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Why Hamiltonian Truncation?

»  We want to be able to understand particle physics at strong coupling

+ Perturbation theory breaks down at confinement

+ Calls for nonperturbative QFT methods, like lattice QCD

Rachel Houtz June, 2022



+ Lattice methods have some shortcomings

Alternatives to the Lattice?

+ Lattice field theory is so far the only way to probe strong coupling with
errors that are quantifiable and under control

+ Tricky to model chiral fermions

Karsten, Smit (1981) Kaplan hep-lat/920601

+ Difficult to obtain dynamical quantities

+ Explicitly breaks continuous rotational
and translational invariance

+ Requires ever increasing computational resources

Rachel Houtz June, 2022



Alternatives to the Lattice?

» Truncated Conformal Space Approach:  H = Hyown + AVpert
Yurov, Zamolodchikov (1990), (1991) T

Integrable or conformal
+ Truncate the basis:

E E E + Simply compute
, A A
oo - i trunc
i &5 g~ Hi5™° = Eidij + MEi|Vpert| E5)
v Lo Fow P + Results from diagonalizing Hi,un. are
1 1 ] surprisingly effective due to the relevancy
R=co R finite R finite of the perturbing operator

Figure lifted from James, Konik,
Lecheminant, Robinson, Tsvelik,
arXiv:1703.08421
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Hamiltonian Truncation

+ Hamiltonian Truncation uses the A Cheap Alternative to the Lattice?
free UV CFT dsS the Startlng pOInt Matthijs Hogervorst,l’2 Slava Rychkov,z’l’3 and Balt C. van Rees’
for the Truncated Conformal R gty o
Space Approach et S i oy 205

*

Not cheaper, and in fact there is an exponential wall as the basis increases

o

= Still, intriguingly good results of the TCSA point to the promise of these methods

K/
0‘0

While the truncation effects are small for wisely-chosen theories, we could do
better if we improve the results of the truncation

Hogervorst, Rychkov, van Reese (2014), Rychkov, Vitale (2015), Katz, Marques
Tavares, Xi (2014), Elias-Miro, Rychkov Vitale (2017), Elias-Mrio, Hardy (2020)
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The Hamiltonian

Split the Hamiltonian up into the free and
; P i ) P H — Hfree _l_ V
Interacting pieces T
»  We want to diagonalize H, but its basis is infinite Strong coupling in IR
Look at a finite corner H — Hy  Hip
Hyp,  Hpy,

» The “low” and “high” states in the basis are defined by an energy cutoff F/p,ax

E; < Enax = |state;) € H (finite)
Hiyeolstate;) = Ej|state;) i < Emax = [state;) € H,

E; > Enax = |state;) € Hp,  (infinite)

Rachel Houtz June, 2022



Truncating the Hamiltonian

»  The easiest thing to do is just truncate the Hamiltonian (basically TCSA)

Hy; Hpp

» The main source of error is mixing coming from H;j,

»  We want to develop an improvement scheme to incorporate the effects of H;,,

order by order

Our strategy will be to define an operator in the fundamental theory and match it
to the effective theory to determine corrections to H.g

Rachel Houtz June, 2022



Hamiltonian Truncation Effective Theory Strategy

» Fundamental theory:

H = Hfree V

« The energy eigenstates are: H i) = &;|i)
and can be written as

Ei=FE; +&1; + &9 + ...

Free theory defines basis:

Hi.oo|state;) = F;|state;)

Eni = O(VT)

+ \We want to define a calculable, finite-dimensional H.g such that:

Hog = Hy+ Hy, + Hy + ...

10 Rachel Houtz
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Matching the Transition

ty
» Time evolution:  Uip(ty,t;) :Texp{_i/ dtVIP(t)}
ti

Define an operator to match:  (f|2]¢) = lim (f|Urp(t¢

tf—>oo

Implicit relation can be evaluated iteratively order-by-order

ty
Upp(ts,t;) = 1 —i/ dtUrp (t, ) Vip (¢)
¢

7

» This gives an expansion:

SV (Vi)

Matrix

‘V'IP (t) - eiHotVe—ete—’iHot

,0)17)

1Bl = b5+ G + 3

Rachel Houtz June, 2022

Ef _Ei) (Ef _Ea)

+ O(V?)



» More convenient to define:  (f|X]i) = 5 +

Matching the Transition Matrix

(f1T]3)
E; — E;

+ OV

, , Via)(a|V |2 Via)(a|V Vit
(FIT}i)una = (V] + 3 <f\E\f >—<E‘a i) 3y <{\Ef\_>7<Ea\)(£><_f\E;)>
o o,

(i = i + 3 RGELGHAD | 5 GRG0 1 o

o,

- Matching is accomplished by setting the T matrix equal in both theories and

12

evaluating H;

Hg=Ho+ Vg = Ho+ H{ + Hy + ...

