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Framework

Asymptotically flat spacetimes

Gravitational waves

Charges and asymptotic symmetries

Flat holography – as opposed to AdS/CFT



Defining feature of asymptotic flatness

From AdSn to flatn asymptotics

Λ = − (n−1)(n−2)
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I ± is a null hypersurface→ Carrollian geometry with
ccarr(n− 1) ≡ BMSn conformal isometry group



Why Carrollian? [Lévy-Leblond ’65; Sen Gupta ’66]

Carroll group = limc→0 Poincaré group

light cone shrinks, causality fades→ mad tea-party on the
other side of the looking-glass

Riemannian (relativistic) geometry→ Carrollian geometry

What is BMS? [Bondi, van der Burg, Metzner, Sachs ’62]

Asymptotic isometry group of asymptotically flat spacetimes
o�en∞-dimensional

If flat holography exists the dual theory should be defined on a
Carrollian spacetime and be BMSn ≡ ccarr(n− 1)-invariant



Reconstructing the bulk from the boundary

Einstein spacetimes – time-like conformal boundary

boundary metric

boundary energy–momentum tensor

Ricci-flat spacetimes – null conformal boundary

boundary Carrollian geometric data

boundary Carrollian momenta

boundary Chthonian (infinite) data

Prominent role of the Cotton/Carrollian-Cotton tensor

enters explicitly the bulk-metric expansion

defines magnetic duals to energy and momenta



Hidden vs. visible symmetries in Ricci-flat spaces

Isometries or asymptotic isometries are visible and act locally

Reductions along isometric orbits exhibit hidden symmetries

from 4 to 3 dimensions: Ehlers’ Möbius group [Ehlers ’62]

larger reduction: bigger group – even exceptional

acting non-locally in the parent space



Punch line [Mittal, Petropoulos, Rivera-Betancour, Vilatte ’22]

Ehlers group is realized on the boundary and acts locally on the
Carrollian data including the Carrollian-Co�on a�ributes
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Carrollian geometry [Lévy-Leblond ’65; Sen Gupta ’66; Duval et al. ’14; Bekaert et al. ’16]

Basic ingredients in d + 1 dimensions (coordinates t, x)

degenerate metric: ds2 = 0×
(
Ωdt − bidx i

)2
+ aijdx idx j

field of observers: 1
Ω∂t (t should be spelled u)

clock form: µ = −Ωdt + bidx i (Ehresmann connection)

General covariance (in the present parameterization)

Carrollian di�eomorphisms: t ′ = t ′(t, x) x′ = x′(x)



Dynamics – relativistic

General-covariant action and energy–momentum tensor

Pseudo-Riemannian spacetimes in d + 1 dim Tµν = 2√−g
δS

δgµν

Weyl invariance→ Tµ
µ = 0

general covariance (ξ = ξµ(t, x)∂µ di�eos)→ ∇µTµν = 0



Dynamics – Carrollian

Carrollian-covariant action, energy and momenta
Πij = 2√

aΩ
δS
δaij

energy–stress tensor

Πi = 1√
aΩ

δS
δbi

energy flux

Π = − 1√
a

(
δS
δΩ + bi

Ω
δS
δbi

)
energy density

Conservation eqations in Carrollian spacetimes

Carollian covariance (ξ = ξt(t, x)∂t + ξi(x)∂i di�eos)

→
{

1
ΩD̂tΠ + D̂iΠ

i + Πijξij = 0 time(
1
ΩD̂tδ

i
j + ξi

j

)
Pi + D̂iΠ

i
j + 2Πi$ij = 0 space

→ momentum Pi

Weyl covariance→ Πi
i = Π



Applications

Black-hole horizons

Membrane paradigm – wrongly confused with Galilean
Navier–Stokes equations

Here: Ricci-flat spacetimes

Null boundaries in asymptotically flat spacetimes are
Carrollian geometries – zero speed of light

These Carrollian geometries have an infinite tower of
conformal Killings [Ciambelli, Leigh, Marteau, Petropoulos ’19]

d + 1 = 3→ ccarr(3) ≡ so(3, 1) n supertransls. ≡ BMS4

in line with expected asymptotic symmetries
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Pure gravity – asymptotically flat or AdS

Solving Einstein’ eqations in n = d + 2 dim for gAB{
r, t, x i

}
, i = 1, . . . , d plus gauge fixing (n = d + 2 conditions)

→ find gAB as O (1/r`) with coe�icients f (t, x) obeying a set of
remaining Einstein’ eqs.

