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❖ Not about the Higgs

❖ It is about effective field theory 
methodology

❖ A nonperturbative strategy for probing 
strong coupling

❖ An attempt to impose some EFT-inspired order-by-order control over 
nonperturbative methods to probe strongly coupled theories
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❖ Not about the Higgs

❖ It is about effective field theory 
methodology

❖ A nonperturbative strategy for probing 
strong coupling

❖ An attempt to impose some EFT-inspired order-by-order control over 
nonperturbative methods to probe strongly coupled theories
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❖ We want to be able to understand particle physics at strong coupling 

❖ Perturbation theory breaks down at confinement

❖ Calls for nonperturbative QFT methods, like lattice QCD
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Kaplan hep-lat/920601

❖ Lattice methods have some shortcomings

❖ Tricky to model chiral fermions

Karsten, Smit (1981)

❖ Requires ever increasing computational resources 

❖ Explicitly breaks continuous rotational 
and translational invariance

❖ Difficult to obtain dynamical quantities

❖ Lattice field theory is so far the only way to probe strong coupling with 
errors that are quantifiable and under control
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❖ Truncated Conformal Space Approach: <latexit sha1_base64="PRRecjTV5/6fcfGnsjqVvveVB6c=">AAACE3icbVBNS8NAEN34bf2KevSyWARRKIkU9SKIXnpUsFVoS9lsJrp0swm7E7WE/gcv/hUvHhTx6sWb/8ZtzUFbHww83pvZnXlBKoVBz/tyJianpmdm5+ZLC4tLyyvu6lrDJJnmUOeJTPRVwAxIoaCOAiVcpRpYHEi4DLqnA//yFrQRibrAXgrtmF0rEQnO0Eodd6dGj2it00K4x7yrkjvVp7u0Je0LIaONwkhBY7/jlr2KNwQdJ35ByqTAWcf9bIUJz2JQyCUzpul7KbZzplFwCf1SKzOQMt5l19C0VLEYTDsf3tSnW1YJaZRoWwrpUP09kbPYmF4c2M6Y4Y0Z9Qbif14zw+iwnQuVZgiK/3wUZZJiQgcB0VBo4Ch7ljCuhd2V8humGUcbY8mG4I+ePE4aexV/v1I9r5aPT4o45sgG2STbxCcH5JjUyBmpE04eyBN5Ia/Oo/PsvDnvP60TTjGzTv7A+fgGS76d2w==</latexit>

H = Hknown + �Vpert

Figure lifted from James, Konik, 
Lecheminant, Robinson, Tsvelik, 
arXiv:1703.08421

Integrable or conformal
❖ Truncate the basis:

❖ Simply compute
<latexit sha1_base64="uyxahrMeKAYEK0Ho8OYo+C8foiw="></latexit>

H
trunc
ij = Ei�ij + �hEi|Vpert|Eji

❖ Results from diagonalizing Hurting are 
surprisingly effective due to the relevancy 
of the perturbing operator

Yurov, Zamolodchikov (1990), (1991)

<latexit sha1_base64="9is46ljn/7es8jlegBdimo37LFg=">AAACCXicbVBLTsMwFHTKr5RfgSUbiwqJVZWgClhWsOmySPQjtaFyHKe16jiR/YKoop6AC7CFG7BDbDkFF+AcOCELaBnJ0mjm/TxeLLgG2/60Siura+sb5c3K1vbO7l51/6Cro0RR1qGRiFTfI5oJLlkHOAjWjxUjoSdYz5teZ37vninNI3kLs5i5IRlLHnBKwEh3rdEQ2AOkoBJJ56Nqza7bOfAycQpSQwXao+rX0I9oEjIJVBCtB44dg5sSBZwKNq8ME81iQqdkzAaGShIy7ab51XN8YhQfB5EyTwLO1d8dKQm1noWeqQwJTPSil4n/er7OBi5sh+DSTbmME2Dmp/nyIBEYIpzFgn2uGAUxM4RQxc39mE6IIhRMeBUTjLMYwzLpntWd83rjplFrXhURldEROkanyEEXqIlaqI06iCKFntAzerEerVfrzXr/KS1ZRc8h+gPr4xvbh5t4</latexit>

Htrunc
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❖ Hamiltonian Truncation uses the 
free UV CFT as the starting point 
for the Truncated Conformal 
Space Approach

❖ Not cheaper, and in fact there is an exponential wall as the basis increases

❖ Still, intriguingly good results of the TCSA point to the promise of these methods

❖ While the truncation effects are small for wisely-chosen theories, we could do 
better if we improve the results of the truncation

Hogervorst, Rychkov, van Reese (2014), Rychkov, Vitale (2015), Katz, Marques 
Tavares, Xi (2014), Elias-Miro, Rychkov Vitale (2017), Elias-Mrio, Hardy (2020)
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<latexit sha1_base64="a8fFXOAAlIebn8NKSn/WprDKvKo=">AAAB/3icbVDJSgNBEO2JW4zbqODFS2MQBCHMSFAvQtBLjhHMAkkIPZ2apEnPQneNGMYc/BUvHhTx6m9482/sLAdNfFDweK+KqnpeLIVGx/m2MkvLK6tr2fXcxubW9o69u1fTUaI4VHkkI9XwmAYpQqiiQAmNWAELPAl1b3Az9uv3oLSIwjscxtAOWC8UvuAMjdSxD2iZXtFyp4XwgKmvAEb0lNY6dt4pOBPQReLOSJ7MUOnYX61uxJMAQuSSad10nRjbKVMouIRRrpVoiBkfsB40DQ1ZALqdTu4f0WOjdKkfKVMh0on6eyJlgdbDwDOdAcO+nvfG4n9eM0H/sp2KME4QQj5d5CeSYkTHYdCuUMBRDg1hXAlzK+V9phhHE1nOhODOv7xIamcF97xQvC3mS9ezOLLkkByRE+KSC1IiZVIhVcLJI3kmr+TNerJerHfrY9qasWYz++QPrM8fo1SUmA==</latexit>

H = Hfree + V
❖ Split the Hamiltonian up into the free and 

interacting pieces

❖ Look at a finite corner
<latexit sha1_base64="rCR+PJaijkrvnSgFqzInI0h37QQ="></latexit>

H =

✓
Hll Hlh

Hhl Hhh

◆

❖ The “low” and “high” states in the basis are defined by an energy cutoff EMX

<latexit sha1_base64="WzbwBbwWC8Ucl3SH8u/ElY5ojFM="></latexit>

Ei  Emax ) |stateii 2 Hl

<latexit sha1_base64="EmzVk5aQB+eZ5MJ7O5H2io0yz5s="></latexit>

Ei > Emax ) |stateii 2 Hh

<latexit sha1_base64="m/gviNvFNcWlDmTQk2GQ3WrAetU=">AAACMXicdVDLSgMxFM3Ud31VXboJFsVVmZGibgRRhC4r2FZoy5BJ79TQTGZI7ohl7C+58U/ETReKuPUnTB8LnwcCJ+ecS3JPkEhh0HWHTm5mdm5+YXEpv7yyurZe2NismzjVHGo8lrG+DpgBKRTUUKCE60QDiwIJjaB3PvIbt6CNiNUV9hNoR6yrRCg4Qyv5hUrFbyHcYRZqgAG9p5ObQYYw8AVtaaa6EvKU7p3QCyv8l/ALRb fkjkF/E29KimSKql94anVinkagkEtmTNNzE2xnTKPgEgb5VmogYbzHutC0VLEITDsbbzygu1bp0DDW9iikY/XrRMYiY/pRYJMRwxvz0xuJf3nNFMPjdiZUkiIoPnkoTCXFmI7qox2hgaPsW8K4FvavlN8wzTjakvO2BO/nyr9J/aDkHZbKl+Xi6dm0jkWyTXbIPvHIETklFVIlNcLJA3kmL+TVeXSGzpvzPonmnOnMFvkG5+MTHXaqJg==</latexit>

Hfree|stateii = Ei|stateii

Strong coupling in IR❖ We want to diagonalize H, but its basis is infinite

(finite)

(infinite)

