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What are the building blocks?

We can define a Lagrangian that consists of fields. But fields can be redefined, while
physical observables are unchanged.

φ→ φ+ cφ2 + . . .

We could start with on-shell scattering amplitudes; e.g., the non-factorizable part of
the four-point amplitude between two gluons and two Higgs bosons [Shadmi,Weiss]

M(ga+(p1)gb+(p2)hh) =δab
[12]2

Λ2

[
a1 +

(s13 + s23)a2

Λ2
+

s12a3

Λ2
+ . . .

]

What is a1?



Geometric field space — and what it can do for you

Questions to answer:

• What is a geometric field space?

• What does it do?

• How does this help?



Geometric field space – scalars

Kinetic terms for the Higgs field

L =(DµH)†(DµH)

+ CH�(H†H)�(H†H) + CHD(H†DµH)∗(H†DµH) + . . .

=
1

2
hIJ(φ)(Dµφ)I (Dµφ)J

where I , J = 1 . . . 4 and

H =
1√
2

(
φ2 + iφ1

φ4 − iφ3

)



Field redefinition

A scalar field redefinition is a coordinate change in field space

φI → ϕI (φ)

Dµφ
I → δϕI

δφJ
Dµφ

J

hIJ →
δφK

δϕI

δφL

δϕJ
hKL

φI is the coordinate, Dµφ
I is a vector, hIJ is a tensor (metric)



All-order form of metric

From Hilbert series counting, the number of new operators contributing to metrics
saturates.

Scalar field space metric

hIJ =

[
1 + φ2C

(6)
H� +

∞∑
n=0

(
φ2

2

)n+2 (
C

(8+2n)
HD − C

(8+2n)
H,D2

)]
δIJ

+
ΓI
A,JφKΓK

A,Lφ
L

2

(
C

(6)
HD

2
+
∞∑
n=0

(
φ2

2

)n+1

C
(8+2n)
H,D2

)



From metric to curvature

We calculate the Christoffel symbol

ΓI
JK =

1

2
hIL (hLK ,J + hJL,K − hJK ,L)

and Riemann curvature

RIJKL = hIM

(
ΓM
LJ,K − ΓM

KJ,L + ΓM
KNΓN

LJ − ΓM
LNΓN

KJ

)



Geometric field space – scalars

Scattering amplitude for 4 scalars

Aijkl = R ikjls34 + R ijkls24

Scattering amplitude for 5 scalars

Aijklm = ∇kR iljms45 +∇lR ikjms35 +∇lR ijkms25

+∇mR ikjls34 +∇mR ijkl(s24 + s45)



Fields vs. particles

The tetrad flattens the metric

gIJ(v)e Ii (v)eJj (v) = δij

Tetrad relates fields to states

〈pj |φJ(x)|0〉 = e jJ(v)e ip·x

Automatically takes into account canonical normalization and rotation to mass
eigenstates



Geometric field space - gauge bosons

Let’s combine the terms

L =− 1

4
W a
µνW

aµν − 1

4
BµνB

µν + CHB(H†H)BµνB
µν

+ CHW (H†H)W a
µνW

aµν + CHWB(H†σaH)W a
µνB

µν + . . .

=− 1

4
gAB(H)W A

µνW
Bµν

where A,B = 1 . . . 4 and W 4
µν = Bµν .

gAB(H) : gauge field space metric



All-order form of metrics

From Hilbert series counting, the number of new operators contributing to metrics
saturates.

The gauge field space metric is given by

gAB(φI ) =

[
1− 4

∞∑
n=0

(
C

(6+2n)
HW (1− δA4) + C

(6+2n)
HB δA4

)(φ2

2

)n+1
]
δAB

−
∞∑
n=0

C
(8+2n)
HW ,2

(
φ2

2

)n (
φIΓ

I
A,Jφ

J
) (

φLΓL
B,Kφ

K
)

(1− δA4)(1− δB4)

+

[ ∞∑
n=0

C
(6+2n)
HWB

(
φ2

2

)n
] [

(φIΓ
I
A,Jφ

J) (1− δA4)δB4 + (A↔ B)
]



Geometric field space – mass-eigenstate basis

W A
µ = eAc Ac

µ, eAc e
B
d δ

cd = gAB , eAc =
√
gABδBbUbc

Ubc =


1√
2

1√
2

0 0
i√
2

−i√
2

0 0

0 0 cos(θ̄) sin(θ̄)
0 0 − sin(θ̄) cos(θ̄)



