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Divergences in perturbative QCD

Interactions in QCD
↓

series expansion around a small coupling constant (PQCD)
↓

Feynman diagrams
↓

diagrams with loops −→
∫
k
...

↓
divergences in the integrals −→

∫
k
... −→ ∞

↓
Regularization (UV div + UV fin(IR div+ IR fin))

+
Renormalization

↓
Observables
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Regularization frameworks

• Tradicional dimensional schemes (DS): Conventional
Dimensional Regularization (CDR), t’Hooft Veltman (HV),
Four dimensional Helicity (FDH), Dimensional Reduction
(DRED).

• Non-dimensional schemes: Implicit Regularization (IREG),
Four-dimensional Regularization (FDR), Four-Dimensional
Unsubtraction (FDU), Differential Renormalization (DREN).
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Regularization frameworks

[Gnendiger et al., 2017]
• The basic idea of all DS is to regularize divergent integrals by

formally changing the dimensionality of space-time d or
ds = 4− 2ϵ.

• UV and IR divergent integrals lead to poles of the form
1

ϵn
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Regularization frameworks

∫
d4k[4]

(2π)4
−→ µ4−d

DS

∫
ddk[d]

(2π)d

(1)

- Regularized covariant derivative in QCD:

Dµ
[ds]
ψi = ∂µ[d]ψi + i(gsA

µ,a
[d] + geA

µ,a
Nϵ

)T a
ijψj (2)

- Changes at the Lagrangian level lead to changes in Feynman
rules, which may lead to complex computation at higher orders
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Why to explore non-dimensional methods?

IReg - framework that allows for a simpler computation of
precision observables

Using DS in Quantum field theoretical models which are
well-defined only in their physical dimension

• γ5 Dirac algebra clashes with dimensional continuation in
space-time dimensions

• Supersymmetric theories −→ breaking of the supersymmetric
relations
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KLN (Kinoshita-Lee-Nauenberg) theorem

KLN theorem in a nutshell
IR divergences may occur in the expansion of the action when

doing perturbative expansions, the IR divergences coming from loop
integrals are cancelled by divergences coming from phase space

integrals and the total result must be IR finite.
[Kinoshita, 1962, Lee and Nauenberg, 1964]
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Motivation and Goals

• Match between virtual and real contributions to NLO to find a
finite and regularization independent result (compliance of
IReg with KLN theorem)

• Understand how IReg is applied in renormalization of
effective theories

• Verify that in IReg no modifications to the Lagrangian are
needed (comparison with dimensional regularization schemes)

• More friendly calculations since we do not change the
Feynman rules
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Motivation and Goals

IReg to NLO + Renormalization
↓

H −→ gg

Γv + Γr = IR finite?

Γv −→ IReg + Ren
Γr −→ Spinor-helicity
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IReg

[Cherchiglia et al., 2011, Gnendiger et al., 2017,
Torres Bobadilla et al., 2021]

• Operates on the momentum space and implemented to
n-loop order

• Respects unitarity, locality and Lorentz invariance
• Non-dimensional (operates on the specific physical dimension

of the theory) −→ no changes in the Lagrangian
• Recursively algebraic identity with IR regulator µ to

completely separate the UV divergent from the UV finite
content
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IReg

∫
k

1

k2 − p2
−→

∫
k

1

(k2 − p2)− µ2
(3)∫

k

1

(k2 − p2)− µ2
=

∫
k

1

k2 − µ2
+

∫
k

2k.p− p2

(k2 − µ2)((k − p)2 − µ2)
(4)

↓
• UV divergences in terms of BDI’s - not depend on physical

parameters (mass, external momenta)
• Every time we apply integrals become more IR divergent

A theory may be initially IR safe and because of the use of
this identity IR divergences may appear
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UV divergent and UV finite integrals

UV divergent integrals −→ BDI’s classified in all orders of perturbation
• Do not need to be evaluated to compute physical observables (do not contain

any physics)
• Subtracted via renormalization

Iquad =

∫
k

1

(k2 − µ2)

Ilog =

∫
k

1

(k2 − µ2)2

(5)

UV finite integrals −→ (IR divergent or IR finite)
• Information about physics
• Evaluated with Package-X of software Mathematica
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Renormalization scale