<latexit sha1_base64="heEv/OvAIFK5N/Jgl8VsJYk3YZA=">AAAB/HicbVDLSsNAFL2pr1pfVZdugkVwVRIp6rLopssW7APaUCaTm3boZBJmJkIp9Qfc6h+4E7f+iz/gdzhps9DWAxcO59wXx084U9pxvqzCxubW9k5xt7S3f3B4VD4+6ag4lRTbNOax7PlEIWcC25ppjr1EIol8jl1/cp/53UeUisXiQU8T9CIyEixklGgjtRrDcsWpOgvY68TNSQVyNIfl70EQ0zRCoSknSvVdJ9HejEjNKMd5aZAqTAidkBH2DRUkQuXNFo/O7QujBHYYS1NC2wv198SMREpNI990RkSP1aqXif96gcoWrlzX4a03YyJJNQq6PB6m3NaxnSVhB0wi1XxqCKGSmf9tOiaSUG3yKplg3NUY1knnqupeV2utWqV+l0dUhDM4h0tw4Qbq0IAmtIECwjO8wKv1ZL1Z79bHsrVg5TOn8AfW5w/XsZVS</latexit>

H

<latexit sha1_base64="8AM4AodmewdwutzFjjgXWyC1gPY=">AAAB83icbVBNSwMxEM3Wr1q/qh69BIvgqexKUY9FETxWsB/QXUo2zbahSXZJZqVl6d/w4kERr/4Zb/4b03YP2vpg4PHeDDPzwkRwA6777RTW1jc2t4rbpZ3dvf2D8uFRy8SppqxJYxHrTkgME1yxJnAQrJNoRmQoWDsc3c789hPThsfqESYJCyQZKB5xSsBK/l3PBzaGTJLxtFeuuFV3DrxKvJxUUI5Gr/zl92OaSqaACmJM13MTCDKigVPBpiU/NSwhdEQGrGupIpKZIJvfPMVnVunjKNa2FOC5+nsiI9KYiQxtpyQwNMveTPzP66YQXQcZV0kKTNHFoigVGGI8CwD3uWYUxMQSQjW3t2I6JJpQsDGVbAje8surpHVR9S6rtYdapX6Tx1FEJ+gUnSMPXaE6ukcN1EQUJegZvaI3J3VenHfnY9FacPKZY/QHzucPfGGR/g==</latexit>

Emax
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❖ The easiest thing to do is just truncate the Hamiltonian (basically TCSA)
<latexit sha1_base64="rCR+PJaijkrvnSgFqzInI0h37QQ="></latexit>

H =

✓
Hll Hlh

Hhl Hhh

◆

❖ The main source of error is mixing coming from H_{h}

❖ We want to develop an improvement scheme to incorporate the effects of H{h}, 
order by order

<latexit sha1_base64="Na0+vS7QfV62YuIqGkzyr9BeAJc=">AAACDnicbVDJSgNBEO1xjXGLevTSGALxEmYkqBch6CXHKGaBJISeTk3SpGehu0YNQ77Ai7/ixYMiXj1782/sLAdNfFDweK+KqnpuJIVG2/62lpZXVtfWUxvpza3tnd3M3n5Nh7HiUOWhDFXDZRqkCKCKAiU0IgXMdyXU3cHV2K/fgdIiDG5xGEHbZ71AeIIzNFInk2vdiF4fmVLhPS13WggPmIDnjegFzRshkXJEjzuZrF2wJ6CLxJmRLJmh0sl8tbohj30IkEumddOxI2wnTKHgEkbpVqwhYnzAetA0NGA+6HYyeWdEc0bpUi9UpgKkE/X3RMJ8rYe+azp9hn09743F/7xmjN55OxFBFCMEfLrIiyXFkI6zoV2hgKMcGsK4EuZWyvtMMY4mwbQJwZl/eZHUTgrOaaF4XcyWLmdxpMghOSJ54pAzUiJlUiFVwskjeSav5M16sl6sd+tj2rpkzWYOyB9Ynz+7o5tB</latexit>

) He↵ = (Hll)

❖ Our strategy will be to define an operator in the fundamental theory and match it 
to the effective theory to determine corrections to Jeff

<latexit sha1_base64="CjoqDy2zqlikilDe3S8BAiTqd8I=">AAACAXicbVDLSsNAFL2pr1pfVZduBovgqiRS1GXRTZcV7APaUCaTSTt2MgkzE6GErvwBt/oH7sStX+IP+B1O0iy09cCFwzn3xfFizpS27S+rtLa+sblV3q7s7O7tH1QPj7oqSiShHRLxSPY9rChngnY005z2Y0lx6HHa86a3md97pFKxSNzrWUzdEI8FCxjB2kjd1ijlk/moWrPrdg60SpyC1KBAe1T9HvoRSUIqNOFYqYFjx9pNsdSMcDqvDBNFY0ymeEwHhgocUuWm+bdzdGYUHwWRNCU0ytXfEykOlZqFnukMsZ6oZS8T//V8lS1cuq6DazdlIk40FWRxPEg40hHK4kA+k5RoPjMEE8nM/4hMsMREm9AqJhhnOYZV0r2oO5f1xl2j1rwpIirDCZzCOThwBU1oQRs6QOABnuEFXq0n6816tz4WrSWrmDmGP7A+fwALBZev</latexit>

Hlh

<latexit sha1_base64="CjoqDy2zqlikilDe3S8BAiTqd8I=">AAACAXicbVDLSsNAFL2pr1pfVZduBovgqiRS1GXRTZcV7APaUCaTSTt2MgkzE6GErvwBt/oH7sStX+IP+B1O0iy09cCFwzn3xfFizpS27S+rtLa+sblV3q7s7O7tH1QPj7oqSiShHRLxSPY9rChngnY005z2Y0lx6HHa86a3md97pFKxSNzrWUzdEI8FCxjB2kjd1ijlk/moWrPrdg60SpyC1KBAe1T9HvoRSUIqNOFYqYFjx9pNsdSMcDqvDBNFY0ymeEwHhgocUuWm+bdzdGYUHwWRNCU0ytXfEykOlZqFnukMsZ6oZS8T//V8lS1cuq6DazdlIk40FWRxPEg40hHK4kA+k5RoPjMEE8nM/4hMsMREm9AqJhhnOYZV0r2oO5f1xl2j1rwpIirDCZzCOThwBU1oQRs6QOABnuEFXq0n6816tz4WrSWrmDmGP7A+fwALBZev</latexit>

Hlh

<latexit sha1_base64="2/Kl9XKOQG/uJmT9tjhHCet/Xhw=">AAACB3icbVDLSsNAFJ3UV62vqks3wSK4KokUdVl002UF+4AmlMnkph06eTBzI5bQD/AH3OofuBO3foY/4Hc4abPQ1gMXDufcF8dLBFdoWV9GaW19Y3OrvF3Z2d3bP6geHnVVnEoGHRaLWPY9qkDwCDrIUUA/kUBDT0DPm9zmfu8BpOJxdI/TBNyQjiIecEZRS05r6CA8YgZBMBtWa1bdmsNcJXZBaqRAe1j9dvyYpSFEyARVamBbCboZlciZgFnFSRUklE3oCAaaRjQE5Wbzn2fmmVZ8M4ilrgjNufp7IqOhUtPQ050hxbFa9nLxX89X+cKl6xhcuxmPkhQhYovjQSpMjM08FNPnEhiKqSaUSa7/N9mYSspQR1fRwdjLMayS7kXdvqw37hq15k0RUZmckFNyTmxyRZqkRdqkQxhJyDN5Ia/Gk/FmvBsfi9aSUcwckz8wPn8A9nSaaQ==</latexit>

He↵
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<latexit sha1_base64="a8fFXOAAlIebn8NKSn/WprDKvKo=">AAAB/3icbVDJSgNBEO2JW4zbqODFS2MQBCHMSFAvQtBLjhHMAkkIPZ2apEnPQneNGMYc/BUvHhTx6m9482/sLAdNfFDweK+KqnpeLIVGx/m2MkvLK6tr2fXcxubW9o69u1fTUaI4VHkkI9XwmAYpQqiiQAmNWAELPAl1b3Az9uv3oLSIwjscxtAOWC8UvuAMjdSxD2iZXtFyp4XwgKmvAEb0lNY6dt4pOBPQReLOSJ7MUOnYX61uxJMAQuSSad10nRjbKVMouIRRrpVoiBkfsB40DQ1ZALqdTu4f0WOjdKkfKVMh0on6eyJlgdbDwDOdAcO+nvfG4n9eM0H/sp2KME4QQj5d5CeSYkTHYdCuUMBRDg1hXAlzK+V9phhHE1nOhODOv7xIamcF97xQvC3mS9ezOLLkkByRE+KSC1IiZVIhVcLJI3kmr+TNerJerHfrY9qasWYz++QPrM8fo1SUmA==</latexit>