W A
µ : weak eigenstate

Aa
µ : mass eigenstate
√
gAB : matrix square root + vacuum expectation value



Geometric definition of Lagrangian parameters

Consistency dictates that

s2
θZ

=
g1

(√
g44sθ̄ −

√
g34cθ̄

)
g2

(√
g33cθ̄ −

√
g34sθ̄

)
+ g1

(√
g44sθ̄ −

√
g34cθ̄

)
s2
θ̄

=

(
g1
√
g44 − g2

√
g34
)2

g2
1 [g34 + g44] + g2

2 [g33 + g34]− 2g1g2
√
g34(
√
g33 +

√
g44)

ḡ2 =g2
√
g11

ḡZ =
g2

c2
θZ

(
cθ̄
√
g33 − sθ̄

√
g34
)

ē =g2

(
sθ̄
√
g33 + cθ̄

√
g34
)

M̄2
W =

ḡ2
2

4

√
h11

2
v2
T

M̄2
Z =

ḡ2
Z

4

√
h33

2
v2
T

M̄2
A =0



On-shell amplitudes – photons and Higgs boson

Consider the amplitude for Higgs decay to 2 photons.

M(γ+(p1)γ+(p2)h) =
[12]2

Λ2
b1

Dropping the CP odd operators, the coefficient b1 is related to the gauge field metric

b1 =
1

2
∇i=hga=γ,b=γ = #

√
h

44
[
〈δg33(φ)

δφ4
〉 ē

2

g2
2

+ 2〈δg34(φ)

δφ4
〉 ē2

g1g2
+ 〈δg44(φ)

δφ4
〉 ē

2

g2
1

]



Partial width for Z decay

The partial width for Z going to two fermions of the same chirality is

ΓZ→ψ̄ψ =
∑
ψ

Nψ
c

24π

√
m̄2

Z |g
Z ,ψ
eff |

2

(
1−

4m̄2
ψ

m̄2
Z

)3/2

where

gZ ,ψ
eff =

ḡZ
2

[
(2sθZQψ − σ3)δpr + v̄T 〈Lψ,pr3,4 〉+ σ3v̄T 〈Lψ,pr3,3 〉

]



Partial width for Z decay

The field space connection is

Lψ,prJ,A (φ)(Dµφ)J(ψ̄pγµσAψr )

which takes the all-order form

Lψ,prJ,A =− (φγ4)JδA4

∞∑
n=0

C
1,(6+2n)
Hψ
pr

(
φ2

2

)n

− (φγA)J(1− δA4)
∞∑
n=0

C
3,(6+2n)
HψL
pr

(
φ2

2

)n

+
1

2
(φγ4)J(1− δA4)(φKΓK

A,Lφ
L)
∞∑
n=0

C
2,(8+2n)
HψL
pr

(
φ2

2

)n

+
εABC

2
(φγB)(φKΓK

C ,Lφ
L)
∞∑
n=0

C
ε,(8+2n)
HψL
pr

(
φ2

2

)n



Expand to O(v 4/Λ4)

Issue: only results for dimension-6. Should we include (dimension-6)2 in the decay
rates/cross sections?

We can now answer this question by comparing! Expanding geff

〈gZ,uLSM,pp〉 = −0.26,

〈gZ,uLeff,pp〉O(v2/Λ2) = −0.13C̃
(6)
HD − 0.21 C̃

(6)
HWB + 0.18 δG

(6)
F + 0.37 (C̃

(6)
Hq
pp

− C̃
3,(6)
Hq
pp

),

〈gZ,uLeff,pp〉O(v4/Λ4) = −

(
C̃

(6)
HD

4
+
δG

(6)
F√
2

)
〈gZ,uLeff,pp〉O(v2/Λ2)

+ C̃
(6)
HWB

(
0.13C̃

(6)
HD − 0.21(C̃

(6)
HB + C̃

(6)
HW )

)
− 0.01(C̃

(6)
HD)2 + 0.05C̃

(6)
HD δG

(6)
F + 0.03C̃

(8)
HD − 0.16C̃

(8)
H,D2 − 0.10C̃

(8)
HWB

− 0.38C̃
(8)
HW ,2 −

0.37

2
(C̃

2,(8)
Hq
pp

+ C̃
3,(8)
Hq
pp

− C̃
(8)
Hq
pp

)− 0.07(δG
(6)
F )2 + 0.18δG

(8)
F
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Summary

The geometric Standard Model Effective Field Theory is useful:

• field redefinitions are coordinate changes

• define all-order field space connections

• relate Lagrangian parameters to field space metrics

• relate input parameters to field space metrics

• gauge fixing and simple Ward identities

• coefficients of on-shell amplitudes

• simplifies calculations

• relevant for phenomenology



Thank you!



Standard Model Effective Field Theory (SM EFT)

SM EFT is an effective field theory based on SM field content and symmetries:

LSMEFT = LSM + L(5) + L(6) + L(7) + . . .