Scale relation

Ilog(µ
2)︸ ︷︷ ︸

∞in UV and IR

= Ilog(λ
2)︸ ︷︷ ︸

∞in UV

+
i

(4π)2
ln
λ2

µ2︸ ︷︷ ︸
∞in IR

(6)

• µ2 parameterizes IR divergences
• λ2 ̸= 0 plays the role of renormalization scale
• Ilog(λ

2) is subtracted via renormalization

• i

(4π)2
ln
λ2

µ2
will cancel with terms coming from the UV finite

integrals
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Higgs decays

Figure 1: Higgs branching ratios and total uncert at low mass range.
Source: [Denner et al., 2011]
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An effective non-abelian field
theory for the Higgs decay

into gluons
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NLO corrections to H −→ gg in the top mass limit

Higgs does not couple with gluons at one-loop order
↓

Effective non-abelian field theory −→ top quark (large mass) is
integrated out

Leff = −1

4
AHGa

µνG
a,µν (7)

A =
αs

3πv

(
1 +

11

4

αs

π

)
, −→ effective coupling (8)

Ga
µν = ∂µA

a
ν − ∂νA

a
µ + gfabcAb

µA
c
ν (9)

[Djouadi et al., 1991, Kauffman et al., 1997]
• Gµν , field strength of the SU(3) gluon field
• fabc, anti-symmetric SU(3) structure constants

• αs =
g2

4π
, strong coupling constant

• H, Higgs boson field

Higgs boson decay into gluons: IR cancellation in the decay rate at NLO using Implicit Regularization 17 / 45



Virtual decay rate
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Renormalization

(Leff )ren = −1

4
ZαsZAAHGµνG

µν (10)

A0
µ = ZAAµ, α0

s = Zαsαs (11)

ZA and Zαs are given in first order in αs by, [Sampaio et al., 2006]

ZA = 1 + δAαs −→ gluon-field renormalization constant (12)

Zαs = 1 + δαsαs −→ color charge renormalization constant (13)

Counterterm
Vcount = αs(δαs + δA)V0 (14)

Vcount =
αs

bπ

[
CA

( 5

12
Ilog(µ

2)− 11

12
Ilog(λ

2)
)
− 1

3
TFNF

(
Ilog(λ

2)− Ilog(µ
2)
)]

V0.

(15)
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V0 and Vcount

V0

Vcount

where the tensor is Hµν(p1, p2) = −pν1p
µ
2 + gµνp1 · p2.
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Virtual Feynman diagrams

Figure 2: Virtual diagrams V1 to V5 contributing to the decay H −→ gg
obtained from the package FeynArts of order one loop
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How to apply IReg? Example for diagram V3

V3 =
1

2
Ag2CAδ

ab

∫
k

1

k2(k − p2)2

(
2k2gµν − 2k.p2gµν − 3p1.p2gµν

+ 2p22gµν + 10kµkν − 5kνp2µ − 5kµp2ν + 3p1νp2µ + p2µp2ν
) (16)

First term∫
k

2k2

k2(k − p2)2
=

∫
k

2

(k − p2)2 − µ2

=

∫
k

2

k2 − µ2
+

∫
k

4k.p2
(k2 − µ2)2

+

∫
k

2(2k.p2)
2

(k2 − µ2)3
+

∫
k

2(2k.p2)
3

(k2 − µ2)3((k − p2)2 − µ2)

=2Iquad(µ
2) + 2p22Ilog(µ

2) +
2(2k.p2)

3

(k2 − µ2)3((k − p2)2 − µ2)
(17)
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UV divergent and UV finite integrals

V1 + V2 + V3 + V4 + V5 = Vdiv + Vrest (18)

Joining the divergent content of all diagrams

Vdiv =
αs

π
CA

Ilog(µ
2)

2b
V0 (19)

Evaluating all the UV finite integrals in package-X

Vrest = V1 + V2 =
αs

π
CA

[
− ln(µ0)

2

4
− iπ ln(µ0)

2
+
π2

4

]
V0 (20)

µ0 =
µ2

q2
, q2 = m2

H
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Renormalized amplitude

Vren = Vdiv+Vcount =
αs

bπ

[(
Ilog(λ

2)− Ilog(µ
2)
)(11

12
CA − 1

3
TfNF

)]
V0

(21)