H = Hfree + V

❖ Fundamental theory:
<latexit sha1_base64="m/gviNvFNcWlDmTQk2GQ3WrAetU=">AAACMXicdVDLSgMxFM3Ud31VXboJFsVVmZGibgRRhC4r2FZoy5BJ79TQTGZI7ohl7C+58U/ETReKuPUnTB8LnwcCJ+ecS3JPkEhh0HWHTm5mdm5+YXEpv7yyurZe2NismzjVHGo8lrG+DpgBKRTUUKCE60QDiwIJjaB3PvIbt6CNiNUV9hNoR6yrRCg4Qyv5hUrFbyHcYRZqgAG9p5ObQYYw8AVtaaa6EvKU7p3QCyv8l/ALRbfkjkF/E29KimSKql94anVinkagkEtmTNNzE2xnTKPgEgb5VmogYbzHutC0VLEITDsbbzygu1bp0DDW9iikY/XrRMYiY/pRYJMRwxvz0xuJf3nNFMPjdiZUkiIoPnkoTCXFmI7qox2hgaPsW8K4FvavlN8wzTjakvO2BO/nyr9J/aDkHZbKl+Xi6dm0jkWyTXbIPvHIETklFVIlNcLJA3kmL+TVeXSGzpvzPonmnOnMFvkG5+MTHXaqJg==</latexit>

Hfree|stateii = Ei|stateii

Free theory defines basis:

❖ The energy eigenstates are: 

<latexit sha1_base64="pPFGUtU6qszJkrwgkHBH2kyccLc=">AAAB/3icbVDLSgMxFL1TX7W+RgU3boJFqJsyI0XdCEU33VnBPqAdSyZN29BMZkgyQhm78FfcuFDErb/hzr8x03ahrQcCh3Pu5Z4cP+JMacf5tjJLyyura9n13Mbm1vaOvbtXV2EsCa2RkIey6WNFORO0ppnmtBlJigOf04Y/vE79xgOVioXiTo8i6gW4L1iPEayN1LEPKh2BLlE7wHpAME9uxoX6vTjp2Hmn6EyAFok7I3mYodqxv9rdkMQBFZpwrFTLdSLtJVhqRjgd59qxohEmQ9ynLUMFDqjykkn+MTo2Shf1Qmme0Gii/t5IcKDUKPDNZJpTzXup+J/XinXvwkuYiGJNBZke6sUc6RClZaAuk5RoPjIEE8lMVkQGWGKiTWU5U4I7/+VFUj8tumfF0m0pX76a1ZGFQziCArhwDmWoQBVqQOARnuEV3qwn68V6tz6moxlrtrMPf2B9/gBjK5US</latexit>

Hn = O(V n)
<latexit sha1_base64="ameZpcdszI25eKhCtMuPpD1DbDA=">AAACDnicbVDLSgNBEJz1GeNr1aOXwSAIwrIrQb0IQS85RjCJkCzL7KRXB2cfzPSKYckXePFXvHhQxKtnb/6Nk8dBExumKKq66ekKMyk0uu63NTe/sLi0XFopr66tb2zaW9stneaKQ5OnMlXXIdMgRQJNFCjhOlPA4lBCO7y7GPrte1BapMkV9jPwY3aTiEhwhkYK7P160EV4wAKiaEDPaD1w6aFBb4RHBh3HoYFdcR13VHSWeBNSIZNqBPZXt5fyPIYEuWRadzw3Q79gCgWXMCh3cw0Z43fsBjqGJiwG7RejcwZ03yg9GqXKvATpSP09UbBY634cms6Y4a2e9obif14nx+jUL0SS5QgJHy+KckkxpcNsaE8o4Cj7hjCuhPkr5bdMMY4mwbIJwZs+eZa0jhzv2KleViu180kcJbJL9sgB8cgJqZE6aZAm4eSRPJNX8mY9WS/Wu/Uxbp2zJjM75E9Znz+v+5gH</latexit>

He↵ = H0 +H1 +H2 + ...

<latexit sha1_base64="FjahiZTGJmg1V2syOZ35amdFtJY=">AAACDXicbVDLSsNAFJ34rPUVdelmsAp1UxIp6kYoiuDOCvYBbQyT6aQdOpmEmYlQQn7Ajb/ixoUibt2782+ctEG09cCFwzn3cu89XsSoVJb1ZczNLywuLRdWiqtr6xub5tZ2U4axwKSBQxaKtockYZSThqKKkXYkCAo8Rlre8CLzW/dESBryWzWKiBOgPqc+xUhpyTX3uwFSA4xYcpm6CacpPIM/0nUKy807fuiaJatijQFniZ2TEshRd83Pbi/EcUC4wgxJ2bGtSDkJEopiRtJiN5YkQniI+qSjKUcBkU4y/iaFB1rpQT8UuriCY/X3RIICKUeBpzuzQ+W0l4n/eZ1Y+adOQnkUK8LxZJEfM6hCmEUDe1QQrNhIE4QF1bdCPEACYaUDLOoQ7OmXZ0nzqGIfV6o31VLtPI+jAHbBHigDG5yAGrgCddAAGDyAJ/ACXo1H49l4M94nrXNGPrMD/sD4+Aaq0JtK</latexit>

Eni = O(V n)

<latexit sha1_base64="1f+qFrmMJWeENeFhGRbj/oj52Vw=">AAACD3icbVBNS8NAEN34WetX1KOXxaJ4KokU9SIUReixgv2AppTNdtou3WzC7kYoaf+BF/+KFw+KePXqzX/jps1BWx8MPN6bYWaeH3GmtON8W0vLK6tr67mN/ObW9s6uvbdfV2EsKdRoyEPZ9IkCzgTUNNMcmpEEEvgcGv7wJvUbDyAVC8W9HkXQDkhfsB6jRBupY59UxsyTRPQ54CvsBUQPKOHJ7aTD8BgznHkdu+AUnSnwInEzUkAZqh37y+uGNA5AaMqJUi3XiXQ7IVIzymGS92IFEaFD0oeWoYIEoNrJ9J8JPjZKF/dCaUpoPFV/TyQkUGoU+KYzPVjNe6n4n9eKde+ynTARxRoEnS3qxRzrEKfh4C6TQDUfGUKoZOZWTAdEEqpNhHkTgjv/8iKpnxXd82LprlQoX2dx5NAhOkKnyEUXqIwqqIpqiKJH9Ixe0Zv1ZL1Y79bHrHXJymYO0B9Ynz//Y5wE</latexit>

H|ii = Ei|ii

<latexit sha1_base64="qQglayvujDYMbFXOWKOtTYX3YUc=">AAACKHicbZBLS8NAEMc39VXrK+rRy2IRBCEkpagXsSgFjxXsA9oQNttNu3TzYHcjlJCP48Wv4kVEkV79JG7SHGrrwC5/fjPDzPzdiFEhTXOmldbWNza3ytuVnd29/QP98Kgjwphj0sYhC3nPRYIwGpC2pJKRXsQJ8l1Guu7kPst3nwkXNAye5DQito9GAfUoRlIhR78d+EiOMWJJM3UovIFN9V/ARZpYNF1GtRwZhuHoVdMw84CrwipEFRTRcvSPwTDEsU8CiRkSom+ZkbQTxCXFjKSVQSxIhPAEjUhfyQD5RNhJfmgKzxQZQi/k6gUS5nSxI0G+EFPfVZXZtmI5l8H/cv1Yetd2QoMoliTA80FezKAMYeYaHFJOsGRTJRDmVO0K8RhxhKXytqJMsJZPXhWdmmFdGvXHerVxV9hRBifgFJwDC1yBBngALdAGGLyAN/AJvrRX7V371mbz0pJW9ByDP6H9/AK7HqSD</latexit>

Ei = Ei + E1i + E2i + ...