Solution space ≡ collection of data f (t, x)

Spirit: organize f (t, x) and their dynamics tensorially wrt a
covariant structure on the boundary

Gauge choice

Fe�erman–Graham covariant but singular at k → 0

Bondi valid at k → 0 but not boundary-covariant



Einstein 4-dim spacetimes in a nutshell

Covariant incomplete modified Newman–Unti gauge

boundary metric ds2 (6)

conformal boundary energy–momentum tensor Tµν (5)

congruence uµ (2)→ boundary local Lorentz invariance

remaining Einstein’ equations∇µTµν = 0 (“fluid”)

The boundary Cotton tensor appears explicitly in gAB [FG ’85;

de haro ’08; Mansi et al. ’09; de Freitas et al. & Bakas et al. ’14; Gath et al. ’15; Ciambelli et al. ’18]

Cµν = η ρσ
µ ∇ρ

(
Rνσ −

R
4

gνσ

)
symmetric, traceless, ∇µCµν = 0

Cµν 6= 0⇔ non-conformally flat bry.↔ asymptotically locally
AdS bulk (ex. Taub–NUT)



Cotton spin-offs

ξ bry. conformal Killing→ Iµ = ξνTµν and IµCot = ξνCµν

Qξ =

∫
Σ2

∗I and QCotξ =

∫
Σ2

∗ICot

electric and magnetic dual conserved charges (bulk mass vs. nut)

QCotξ ∼ magnetic Komar charges: o�–shell conservation

Limitation in AdS: at most 10 conformal Killings (d + 1 = 3)

Extendable in Ricci-flat spacetimes – more interesting



Ricci-flat in covariant Newman–Unti gauge

Full solution space in n = 4 [Brussels & Paris groups]

ds2
Ricci-flat described in terms of 2 + 1 Carrollian boundary data

Carrollian geometry (6) with zero geometrical shear ξij

degenerate metric (3) d`2 = aijdx idx j

Ehresmann connection (3) µ = Ωdt − bidx i

Carrollian conformal “fluid” (5)
energy (1) ε→ Bondi mass aspect
momenta – heat current (2) and stress tensor (2) Eij &
πi → angular momentum aspect

Carrollian-fluid “velocity” (2) hydro-frame freedom

Carrollian dynamical shear (2) Cij

infinite number of further Carrollian data – at every
O (1/rn): Chthonian challenges flat “hologtaphy”

obeying Carrollian dynamics



3 + 1 Ricci-flat bulk from its 2 + 1 Carrollian boundary

Here Cµν → c, ψi , χi , Ψij , Xij Carrollian Co�on tensors

Resummability condition πi = 1
8πG ∗ ψi → algebraic Petrov

ds2
res. Ricci-flat = µ

[
2dr + 2

(
rϕj − ∗D̂j ∗$

)
dx j −

(
rθ + K̂

)
µ
]

+

ρ2d`2 + µ2

ρ2 [8πGεr + ∗$c]

ρ2 = r2 + ∗$2

1
Ω D̂tε+ 1

8πG D̂i ∗χi = 0 D̂jε− 1
8πG ∗D̂jc = 0 1

Ω D̂tc + D̂iχ
i = 0

Assuming ∂t be a Killing→ Ω = 1, θ = ϕi = 0, K̂ = K

d`2 = 2
P2(ζ,ζ̄)

dζdζ̄

−2c = τ̂(ζ)+ ˆ̄τ
(
ζ̄
)