Using the scale relation, eq. 6, Ilog(µ2) = Ilog(λ
2) + b ln

λ2

µ2
we obtain

Vren =
αs

π

[(11
12
CA − 1

3
TfNF

)
ln
(λ2
µ2

)]
V0, (22)

rendering an UV finite result.
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Virtual decay rate

The amplitude is
V = V0 + Vren + Vrest (23)

and the virtual decay rate is given by

Γv =
|V |2

32πmH

= Γ0

[
1 +

αs

π

(
−
(11
6
CA − 1

3
NF

)
ln(µ0) +

CA

2

(
− ln(µ0)

2 + π2
))]
(24)

• At the level of the virtual decay rate, IR divergences are still present
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Real decay rate
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Real Feynman diagrams

Real diagrams contribution at the same order as the virtual ones (α2
s)

H(q) −→ g(p1) + g(p2) + g(p3), massless gluons

H(q) −→ g(p1) + q(p2) + q̄(p3), light quarks

Figure 3: Real diagrams R1, R2 and R3 contributing to the decay
H −→ gg(g).
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Spinor-helicity formalism

Massless particles −→ conservation of helicity −→ helicity basis

pαα̇ = p⟩[p (25)

pαα̇ = p]⟨p (26)

The polarization vector for a massless gauge boson is given by

[ϵ−p (r)]
αα̇ =

√
2
p⟩[r
[pr]

(27)

[ϵ+p (r)]
αα̇ =

√
2
r⟩[p
⟨rp⟩

(28)

where we defined a reference momentum r that is arbitrarily chosen.

⟨ij⟩[ji] = 2pipj = (pi + pj)
2 = sij (29)

[Dixon, 2013]
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Real amplitude

Summing for all helicities

|Mg |2 =|M+++
g |2 + |M+−−

g |2 + |M−+−
g |2 + |M−−+

g |2

+|M−−−
g |2 + |M−++

g |2 + |M+−+
g |2 + |M++−

g |2
(30)

and the unpolarized amplitude is

|Mg |2 =
1

4

∑
col,polr

|Mg |2 = A2192παs
1

s12s13s23
(s412 + s413 + s423 +m8

H) (31)

sij = (pi + pj)
2

q2 = m2
H
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Diagram with light quarks

Mq = iAαstbϵν(p3)H
ρν((−p1 − p2), p3)ū

s(p1)γρv
s′(p2)

1

(p1 + p2)2 + iϵ
.

(32)
using the completeness relation for the sum over spin, one must retain
the massive contribution,

|Mq|2 = A2αs16π
( (s213 + s212)

s23
+

4µ2

s223

(s13 + s12)
2

2

)
(33)
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Real decay rate

Phase space

ρ =

∫
d3p1

(2π)32ω1

d3p2

(2π)32ω2

d3p3

(2π)32ω3
(2π)4δ4(q − p1 − p2 − p3) (34)

• consider massive phase space, p2i = µ2 to parameterize the IR divergences
• define dimensionless variables, [Gnendiger et al., 2017]

χi =
(p1 − q)2

q2
− µ0, µ0 =

µ2

q2
(35)

In terms of these variables the decay rate is given by

Γr(H −→ gg(g), gqq̄) =

Γ0
αs

π

∫ [
3
(
2 + 3χ2 −

4

(χ2 + µ0)
+

5χ1

(χ2 + µ0)
−

χ2
1

(χ2 + µ0)
+

1

(χ1 + µ0)(χ2 + µ0)

)
+ NF

( 2µ0

(χ2 + µ0)2
+

1

(χ2 + µ0)
−

2χ1

(χ2 + µ0)
+

2χ2
1

(χ2 + µ0)
− 2 + 3χ2

)]
dχ1dχ2

(36)
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Real decay rate

The tree-level decay rate in terms of real diagrams using spinor helicity is

Γ0 =
|MHgg|2

32πmH
=

A2m3
H

8π
. (37)

and integrating over a massive phase-space

Γr(H −→ gg(g), gqq̄) =

Γ0
αs

π

[
3
(73
12

+
11

6
ln(µ0) +

ln2(µ0)

2
− π2

2

)
+NF

(− ln (µ0)

3
− 7

6

)]
.