and can be written as

❖ We want to define a calculable, finite-dimensional Heft such that:
<latexit sha1_base64="2/Kl9XKOQG/uJmT9tjhHCet/Xhw=">AAACB3icbVDLSsNAFJ3UV62vqks3wSK4KokUdVl002UF+4AmlMnkph06eTBzI5bQD/AH3OofuBO3foY/4Hc4abPQ1gMXDufcF8dLBFdoWV9GaW19Y3OrvF3Z2d3bP6geHnVVnEoGHRaLWPY9qkDwCDrIUUA/kUBDT0DPm9zmfu8BpOJxdI/TBNyQjiIecEZRS05r6CA8YgZBMBtWa1bdmsNcJXZBaqRAe1j9dvyYpSFEyARVamBbCboZlciZgFnFSRUklE3oCAaaRjQE5Wbzn2fmmVZ8M4ilrgjNufp7IqOhUtPQ050hxbFa9nLxX89X+cKl6xhcuxmPkhQhYovjQSpMjM08FNPnEhiKqSaUSa7/N9mYSspQR1fRwdjLMayS7kXdvqw37hq15k0RUZmckFNyTmxyRZqkRdqkQxhJyDN5Ia/Gk/FmvBsfi9aSUcwckz8wPn8A9nSaaQ==</latexit>

He↵



Rachel Houtz June, 2022

Matching the Transition Matrix

11

<latexit sha1_base64="UKf3nhrLzb+bioGAx/BHSTWhw1k="></latexit>

UIP(tf , ti) = 1� i

Z tf

ti

dtUIP(tf , t)VIP(t)

❖ Time evolution:
<latexit sha1_base64="oVRIZ+oxSqW21e6w4MLhC3U8L1o="></latexit>

UIP(tf , ti) = T exp

⇢
�i

Z tf

ti

dtVIP(t)

�

❖ Implicit relation can be evaluated iteratively order-by-order

<latexit sha1_base64="ubc02UFe0fBKPO+PcW7sHcQUPPw="></latexit>

hf |⌃|ii = �fi +
hf |V |ii

Ef � Ei
+

X

↵

hf |V |↵ih↵|V |ii

(Ef � Ei) (Ef � E↵)
+O(V 3)

<latexit sha1_base64="5QxJW3Jux/EH8xq3GAYaxi+W/cE="></latexit>

hf |⌃|ii ⌘ lim
tf!1

hf |UIP (tf , 0)|ii = �fi +
hf |V |ii

Ef � Ei
+
X

↵

hf |V |↵ih↵|V |ii

(Ef � Ei) (Ef � E↵)
+O(V 3)❖ Define an operator to match: 

❖ This gives an expansion:
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❖ More convenient to define: 
<latexit sha1_base64="zwE/sYUezj83p6JOZ4vhmxI0Y1E="></latexit>

hf |⌃|ii = �fi +
hf |T |ii
Ef � Ei

❖ Matching is accomplished by setting the T matrix equal in both theories and 
evaluating H_i

<latexit sha1_base64="ameZpcdszI25eKhCtMuPpD1DbDA=">AAACDnicbVDLSgNBEJz1GeNr1aOXwSAIwrIrQb0IQS85RjCJkCzL7KRXB2cfzPSKYckXePFXvHhQxKtnb/6Nk8dBExumKKq66ekKMyk0uu63NTe/sLi0XFopr66tb2zaW9stneaKQ5OnMlXXIdMgRQJNFCjhOlPA4lBCO7y7GPrte1BapMkV9jPwY3aTiEhwhkYK7P160EV4wAKiaEDPaD1w6aFBb4RHBh3HoYFdcR13VHSWeBNSIZNqBPZXt5fyPIYEuWRadzw3Q79gCgWXMCh3cw0Z43fsBjqGJiwG7RejcwZ03yg9GqXKvATpSP09UbBY634cms6Y4a2e9obif14nx+jUL0SS5QgJHy+KckkxpcNsaE8o4Cj7hjCuhPkr5bdMMY4mwbIJwZs+eZa0jhzv2KleViu180kcJbJL9sgB8cgJqZE6aZAm4eSRPJNX8mY9WS/Wu/Uxbp2zJjM75E9Znz+v+5gH</latexit>

He↵ = H0 +H1 +H2 + ...
<latexit sha1_base64="+f+cPrPLM7EVMtQjtK9CXLIu2JI=">AAACCnicbVDJSgNBEO1xjXGLevTSGgRBCDMS1IsQ9JJjBLNAEoaeTk3SpGehu0YMQ85e/BUvHhTx6hd482/sLIeY+KDg8V4VVfW8WAqNtv1jLS2vrK6tZzaym1vbO7u5vf2ajhLFocojGamGxzRIEUIVBUpoxApY4Emoe/3bkV9/AKVFFN7jIIZ2wLqh8AVnaCQ3d1R2WwiPmILvD+k1Lbs2PaO1GdHN5e2CPQZdJM6U5MkUFTf33epEPAkgRC6Z1k3HjrGdMoWCSxhmW4mGmPE+60LT0JAFoNvp+JUhPTFKh/qRMhUiHauzEykLtB4EnukMGPb0vDcS//OaCfpX7VSEcYIQ8skiP5EUIzrKhXaEAo5yYAjjSphbKe8xxTia9LImBGf+5UVSOy84F4XiXTFfupnGkSGH5JicEodckhIpkwqpEk6eyAt5I+/Ws/VqfVifk9YlazpzQP7A+voFvFiZrQ==</latexit>

He↵ = H0 + Ve↵

<latexit sha1_base64="e9Grr+nxs5hbUIbzr3ZC6+3++PA="></latexit>

hf |T |iie↵ = hf |Ve↵|ii+
<X

↵

hf |Ve↵|↵ih↵|Ve↵|ii

Ef � E↵
+

<X

↵,�

hf |Ve↵|↵ih↵|Ve↵|�ih�|Ve↵|ii

(Ef � E↵) (Ef � E�)
+O(V 4)

<latexit sha1_base64="7ywyaxpLJcboOp+cHBzWCnBqWOU="></latexit>

hf |T |iifund = hf |V |ii+
X

↵

hf |V |↵ih↵|V |ii

Ef � E↵
+
X

↵,�

hf |V |↵ih↵|V |�ihf |V |ii

(Ef � E↵)(Ef � E�)
+O(V 4)

<latexit sha1_base64="GPB6DiMCcjqafl5f1nlrDi8qMsY=">AAAB/nicbVDLSsNAFL2pr1pfVZduBovgqiRS1GXRTZcVTVtoQ5lMJu3QySTMTIQSCv6AW/0Dd+LWX/EH/A4nbRbaeuDC4Zz74vgJZ0rb9pdVWlvf2Nwqb1d2dvf2D6qHRx0Vp5JQl8Q8lj0fK8qZoK5mmtNeIimOfE67/uQ297uPVCoWiwc9TagX4ZFgISNYG+m+NWTDas2u23OgVeIUpAYF2sPq9yCISRpRoQnHSvUdO9FehqVmhNNZZZAqmmAywSPaN1TgiCovm786Q2dGCVAYS1NCo7n6eyLDkVLTyDedEdZjtezl4r9eoPKFS9d1eO1lTCSppoIsjocpRzpGeRYoYJISzaeGYCKZ+R+RMZaYaJNYxQTjLMewSjoXdeey3rhr1Jo3RURlOIFTOAcHrqAJLWiDCwRG8Awv8Go9WW/Wu/WxaC1Zxcwx/IH1+QNhcJYu</latexit>

Hi
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<latexit sha1_base64="MLc9jzqB9DGU7Fv0syLaUkQpbHs="></latexit>

hf |H3|iie↵ =
>X

↵

>X

�

hf |V |↵ih↵|V |�ih�|V |ii
(Ef � E↵)(Ef � E�)

+
<X

↵

>X

�

hf |V |↵ih↵|V |�ih�|V |ii
(Ef � E�)(E↵ � E�)