16iπGε = τ̂(ζ)− ˆ̄τ
(
ζ̄
)

2K = k̂(ζ)+ˆ̄k
(
ζ̄
)

Example: Kerr–Taub–NUT family

P = Aζζ̄ + D k̂ = K = 2AD τ̂ = 2i(M + iKn),
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Ehlers and Geroch – Ricci-flat spaces[Ehlers ’62; Geroch ’71]

Bulk reduction along a Killing ζ:M→ S = M/orb(ζ)

λ = ζAζA⇒ hAB = gAB −
ζAζB

λ

Further ingredients: twist and its on-shell potential

wA = ηABCDζ
B∇CζD ⇒ w = dω

Three-dimensional dynamics (sigma-model)

dofs. τ = ω + iλ h̃AB = λhAB

eqs. R̃AB = − 2
(τ−τ̄)2 D̃(AτD̃B)τ̄ D̃2τ = 2

τ−τ̄ D̃MτD̃Nτ h̃MN

inv. τ → ατ+β
γτ+δ ,

(
α β
γ δ

)
∈ SL(2,R): Ehlers’ group

not local in the bulk



Boundary Möbius action [Mittal, Petropoulos, Rivera-Betancour, Vilatte ’22]

Algebraic Ricci-flat spacetimes with Killing ∂t

τ
(
r, ζ, ζ̄

)
=

τ̂ (ζ)

r + i ∗$
(
ζ, ζ̄
) − ik̂ (ζ)

Carrollian boundary local transformations

P ′ =
P∣∣∣γk̂ + iδ

∣∣∣ k̂′ = i
αk̂ + iβ

γk̂ + iδ
τ̂ ′ = − τ̂(

γk̂ + iδ
)2

Example: Kerr–Taub–NUT family

P = Aζζ̄ + D k̂ = K = 2AD τ̂ = 2i(M + iKn),

∗$(ζ, ζ̄) = n + a− 2Da
P

M & n↔ electric & magnetic charges – mixed under Möbius
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�otable facts

Ricci-flat spacetimes are reconstructed from boundary
Carrollian-covariant data including the Co�on tensors

A bulk isometry reveals into a boundary Ehlers’ Möbius
local invariance involving the Co�on as a magnetic facet

Origin of the localization: 1/r-expansion of the bulk Weyl→
energy–momentum & Co�on (→ Petrov classification)

Further knowledge and investigation

Towers of charges and dual charges are available from
boundary Carrollian methods→ organized wrt SL(2,R)

Further comparison with bulk approaches for towers of
charges and duality issues [Godazgar, Godazgar, Pope ’18–21]

Method generalizable beyond algebraic spaces or ∂t Killing

Hope for this boundary invariance without bulk isometry?

What could we learn for flat holography?
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Killings and conserved charges

Relativistic conformal dynamics

ξ conformal Killing→ Iµ = ξνTµν divergence-free

Qξ =
∫

Σd
∗I conserved

Conformal Carrollian dynamics [Petkou, Petropoulos, Rivera-Bet., Siampos ’22]

Conformal Killings via Lξaij and Lξ
1
Ω∂t but not Lξµ

ξ plus
{

Π,Πij, P i,Πi
}
→
{
κ,K i

}
Carrollian divergence: K = 1

ΩD̂tκ+ D̂jK j = 0 if Πi = 0

Charge: QK =
∫

Σd
ddx
√

a
(
κ+ biK i

)
conserved if K = 0



Application for 4-dim Ricci-flat spacetimes

Main conseqences

Null boundaries in asymptotically flat spacetimes are
Carrollian geometries

Boundary Carrollian geometries with have an infinite tower
of conformal Killings generating BMS4

Carrollian dynamics appears for the energy–momentum
and the Co�on

Infinite towers of conformal-Killing charges exist in electric
and magnetic versions but not all are always conserved

The Möbius group acts on these charges – only(
cosχ − sinχ
sinχ cosχ

)
is a genuine transformation
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