Rachel Houtz June, 2022



Matching the Transition Matrix

(fIV]a){a|V]i)
Es — E,

FIT|0) uma = (FIVIE) + >

< :
<f‘T’7:>fund — <f’T’Z>eH: — <f“/veﬂr’7/> + Z <f“/eg‘f&>_<cg‘/eﬂ:‘2> 4

» The matching defines Hesr, analogous to normal QM perturbation theory:

13

(fIH1lt)err = (f[V]2)

S1V]a) a\V\ )

(fHz2li)e B, -

||
b

— (fIV]a){a[VIBY(BIV]) | == (fIV]a){a|V|B)(BIV]i)
ZZ (Ef — Ea)(Ef — Ep) +Z%: (Ef — Es)(Ea — Ep)

a g o

(f|H31)e
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oD ¢* Theory

» Test this method out on a specific theory:

A g

Loz Lozer o A

Relevant couplings: weakly coupled in UV, strongly coupled in IR

Quantized on a circle of radius R:  Ho = » wyalay Wi = \/(k/R)2 +m
k

» The goal is to calculate Heg, which will be an expansion in V:

14

> .
| fIViay(alV | )
Sl =3 MG uses V= [ [§m%/ B g

Develop Feynman rules to more easily evaluate these sums

Rachel Houtz June, 2022
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Diagrammatic Calculation of the Transition Matrix

One part of the transition matrix in the fundamental theory can be found using:

ks Ko I ,
N e 1 A 1 1 1
k = | — 6 L O b O i
‘/4 _ ko 3 (ZWR) klz]% ki+ka,ks+ke <f’¢4 ¢3 ¢2 ¢1 |Z> 2wk5 QCUI% w3 + Wy — Wy — W + 1€
= .

In the effective theory, we instead find:

1 1 @(EmaX—Ef—l—w3+w4—w5—w6)

bR IVADYA.
~ «
I E 5 — A= A+t
‘kf & o 8 (27TR> S bathao-tho (104 03 @2 01 17) 2k, 2w W3 + Wy — ws — wg + i€
1,.. 6

Rachel Houtz June, 2022
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Diagrammatic Representation of Matching O(V)

+ Matching at firstorder:  (f|H1|i)esr = (f|V]3)
A
X+ >t -t >+ & = [aatreth
——t+ >+ < = %m%//dw<f|:¢2=li>-

+ Same diagrams in both effective theory and fundamental theory at tree level

o | \
TfIVIa”y gives. Heff _ HO + /CZSE‘ [§m%/ : ¢2 : _|_I . ¢4 ;] 4+ ...

16 Rachel Houtz June, 2022



Diagrammatic Representation of Matching O(1?)

>
. 1% V
» Matching at second order: (f|H>|7) Z f’E’a |Vl
. —

«

+ Vertex correction

Tl = >+ & + Q OO ST

O(ws +ws —ws —wyg + Ef — Epax)

3 5 1 . 3 ) 1 ) (+) +) 5
4>-<6><2 L>~<6><2Lﬁ 1237 2}22251234 f|¢ 3 By 1 |i) Z 56,34 Wswo(Ws + Wi — W5 — W)

.....

» Mass correction

-+ D
+ L =0+ + 0+ -+ N

17 Rachel Houtz June, 2022



Matching Results and Implementation

*  Final answer at this order:

1 A%+ A
Heﬁ:HO+/daz{§(m%/+m%/2);¢2:: 0 2;¢4:}

! !

Computationally costly to build matrices

» Tuning the couplings, adding matrices together, and diagonalizing is cheap

» Corrected couplings™

A A O (w3 + wyg + ws — Frax O (2w — Epax
i, = > Gt hn0 ) g 3 S B
167R |67 R e wawaws (w3 + wq + ws) - w;
N — 3\° Z O (2wr — Pmax) *local approximation, neglecting
: 16mR wf; external momenta E; < Epax

k

18 Rachel Houtz June, 2022
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Improved probe of AE;
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Error Scaling with £«

Raw Truncation
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2D Ising Model Checks

e 2D ¢* is in the same universality class as the 2D

Ising model

Onsager, Phys. Rev. 05, 117 (1944)  Anand, Genest, Katz, Khandker,

Walters, arXiv:1704.04500

e Expect energy spectrum of 2D ¢4 to map onto

operator dimensions of 2D Ising model

e 2D Ising Model phase transition:

Decreasing T

Demidov, www.ibiblio.org/e-notes/Perc/ising.htm

Rachel Houtz June, 2022
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Probing the critical coupling