<latexit sha1_base64="dIEsIQzIoenjKD1ROuUjmDcFjqs="></latexit>

hf |H2|iie↵ =
>X

↵

hf |V |↵ih↵|V |ii
Ef � E↵

<latexit sha1_base64="KIxapQodQK21epaCFoy5/Z2Pj3w=">AAACMHicbVDLSiNBFK12fMZXnFm6uRgUV6FbgjMbQXShSwUThXRoqiu3Y2F1dVN1WwxtPsmNn6IbB2YQt36FlZhFfByo4nDOuVTdE+dKWvL9v97Uj+mZ2bn5hcri0vLKanXtZ8tmhRHYFJnKzEXMLSqpsUmSFF7kBnkaKzyPrw6H/vk1GiszfUb9HDsp72mZSMHJSVH1KFRc9xRCArdwHAXulhCakRaFhDdUYpIMoAKwtQeT4dZkFKJqza/7I8BXEoxJjY1xElUfwm4mihQ1CcWtbQd+Tp2SG5JC4aASFhZzLq54D9uOap6i7ZSjhQew6ZQuJJlxRxOM1MmJkqfW9tPYJVNOl/azNxS/89oFJX86pdR5QajF+0NJoYAyGLYHXWlQkOo7woWR7q8gLrnhglzHFVdC8Hnlr6S1Uw92643TRm3/YFzHPFtnG2ybBew322fH7IQ1mWB37JH9Y/+9e+/Je/Ze3qNT3njmF/sA7/UNTAOmtA==</latexit>

hf |H1|iie↵ = hf |V |ii

❖ The matching defines Heft, analogous to normal QM perturbation theory:

<latexit sha1_base64="e9Grr+nxs5hbUIbzr3ZC6+3++PA="></latexit>

hf |T |iie↵ = hf |Ve↵|ii+
<X

↵

hf |Ve↵|↵ih↵|Ve↵|ii

Ef � E↵
+

<X

↵,�

hf |Ve↵|↵ih↵|Ve↵|�ih�|Ve↵|ii

(Ef � E↵) (Ef � E�)
+O(V 4)

<latexit sha1_base64="7ywyaxpLJcboOp+cHBzWCnBqWOU="></latexit>

hf |T |iifund = hf |V |ii+
X

↵

hf |V |↵ih↵|V |ii

Ef � E↵
+
X

↵,�

hf |V |↵ih↵|V |�ihf |V |ii

(Ef � E↵)(Ef � E�)
+O(V 4)

<latexit sha1_base64="tSt4AsScgkmYuQudhMaJyFxAPUI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0ikqMeiF48V7Qe0oWy2k3bpZhN2N0Ip/QlePCji1V/kzX/jts1BWx8MPN6bYWZemAqujed9O4W19Y3NreJ2aWd3b/+gfHjU1EmmGDZYIhLVDqlGwSU2DDcC26lCGocCW+Hodua3nlBpnshHM04xiOlA8ogzaqz04Lpur1zxXG8Oskr8nFQgR71X/ur2E5bFKA0TVOuO76UmmFBlOBM4LXUzjSllIzrAjqWSxqiDyfzUKTmzSp9EibIlDZmrvycmNNZ6HIe2M6ZmqJe9mfif18lMdB1MuEwzg5ItFkWZICYhs79JnytkRowtoUxxeythQ6ooMzadkg3BX355lTQvXP/Srd5XK7WbPI4inMApnIMPV1CDO6hDAxgM4Ble4c0Rzovz7nwsWgtOPnMMf+B8/gBO0o0r</latexit>...

<latexit sha1_base64="tSt4AsScgkmYuQudhMaJyFxAPUI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0ikqMeiF48V7Qe0oWy2k3bpZhN2N0Ip/QlePCji1V/kzX/jts1BWx8MPN6bYWZemAqujed9O4W19Y3NreJ2aWd3b/+gfHjU1EmmGDZYIhLVDqlGwSU2DDcC26lCGocCW+Hodua3nlBpnshHM04xiOlA8ogzaqz04Lpur1zxXG8Oskr8nFQgR71X/ur2E5bFKA0TVOuO76UmmFBlOBM4LXUzjSllIzrAjqWSxqiDyfzUKTmzSp9EibIlDZmrvycmNNZ6HIe2M6ZmqJe9mfif18lMdB1MuEwzg5ItFkWZICYhs79JnytkRowtoUxxeythQ6ooMzadkg3BX355lTQvXP/Srd5XK7WbPI4inMApnIMPV1CDO6hDAxgM4Ble4c0Rzovz7nwsWgtOPnMMf+B8/gBO0o0r</latexit>...

<latexit sha1_base64="tSt4AsScgkmYuQudhMaJyFxAPUI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0ikqMeiF48V7Qe0oWy2k3bpZhN2N0Ip/QlePCji1V/kzX/jts1BWx8MPN6bYWZemAqujed9O4W19Y3NreJ2aWd3b/+gfHjU1EmmGDZYIhLVDqlGwSU2DDcC26lCGocCW+Hodua3nlBpnshHM04xiOlA8ogzaqz04Lpur1zxXG8Oskr8nFQgR71X/ur2E5bFKA0TVOuO76UmmFBlOBM4LXUzjSllIzrAjqWSxqiDyfzUKTmzSp9EibIlDZmrvycmNNZ6HIe2M6ZmqJe9mfif18lMdB1MuEwzg5ItFkWZICYhs79JnytkRowtoUxxeythQ6ooMzadkg3BX355lTQvXP/Srd5XK7WbPI4inMApnIMPV1CDO6hDAxgM4Ble4c0Rzovz7nwsWgtOPnMMf+B8/gBO0o0r</latexit>...
<latexit sha1_base64="7ywyaxpLJcboOp+cHBzWCnBqWOU="></latexit>

hf |T |iifund = hf |V |ii+
X

↵

hf |V |↵ih↵|V |ii

Ef � E↵
+
X

↵,�

hf |V |↵ih↵|V |�ihf |V |ii

(Ef � E↵)(Ef � E�)
+O(V 4)

<latexit sha1_base64="2/Kl9XKOQG/uJmT9tjhHCet/Xhw=">AAACB3icbVDLSsNAFJ3UV62vqks3wSK4KokUdVl002UF+4AmlMnkph06eTBzI5bQD/AH3OofuBO3foY/4Hc4abPQ1gMXDufcF8dLBFdoWV9GaW19Y3OrvF3Z2d3bP6geHnVVnEoGHRaLWPY9qkDwCDrIUUA/kUBDT0DPm9zmfu8BpOJxdI/TBNyQjiIecEZRS05r6CA8YgZBMBtWa1bdmsNcJXZBaqRAe1j9dvyYpSFEyARVamBbCboZlciZgFnFSRUklE3oCAaaRjQE5Wbzn2fmmVZ8M4ilrgjNufp7IqOhUtPQ050hxbFa9nLxX89X+cKl6xhcuxmPkhQhYovjQSpMjM08FNPnEhiKqSaUSa7/N9mYSspQR1fRwdjLMayS7kXdvqw37hq15k0RUZmckFNyTmxyRZqkRdqkQxhJyDN5Ia/Gk/FmvBsfi9aSUcwckz8wPn8A9nSaaQ==</latexit>

He↵
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<latexit sha1_base64="KDw+pvLfeCW83JA30LZyylfJ/6I="></latexit>

�4

<latexit sha1_base64="n/ERLfJR5D/cMMklA19b98xIkec="></latexit>

L =
1

2
(@�)2 � 1

2
m2�2 � �

4!
�4

<latexit sha1_base64="669lLbqKbqSbNo+fAAHGuPZgPmo="></latexit>

[�] = 2
<latexit sha1_base64="eeoyvafayXgs5OK5bDNof1Plgns="></latexit>

[m] = 1

❖ Relevant couplings: weakly coupled in UV, strongly coupled in IR
<latexit sha1_base64="jBxFoqwMipAerhPaRRPKEujVF/U="></latexit>

H0 =
X

k

!ka
†
kak

<latexit sha1_base64="GUZR6jjt80WlnX0Kp5Yy+sXkv9M="></latexit>

!k =
q

(k/R)2 +m2
Q

❖ Test this method out on a specific theory:

❖ Quantized on a circle of radius R:

❖ The goal is to calculate Heft, which will be an expansion in V:
<latexit sha1_base64="h4UHSQFHdql/u7BMe6lV2QhyR6I="></latexit>

V =

Z
dx


1

2
m2

V : �2 : +
�

4!
: �4 :