L(d) =
∑
i

C
(d)
i

Λd−4
Q

(d)
i , d > 4

C
(d)
i : Wilson coefficient

Q
(d)
i : Effective operator



On-shell amplitudes – gluons and Higgs bosons

Let’s again look at the non-factorizable part of the four-point amplitude between two
gluons and two Higgs bosons [Shadmi,Weiss]

M(ga+(p1)gb+(p2)hh) =δab
[12]2

Λ2

[
a1 +

(s13 + s23)a2

Λ2
+

s12a3

Λ2
+ . . .

]

The relevant field space connections for the first term are

kab(φ)G a
µνG

aµν k̃ab(φ)G a
µνG̃

bµν



On-shell amplitudes – gluons and Higgs bosons

The all-order form of the field space connections are

kab(φ) =

(
1− 4

∞∑
n=0

C
(6+2n)
HG

(
φ2

2

)n
)
δab

k̃ab(φ) =

(
1− 4

∞∑
n=0

C̃
(6+2n)
HG

(
φ2

2

)n
)
δab

The coefficient of the on-shell amplitude can be expressed in terms of the field space
connections:

a1 = #
(√

h
44
)2
〈δ

2kab(φ)

δφ4δφ4
〉+ #

(√
h

44
)2
〈δ

2k̃ab(φ)

δφ4δφ4
〉



Generalization to other connections

CP even electroweak bosonic two- and three-point connections

V (φ), hIJ(φ)(Dµφ)I (Dµφ)J , gAB(φ)WA
µνWB,µν ,

kAIJ(φ)(Dµφ)I (Dνφ)JWµν
A , fABC (φ)WA

µνWB,νρWC ,µ
ρ .

Connections with fermions

Y (φ)ψ̄1ψ2, LI ,A(φ)ψ̄1γ
µσAψ2(Dµφ)I , dA(φ)ψ̄1σ

µνψ2WA
µν .

Small set of connections!



Hilbert series counting for connections

The number of operators saturates!

Mass Dimension

Field space connection 6 8 10 12 14

hIJ(φ)(Dµφ)I (Dµφ)J 2 2 2 2 2
gAB(φ)WA

µνWB,µν 3 4 4 4 4
kIJA(φ)(Dµφ)I (Dνφ)JWA

µν 0 3 4 4 4

fABC (φ)WA
µνWB,νρWC ,µ

ρ 1 2 2 2 2
Y u
pr (φ)Q̄u+ h.c. 2N2

f 2N2
f 2N2

f 2N2
f 2N2

f

Y d
pr (φ)Q̄d+ h.c. 2N2

f 2N2
f 2N2

f 2N2
f 2N2

f

Y e
pr (φ)L̄e+ h.c. 2N2

f 2N2
f 2N2

f 2N2
f 2N2

f

de,pr
A (φ)L̄σµνeWµν

A + h.c. 4N2
f 6N2

f 6N2
f 6N2

f 6N2
f

du,pr
A (φ)Q̄σµνuWµν

A + h.c. 4N2
f 6N2

f 6N2
f 6N2

f 6N2
f

dd ,pr
A (φ)Q̄σµνdWµν

A + h.c. 4N2
f 6N2

f 6N2
f 6N2

f 6N2
f

LψR
pr ,A(φ)(Dµφ)J(ψ̄p,RγµσAψr ,R) N2

f N2
f N2

f N2
f N2

f

LψL
pr ,A(φ)(Dµφ)J(ψ̄p,LγµσAψr ,L) 2N2

f 4N2
f 4N2

f 4N2
f 4N2

f



Real representation of the scalar field

We use the real representation

γI1,J =


0 0 0 −1
0 0 −1 0
0 1 0 0
1 0 0 0

 , γI2,J =


0 0 1 0
0 0 0 −1
−1 0 0 0
0 1 0 0

 ,

γI3,J =


0 −1 0 0
1 0 0 0
0 0 0 −1
0 0 1 0

 , γI4,J =


0 −1 0 0
1 0 0 0
0 0 0 1
0 0 −1 0

 .
We have that

[γa, γb] = 2εcabγc , ΓI
A,K = γIA,Jγ

J
4,K

[γa, γ4] = 0,



Mass eigenstate generators

γI
C ,J =

1

2
γ̃IA,J
√
gABUBC

γ I
1,J =

g2

2
√

2


0 0 i −1
0 0 −1 −i
−i 1 0 0
1 i 0 0

 , γ I
2,J =

g2

2
√

2


0 0 −i −1
0 0 −1 i
i 1 0 0
1 −i 0 0

 ,

γ I
3,J =

gZ

2


0 −(c2

θZ
− s2

θZ
) 0 0

(c2
θZ
− s2

θZ
) 0 0 0

0 0 0 −1
0 0 1 0

 , γ I
4,J = e


0 −1 0 0
1 0 0 0
0 0 0 0
0 0 0 0

 .