(38)

• IR divergences are still present
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Total decay rate

ΓT ((H −→ gg(g), gqq̄)) = Γ0

[
1 +

αs

π

(
95

4
− 7

6
NF

)]
, (39)

• Result is a correction to the tree-level decay;

• all IR divergences cancelled, as well as the π2;

• the dependence on the regulator µ vanished;

• NF = 5 −→ light quarks
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Comparison with dimensional schemes

ΓCDR
v =Γ0

{
1 +

αs

π

[
CA

(
− 1

ϵ2
− 11

6ϵ
+
π2

12

)
+
NF

3ϵ

]}
+O(ϵ)

ΓFDH
v =Γ0

{
1 +

αs

π

[
CA

(
− 1

ϵ2
− 11

6ϵ
+
π2

12
+

1

6

)
+
NF

3ϵ

]}
+O(ϵ)

ΓDRED
v =Γ0

{
1 +

αs

π

[
CA

(
− 1

ϵ2
− 11

6ϵ
+
π2

12

)
+
NF

3ϵ
+
NF

6

]}
+O(ϵ)

ΓIReg
v = Γ0

{
1 +

αs

π

(
−
(11
6
CA − 1

3
NF

)
ln(µ0) +

CA

2

(
− ln(µ0)

2 + π2
))}

• 1

ϵn
refer to IR divergences

• We can compare these results to IReg with the correspondence
ϵ−1 → lnµ0, ϵ−2 → ln2 µ0/2
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Comparison with dimensional schemes

Once the unpolarized amplitude is known in all schemes, one can obtain
the part proportional to NF of the real contribution to the decay rate

ΓCDR/FDH
q,r =Γ0

αs

π

[
− 1

3ϵ
− 7

6

]
NF +O(ϵ) (40)

ΓDRED
q,r =Γ0

αs

π

[
− 1

3ϵ
− 4

3

]
NF +O(ϵ) (41)

ϵ−1 → logµ0

ΓIReg
r = Γ0

αs

π

(
33− 2

6
ln

(
λ2

m2
H

)
− 7

6

)
NF (42)

• At higher order the complexity of calculations in dimensional
schemes blows up

• IReg framework allows for computations without changing the
Feynman rules and shows to be a promising scheme to make simpler
computations at higher orders
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Conclusions

• We compute the decay rate Γ((H −→ gg(g), gqq̄)) to α3
s in large

top quark mass limit using an effective Lagrangian

• We achieve a full separation of BDI’s from the UV finite integrals

• We single out the IR content, and the final decay rate is compliant
with KLN theorem

• IReg does not require the use of evanescent fields at one loop level

• Additional degrees of freedom associated to ϵ scalars in some
dimensional schemes have a counterpart in IReg
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DS

DS
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DS
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EFT

EFT
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EFT

Figure 4: Effective Gauge Theory and the Effect of Heavy Quarks in
Higgs Boson Decays, Inami, Kubota, Okada
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EFT

Figure 5: Production of Higgs bosons in proton colliders. QCD
correction, Djouadi
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Spinor-helicity

Figure 6: Effective Field Theory Amplitudes the On-Shell Way: Scalar
and Vector Couplings to Gluons, Shadmi, Weiss
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UV divergent and UV finite integrals

UV divergent integrals −→ BDI’s classified in all orders of perturbation

• Do not need to be evaluated to compute physical observables (do not contain
any physics)

• Subtracted via renormalization

Iν1...ν2rquad (µ2) =

∫
k

kν1 ...k2r

(k2 − µ2)r+1
Iquad =

1

(k2 − µ2)

Iν1...ν2rlog (µ2) =

∫
k

kν1 ...k2r

(k2 − µ2)r+2
Ilog =

1

(k2 − µ2)2

(43)

Using surface terms, [Batista et al., 2018]:

Γµν
0 =

∫
k

∂

∂µ

kν

(k2 − µ2)2
= 4

(gµν

4
Ilog(µ

2)− Iµνlog(µ
2)
)
= 0 −→ Gauge theories

(44)
UV finite integrals −→ (IR divergent or IR finite)

• Information about physics

• Evaluated with Package-X of software Mathematica
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