�<latexit sha1_base64="dIEsIQzIoenjKD1ROuUjmDcFjqs="></latexit>

hf |H2|iie↵ =
>X

↵

hf |V |↵ih↵|V |ii
Ef � E↵

uses

❖ Develop Feynman rules to more easily evaluate these sums

<latexit sha1_base64="2/Kl9XKOQG/uJmT9tjhHCet/Xhw=">AAACB3icbVDLSsNAFJ3UV62vqks3wSK4KokUdVl002UF+4AmlMnkph06eTBzI5bQD/AH3OofuBO3foY/4Hc4abPQ1gMXDufcF8dLBFdoWV9GaW19Y3OrvF3Z2d3bP6geHnVVnEoGHRaLWPY9qkDwCDrIUUA/kUBDT0DPm9zmfu8BpOJxdI/TBNyQjiIecEZRS05r6CA8YgZBMBtWa1bdmsNcJXZBaqRAe1j9dvyYpSFEyARVamBbCboZlciZgFnFSRUklE3oCAaaRjQE5Wbzn2fmmVZ8M4ilrgjNufp7IqOhUtPQ050hxbFa9nLxX89X+cKl6xhcuxmPkhQhYovjQSpMjM08FNPnEhiKqSaUSa7/N9mYSspQR1fRwdjLMayS7kXdvqw37hq15k0RUZmckFNyTmxyRZqkRdqkQxhJyDN5Ia/Gk/FmvBsfi9aSUcwckz8wPn8A9nSaaQ==</latexit>

He↵

<latexit sha1_base64="/dDa1G+NLVuE4hmxdIiqR4yTaI8=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx7ByCOBDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJYPZpygH9GB5CFn1Fipft8rltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77JcqVdK1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+AK+PjN8=</latexit>
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Diagrammatic Calculation of the Transition Matrix

15

<latexit sha1_base64="kC99epNVIxIKehDevV8LJJEubew="></latexit>

k6

<latexit sha1_base64="nHZrJJyydHZ0dzGAZEYaDTcldkc="></latexit>

k5

<latexit sha1_base64="V2I8Th8bZUAoYTcXubRFJe1Js+c="></latexit>

k4

<latexit sha1_base64="i75sFWOikMwU2RMUmCXkoY8Bayw="></latexit>

k3 <latexit sha1_base64="vUThXPN21X5Infxgau6Uqn6EFTg="></latexit>

k1

<latexit sha1_base64="ETwqjD6YfP3w75MfEIaeN7VHTfw="></latexit>

k2

<latexit sha1_base64="1TyQ0yDsf4KRHJyzoxosGl9Tdpk="></latexit>

hf |T |iifund 3
X

↵

hf |V |↵ih↵|V |ii
Ef � E↵

❖ One part of the transition matrix in the fundamental theory can be found using:

❖ In the effective theory, we instead find:

<latexit sha1_base64="kC99epNVIxIKehDevV8LJJEubew="></latexit>

k6

<latexit sha1_base64="nHZrJJyydHZ0dzGAZEYaDTcldkc="></latexit>

k5

<latexit sha1_base64="V2I8Th8bZUAoYTcXubRFJe1Js+c="></latexit>

k4

<latexit sha1_base64="i75sFWOikMwU2RMUmCXkoY8Bayw="></latexit>

k3 <latexit sha1_base64="vUThXPN21X5Infxgau6Uqn6EFTg="></latexit>

k1

<latexit sha1_base64="ETwqjD6YfP3w75MfEIaeN7VHTfw="></latexit>

k2

<latexit sha1_base64="/AgPxkU9TRLzru4m+V4lNOp3rp8="></latexit>

=
1

8

✓
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2⇡R

◆2 X

k1,..k6

�k1+k2,k5+k6hf |��
4 �

�
3 �

+
2 �

+
1 |ii

1

2!k5

1

2!k6

⇥(Emax � Ef + !3 + !4 � !5 � !6)

!3 + !4 � !5 � !6 + i✏

<latexit sha1_base64="ND5MhtHddXpGFOMWH6x7QqAeiLo="></latexit>
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+
1 |ii

1

2!k5

1

2!k6

1

!3 + !4 � !5 � !6 + i✏
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Diagrammatic Representation of Matching O(V)

16

❖ Matching at first order: 
<latexit sha1_base64="KIxapQodQK21epaCFoy5/Z2Pj3w=">AAACMHicbVDLSiNBFK12fMZXnFm6uRgUV6FbgjMbQXShSwUThXRoqiu3Y2F1dVN1WwxtPsmNn6IbB2YQt36FlZhFfByo4nDOuVTdE+dKWvL9v97Uj+mZ2bn5hcri0vLKanXtZ8tmhRHYFJnKzEXMLSqpsUmSFF7kBnkaKzyPrw6H/vk1GiszfUb9HDsp72mZSMHJSVH1KFRc9xRCArdwHAXulhCakRaFhDdUYpIMoAKwtQeT4dZkFKJqza/7I8BXEoxJjY1xElUfwm4mihQ1CcWtbQd+Tp2SG5JC4aASFhZzLq54D9uOap6i7ZSjhQew6ZQuJJlxRxOM1MmJkqfW9tPYJVNOl/azNxS/89oFJX86pdR5QajF+0NJoYAyGLYHXWlQkOo7woWR7q8gLrnhglzHFVdC8Hnlr6S1Uw92643TRm3/YFzHPFtnG2ybBew322fH7IQ1mWB37JH9Y/+9e+/Je/Ze3qNT3njmF/sA7/UNTAOmtA==</latexit>

hf |H1|iie↵ = hf |V |ii

<latexit sha1_base64="ww76XoC2Ahl/+SjPhVkXRBUcpj4="></latexit>

He↵ = H0 +

Z
dx


1

2
m

2
V : �2 : +

�

4!
: �4 :

�
+ ...

❖ Trivially gives:

❖ Same diagrams in both effective theory and fundamental theory at tree level

<latexit sha1_base64="ojZeB5OlDw/xTmKoYcMXwqxep5Y="></latexit>

O(V )
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Diagrammatic Representation of Matching O(V^2)

17

❖ Matching at second order: 
<latexit sha1_base64="dIEsIQzIoenjKD1ROuUjmDcFjqs="></latexit>

hf |H2|iie↵ =
>X

↵

hf |V |↵ih↵|V |ii
Ef � E↵

❖ Vertex correction

❖ Mass correction 

<latexit sha1_base64="rHiaZGSEKMD6vfKhIdug2hpoCO4="></latexit>

O(V 2)
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Matching Results and Implementation
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<latexit sha1_base64="xgY89OhxDxAVV0BZOEFET6GgyIU="></latexit>

�2 = � 3�2

16⇡R

X

k

⇥ (2!k � Emax)

!3
k

<latexit sha1_base64="YhZNjRAHib9x+KSUhXv08Y3fArs="></latexit>

He↵ = H0 +

Z
dx


1

2

�
m

2
V +m

2
V2

�
: �2 : +

�
2 + �2

4!
: �4 :

�
❖ Final answer at this order:

❖ Corrected couplings*

Computationally costly to build matrices

❖ Tuning the couplings, adding matrices together, and diagonalizing is cheap

<latexit sha1_base64="reuqBvZZNO3FmcGV0vaTAqow080="></latexit>

m2
V2

=
�

16⇡R

"
�

6⇡R

X

345

�k3+k4+k5,0
⇥ (!3 + !4 + !5 � Emax)

!3!4!5 (!3 + !4 + !5)
�m2

V

X

k

⇥ (2!k � Emax)

!3
k

#

*local approximation, neglecting 
external momenta <latexit sha1_base64="9kB5O2mtZ9Dk6BFvjYrpIn0+O7g=">AAACAnicbVDLSsNAFJ34rPUVdSVuBovgQkoiRV0WpeCygn1AE8JkOmmHTh7M3EhLKG78FTcuFHHrV7jzb5y2WWjrgQuHc+7l3nv8RHAFlvVtLC2vrK6tFzaKm1vbO7vm3n5TxamkrEFjEcu2TxQTPGIN4CBYO5GMhL5gLX9wM/FbD0wqHkf3MEqYG5JexANOCWjJMw9rXsbPcDDGjhC45jnAhpCFZDj2zJJVtqbAi8TOSQnlqHvml9ONaRqyCKggSnVsKwE3IxI4FWxcdFLFEkIHpMc6mkYkZMrNpi+M8YlWujiIpa4I8FT9PZGRUKlR6OvOkEBfzXsT8T+vk0Jw5WY8SlJgEZ0tClKBIcaTPHCXS0ZBjDQhVHJ9K6Z9IgkFnVpRh2DPv7xImudl+6JcuauUqtd5HAV0hI7RKbLRJaqiW1RHDUTRI3pGr+jNeDJejHfjY9a6ZOQzB+gPjM8fdA6W3A==</latexit>

