose to start from a 2PI effective action

Γ = Tr log
[
S−1

]
− Tr

[
1− S−10 S

]
+ Γ2PI

and rather than expand on the condensates, we expand
the propagator itself

S(k1, k2) = S̄(k1)δ(k1 − k2) + δS(k1, k2)

• Fundamentally, we want a Taylor expansion

F[ϕ(u)] =F[ϕ0(u)] +
∫

δF[ϕ(u)]
δϕ(u′)

∣∣∣∣∣
ϕ=ϕ0

× (ϕ(u) − ϕ0(u
′))du′

+
1
2!

∫ ∫
δ2F[ϕ(u)]

δϕ(u′)δϕ(u′′)

∣∣∣∣∣
ϕ=ϕ0

× (ϕ(u) − ϕ0(u
′)) × (ϕ(u) − ϕ0(u

′′))du′du′′ + · · ·

17



Stability Analysis

• So zero-th order we get what we should

Γ(0) = −Tr log[S̄]− Tr
[
1− S−10 S̄

]
+ Γ2PI[S̄]

• First order we get what we must

Γ(1) = Tr
[(
S̄−1 − S−10 − δΓ2PI

δS

)
δS

]
• Second order is the leading order

Γ(2) =
1
2
Tr[(S̄−1δS)2] + 1

2
Tr

[
δ2Γ2PI
δS12δS34

δS12δS34

]

18
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What can we do with this?

• Numerous technical issues

• Second term δS(k2 + q, k1 + q) which prevents us writing a
stability condition

Ω
(2)
NJL = 2G2

∑
qk

{
|δφS,qk |

2 Γ−1S
(
q2k

)
+ |δφP,qk |

2 Γ−1P
(
q2k

)}
- This is solved by reducing the generality of δS.

• Also, the pressure is a Λ4 divergent quantity.
- This is also solved by reducing the generality of δS.

19
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Stability Analysis

0 100 200 300 400 500
0

100

200
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B(
0,

0)

Nambu-Goldstone
Wigner-Weyl

• Take a fixed temperature slice of the phase diagram.

• δS(k1, k2) = S̄(k1)H(k1, k2)F(k1 − k2)S̄(k2)
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Stability Analysis
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• The normalised stability condition is always positive for
µ < µc (Nambu-Goldstone)
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Stability Analysis
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• The Wigner-Weyl solution can show instabilities!
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Stability Analysis
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• However, not for every simplification of δS.
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To Conclude

• We have tried several SA-compatible forms for δS. Results
to be published soon.

• We have managed to prove that our approach from the 2PI
effective action gives the same stability condition for NJL
in MFA.

• Joining the two tools, Daniel Muller’s approach and the
stability analysis, we will be able to give a final word on
the issue

Thanks!
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