Eowx =27, myo=1, 2rR =10

®—Improved Z, = —| -

Rachel Houtz

June, 2022

e \What happens to the
spectrum at larger
coupling?

e Degenerate ground

state emergence for
strong coupling

e Indicates Z> symmetry

IS spontaneously
broken



AE,

24

Probing the critical coupling

Eowx =27, myo=1, 2rR =10

®—Improved Z, = —| -

Rachel Houtz

June, 2022

e \What happens to the
spectrum at larger
coupling?

e 2D ¢* isin same
universality class as the
2D Ising model

e Should reproduce its

spectrum near the
critical coupling
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Probing the critical coupling

Eowx =27, myo=1, 2rR =10

®—Improved Z, = —| -

Rachel Houtz

June, 2022

e \What happens to the
spectrum at larger
coupling?

e 2D ¢* isin same
universality class as the
2D Ising model

e Shaded: Critical
coupling region
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Probing the critical coupling

Eowx =27, myo=1, 2rR =10

¢—Improved Z, = —| |

Rachel Houtz

June, 2022

Dark colors: raw
Light colors: improved

Shaded: Critical
coupling region

The improved theory
shows better agreement
when compared to the
raw truncation
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Probing the critical coupling

Eowx =27, myo=1, 2rR =10

e e e e e e e e e e e e e R T T T T T T T T T e e e e = O e R - ®— [mproved Z, = — "=
_)(_Raw Z2 = -
—o—Improved Z, = +

:-T-T?(-'T-'{.f.ei'.?.'. CTTTTTTITITIITIIIIT '“--.--\-’-"-- ____________ DCRawZy = +
0 | 2 4 T 6 5
A/4n
Rachel Houtz June, 2022

Dark colors: raw
Light colors: improved

Shaded: Critical
coupling region

The second excited
state also probes the 2D
Ising model prediction



Probing the critical coupling

Eowx =27, myo=1, 2rR =10

e e e e e e e e e e R T T T T T T T T T T e s e S e = e e ®—Improved Z, = —|'=
X Raw Z, = —

—o—Improved Z, = +
=>Raw Z, = +

28 Rachel Houtz June, 2022

Dark colors: raw
Light colors: improved

Shaded: Critical
coupling region

The third excited state
also probes the 2D Ising
model prediction

No /5 degeneracy for
higher excited states,
probably an artifact of
finite R
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Probing the critical coupling

Eowx =27, myo=1, 2rR =10

!' T T ~ - T T T T 4 T ' ' & - 1

—®—Improved Z, = — |'=
X Raw Z, = —

—o—Improved Z, = +
=>Raw Z, = +

Rachel Houtz

June, 2022

Dark colors: raw
Light colors: improved

Shaded: Critical
coupling region

Odd/Even states

The full spectrum

No /5 degeneracy for
higher excited states,
probably an artifact of
finite R
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+ Need to increase truncation scale to see power-law scaling
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Stronger Couplings (Z> odd

+ Need to increase truncation scale to see power-law scaling
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Need to increase truncation scale to see power-law
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Stronger Couplings (Z> odd
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Need to increase truncation scale to see power-law
scaling
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Conclusions

Introduced a scheme for systematic,
order-by-order improvement for
Hamiltonian truncation: HTET

Fast results obtained on a laptop

Demonstrated improvement from
1/E2 .. scaling for raw truncation to
1/E; .. scaling for improved theory

Future directions

+ 3D ¢* theory with nontrivial UV divergences

L)

« 2D gb4 theory at next order ( 1/F
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+ Next order may require state-dependent counterterms
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Matching an Operator

We would prefer to match an operator order by order
Start by turning off interactions adiabatically ~ V — Ve~ ¢

Evolving in time, we find an ill-defined phase

lim (fle”" et |3) = lim (f|T exp —’i/ dtHo + Ve "} i)
tf—00 e—0~T 0

Can be factored out in the interaction picture

()1 = e |W(1))sp Orp = et Ogpe 0!

tr
Time evolution: Up(ts,t;) =T exp {—1/ dtVIP(t)}
t;

Rachel Houtz June, 2022



Expansion of the Transition Matrix

* Time evolution:

38

by
UIP (tf, ) T exp { / dt‘/ip (t) } ‘/IP (t) s eiHotVe—ete—z'Hot
t;

hm <f|UIP(tfa 0)|%) > (f|2)

1
lim [V (t7,0)li) > - / HFleioV e ety = (fV]i)
hm (flUIP tf) / / dt/ f|ezHot Ve—et —iHot! ’I,Hotve—et zH0t| >
o0
ot 2 f IV o) ale Pt iEm2ey
IVl (VI
= fa—i—ze Efz+2ze
Rachel Houtz June, 2022



Diagrammatic Representation of Matching
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AE,

Varying mQ
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