Ei,f ⌧ Emax
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Improved probe of DE1

19

❖ Very quick approach to the correct first excited energy level
❖ Results obtained on a laptop comparable to others requiring a grid

<latexit sha1_base64="0N4jI8W6Qmhtt6bCxKHhQ0+cWGU="></latexit>

�E1 ⌘ E1 � E0

<latexit sha1_base64="xRtrnNZxguwPwUK93Sx9wwagSiQ="></latexit>

�E1

Elias-Miro, Rychkov Vitale (2017)
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❖ 1EEEE2 scaling❖ 1EEEE2 scaling

Error Scaling with EEE 

20

Raw Truncation Truncation + Improvement

<latexit sha1_base64="QE8AQex0BMehcxiIXTH0V9XmkzU="></latexit>

1/E3
max

<latexit sha1_base64="zVy6PPjq9w7nJt0wzWuKJPMLwJ8="></latexit>

1/E2
max

<latexit sha1_base64="AxJdf5up/kYN0Xdu2eDzaQ39AbU="></latexit>

Emax
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Excited States

21

❖ 1EEEE2 scaling persists:
<latexit sha1_base64="QE8AQex0BMehcxiIXTH0V9XmkzU="></latexit>

1/E3
max
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2D Ising Model Checks

22

• 2D phi is in the same universality class as the 2D 
Ising model

Anand, Genest, Katz, Khandker, 
Walters, arXiv:1704.04500

Onsager, Phys. Rev. 05, 117 (1944)

• 2D Ising Model phase transition:

Decreasing T 

Demidov, www.ibiblio.org/e-notes/Perc/ising.htm

• Expect energy spectrum of 2D phi to map onto 
operator dimensions of 2D Ising model

<latexit sha1_base64="A4SPiuUdo6wMSgW6V2E6ISccll8=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9mVoh6LXjxWsB/QriWbZttoNglJVihL/4MXD4p49f9489+YtnvQ1gcDj/dmmJkXKc6M9f1vr7Cyura+UdwsbW3v7O6V9w9aRqaa0CaRXOpOhA3lTNCmZZbTjtIUJxGn7ejxeuq3n6g2TIo7O1Y0TPBQsJgRbJ3U6qkRu6/1yxW/6s+AlkmQkwrkaPTLX72BJGlChSUcG9MNfGXDDGvLCKeTUi81VGHyiIe066jACTVhNrt2gk6cMkCx1K6ERTP190SGE2PGSeQ6E2xHZtGbiv953dTGl2HGhEotFWS+KE45shJNX0cDpimxfOwIJpq5WxEZYY2JdQGVXAjB4svLpHVWDc6rtdtapX6Vx1GEIziGUwjgAupwAw1oAoEHeIZXePOk9+K9ex/z1oKXzxzCH3ifP0E7ju4=</latexit>

�4

<latexit sha1_base64="A4SPiuUdo6wMSgW6V2E6ISccll8=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9mVoh6LXjxWsB/QriWbZttoNglJVihL/4MXD4p49f9489+YtnvQ1gcDj/dmmJkXKc6M9f1vr7Cyura+UdwsbW3v7O6V9w9aRqaa0CaRXOpOhA3lTNCmZZbTjtIUJxGn7ejxeuq3n6g2TIo7O1Y0TPBQsJgRbJ3U6qkRu6/1yxW/6s+AlkmQkwrkaPTLX72BJGlChSUcG9MNfGXDDGvLCKeTUi81VGHyiIe066jACTVhNrt2gk6cMkCx1K6ERTP190SGE2PGSeQ6E2xHZtGbiv953dTGl2HGhEotFWS+KE45shJNX0cDpimxfOwIJpq5WxEZYY2JdQGVXAjB4svLpHVWDc6rtdtapX6Vx1GEIziGUwjgAupwAw1oAoEHeIZXePOk9+K9ex/z1oKXzxzCH3ifP0E7ju4=</latexit>

�4
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• Indicates Z2 symmetry 
is spontaneously 
broken  

23

Probing the critical coupling
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0
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4

• Degenerate ground 
state emergence for 
strong coupling 

<latexit sha1_base64="5PEXV6BC8QlAq/nisMjhTSPt6JQ="></latexit>

Z2

• What happens to the 
spectrum at larger 
coupling?
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0

1
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4

• Should reproduce its 
spectrum near the 
critical coupling

• What happens to the 
spectrum at larger 
coupling?

• 2D phi4 is in same 
universality class as the 
2D Ising model

<latexit sha1_base64="A4SPiuUdo6wMSgW6V2E6ISccll8=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9mVoh6LXjxWsB/QriWbZttoNglJVihL/4MXD4p49f9489+YtnvQ1gcDj/dmmJkXKc6M9f1vr7Cyura+UdwsbW3v7O6V9w9aRqaa0CaRXOpOhA3lTNCmZZbTjtIUJxGn7ejxeuq3n6g2TIo7O1Y0TPBQsJgRbJ3U6qkRu6/1yxW/6s+AlkmQkwrkaPTLX72BJGlChSUcG9MNfGXDDGvLCKeTUi81VGHyiIe066jACTVhNrt2gk6cMkCx1K6ERTP190SGE2PGSeQ6E2xHZtGbiv953dTGl2HGhEotFWS+KE45shJNX0cDpimxfOwIJpq5WxEZYY2JdQGVXAjB4svLpHVWDc6rtdtapX6Vx1GEIziGUwjgAupwAw1oAoEHeIZXePOk9+K9ex/z1oKXzxzCH3ifP0E7ju4=</latexit>

�4

Probing the critical coupling
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4

• Shaded: Critical 
coupling region

• What happens to the 
spectrum at larger 
coupling?

• 2D phi4 is in same 
universality class as the 
2D Ising model

<latexit sha1_base64="A4SPiuUdo6wMSgW6V2E6ISccll8=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9mVoh6LXjxWsB/QriWbZttoNglJVihL/4MXD4p49f9489+YtnvQ1gcDj/dmmJkXKc6M9f1vr7Cyura+UdwsbW3v7O6V9w9aRqaa0CaRXOpOhA3lTNCmZZbTjtIUJxGn7ejxeuq3n6g2TIo7O1Y0TPBQsJgRbJ3U6qkRu6/1yxW/6s+AlkmQkwrkaPTLX72BJGlChSUcG9MNfGXDDGvLCKeTUi81VGHyiIe066jACTVhNrt2gk6cMkCx1K6ERTP190SGE2PGSeQ6E2xHZtGbiv953dTGl2HGhEotFWS+KE45shJNX0cDpimxfOwIJpq5WxEZYY2JdQGVXAjB4svLpHVWDc6rtdtapX6Vx1GEIziGUwjgAupwAw1oAoEHeIZXePOk9+K9ex/z1oKXzxzCH3ifP0E7ju4=</latexit>

�4

Probing the critical coupling
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Probing the critical coupling

• The improved theory 
shows better agreement 
when compared to the 
raw truncation
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• Shaded: Critical 
coupling region

• Dark colors: raw
• Light colors: improved
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Probing the critical coupling

• The second excited 
state also probes the 2D 
Ising model prediction
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0
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4

• Shaded: Critical 
coupling region

• Dark colors: raw
• Light colors: improved
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Probing the critical coupling

• The third excited state 
also probes the 2D Ising 
model prediction

0 2 4 6 8
0

1
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4

• No Z2 degeneracy for 
higher excited states, 
probably an artifact of 
finite R

<latexit sha1_base64="5PEXV6BC8QlAq/nisMjhTSPt6JQ="></latexit>

Z2

• Shaded: Critical 
coupling region

• Dark colors: raw
• Light colors: improved
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Probing the critical coupling

0 2 4 6 8
0
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4

• The full spectrum

• Odd/Even states

• No Z2 degeneracy for 
higher excited states, 
probably an artifact of 
finite R

<latexit sha1_base64="5PEXV6BC8QlAq/nisMjhTSPt6JQ="></latexit>

Z2

• Shaded: Critical 
coupling region

• Dark colors: raw
• Light colors: improved
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Stronger Couplings (Z2 even)

30

<latexit sha1_base64="XT0wZoeI/3217/4RiQrQKh/jwFs="></latexit>

Z2

❖ Need to increase truncation scale to see power-law scaling 
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Stronger Couplings (Z2 odd)

31

❖ Need to increase truncation scale to see power-law scaling 

<latexit sha1_base64="XT0wZoeI/3217/4RiQrQKh/jwFs="></latexit>

Z2
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Stronger Couplings (Z2 odd)

32

❖ Need to increase truncation scale to see power-law 
scaling 

<latexit sha1_base64="XT0wZoeI/3217/4RiQrQKh/jwFs="></latexit>

Z2

Numerical Noise from degenerate eigenvalues
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Stronger Couplings (Z2 odd)

33

❖ Need to increase truncation scale to see power-law 
scaling 

<latexit sha1_base64="XT0wZoeI/3217/4RiQrQKh/jwFs="></latexit>

Z2

Numerical Noise from degenerate eigenvalues
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Conclusions

34

❖ Introduced a scheme for systematic, 
order-by-order improvement for 
Hamiltonian truncation: HTET

❖ Fast results obtained on a laptop

❖ Demonstrated improvement from 1/
EMXx^2 scaling for raw truncation to 1/
EMX^3 scaling for improved theory

❖ Future directions
❖ 3D phi theory with nontrivial UV divergences

❖ 2D phi theory at next order (1/EMX^4 scaling)

❖ Next order may require state-dependent counterterms

<latexit sha1_base64="zVy6PPjq9w7nJt0wzWuKJPMLwJ8="></latexit>

1/E2
max

<latexit sha1_base64="QE8AQex0BMehcxiIXTH0V9XmkzU="></latexit>

1/E3
max

<latexit sha1_base64="TEJ7Afpgs1UrqHH6rrOnFQxjTJM="></latexit>

1/E4
max

<latexit sha1_base64="A4SPiuUdo6wMSgW6V2E6ISccll8=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9mVoh6LXjxWsB/QriWbZttoNglJVihL/4MXD4p49f9489+YtnvQ1gcDj/dmmJkXKc6M9f1vr7Cyura+UdwsbW3v7O6V9w9aRqaa0CaRXOpOhA3lTNCmZZbTjtIUJxGn7ejxeuq3n6g2TIo7O1Y0TPBQsJgRbJ3U6qkRu6/1yxW/6s+AlkmQkwrkaPTLX72BJGlChSUcG9MNfGXDDGvLCKeTUi81VGHyiIe066jACTVhNrt2gk6cMkCx1K6ERTP190SGE2PGSeQ6E2xHZtGbiv953dTGl2HGhEotFWS+KE45shJNX0cDpimxfOwIJpq5WxEZYY2JdQGVXAjB4svLpHVWDc6rtdtapX6Vx1GEIziGUwjgAupwAw1oAoEHeIZXePOk9+K9ex/z1oKXzxzCH3ifP0E7ju4=</latexit>

�4

<latexit sha1_base64="A4SPiuUdo6wMSgW6V2E6ISccll8=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9mVoh6LXjxWsB/QriWbZttoNglJVihL/4MXD4p49f9489+YtnvQ1gcDj/dmmJkXKc6M9f1vr7Cyura+UdwsbW3v7O6V9w9aRqaa0CaRXOpOhA3lTNCmZZbTjtIUJxGn7ejxeuq3n6g2TIo7O1Y0TPBQsJgRbJ3U6qkRu6/1yxW/6s+AlkmQkwrkaPTLX72BJGlChSUcG9MNfGXDDGvLCKeTUi81VGHyiIe066jACTVhNrt2gk6cMkCx1K6ERTP190SGE2PGSeQ6E2xHZtGbiv953dTGl2HGhEotFWS+KE45shJNX0cDpimxfOwIJpq5WxEZYY2JdQGVXAjB4svLpHVWDc6rtdtapX6Vx1GEIziGUwjgAupwAw1oAoEHeIZXePOk9+K9ex/z1oKXzxzCH3ifP0E7ju4=</latexit>

�4
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Matching an Operator

37

<latexit sha1_base64="ZfDFkq+csBMr7fxTwUiIGtro8Sg=">AAACAHicbVDLSsNAFJ34rPUVdeHCzWAR3FgSKeqy6MZlBZsWmlgm05t26GQSZiZCCdn4K25cKOLWz3Dn3zh9LLT1wMDhnHu5c06Ycqa043xbS8srq2vrpY3y5tb2zq69t++pJJMUmjThiWyHRAFnApqaaQ7tVAKJQw6tcHgz9luPIBVLxL0epRDEpC9YxCjRRurahx72dYI9DA/5mQ+pYjwRWBddu+JUnQnwInFnpIJmaHTtL7+X0CwGoSknSnVcJ9VBTqRmlENR9jMFKaFD0oeOoYLEoIJ8EqDAJ0bp4SiR5gmNJ+rvjZzESo3i0EzGRA/UvDcW//M6mY6ugpyJNNMg6PRQlHFsIo/bwD0mgWo+MoRQycxfMR0QSag2nZVNCe585EXinVfdi2rtrlapX8/qKKEjdIxOkYsuUR3dogZqIooK9Ixe0Zv1ZL1Y79bHdHTJmu0coD+wPn8AeVGVtw==</latexit>

V ! V e�✏t

❖ We would prefer to match an operator order by order

❖ Start by turning off interactions adiabatically 

<latexit sha1_base64="u4FDhK5qg/xy50NGKMed9OMXM1Y="></latexit>

lim
tf!1

hf |e�iHefftf |ii = lim
✏!0+

hf |T exp

⇢
�i

Z 1

0
dtH0 + V e

�it

�
|ii

❖ Evolving in time, we find an ill-defined phase

❖ Can be factored out in the interaction picture
<latexit sha1_base64="O13wNY+sHKN51jqVJ84s14Tb3Jw=">AAACLnicdVDLSsNAFJ34tr6qLt0MFkE3JRFRN4Iogu4iWhWaGibT2zo4mYSZG7HEfJEbf0UXgoq49TOc1i58Hhg4nHMud+6JUikMuu6TMzA4NDwyOjZempicmp4pz86dmCTTHGo8kYk+i5gBKRTUUKCEs1QDiyMJp9Hlbtc/vQJtRKKOsZNCI2ZtJVqCM7RSWN67oYFvxDKu0EAz1ZYQBgjXmB/4Bd2icJ4Luh+6FAv6X/LIL8Jyxa26PdDfxOuTCunDD8sPQTPhWQwKuWTG1D03xUbONAouoSgFmYGU8UvWhrqlisVgGnnv3IIuWaVJW4m2TyHtqV8nchYb04kjm4wZXpifXlf8y6tn2Nps5EKlGYLin4tamaSY0G53tCk0cJQdSxjXwv6V8gumGUfbcMmW4P08+Tc5Wa1669W1w7XK9k6/jjGyQBbJMvHIBtkm+8QnNcLJLbknz+TFuXMenVfn7TM64PRn5sk3OO8fZ0+nmg==</latexit>

| (t)iIP = eiH0t| (t)iSP
<latexit sha1_base64="TToTi05jA9OzK8VarmByZ0qWktY=">AAACL3icbVDJSgNBFOxxN25Rj14ag+DFMCNBvQiiIHoyolkgiUNP5yVp0rPQ/UYMw/yRF3/Fi4giXv0LO4ugiQUNRVU9+r3yIik02varNTU9Mzs3v7CYWVpeWV3Lrm+UdRgrDiUeylBVPaZBigBKKFBCNVLAfE9Cxeue9f3KPSgtwuAWexE0fNYOREtwhkZys+d1n2GHM5lcpW4d4QGTy2JKjyncJYJeuDbFlE5mbkzGJPZ+Im42Z+ftAegkcUYkR0YoutnnejPksQ8Bcsm0rjl2hI2EKRRcQpqpxxoixrusDTVDA+aDbiSDe1O6Y5QmbYXKvADpQP09kTBf657vmWR/cz3u9cX/vFqMraNGIoIoRgj48KNWLCmGtF8ebQoFHGXPEMaVMLtS3mGKcTQVZ0wJzvjJk6S8n3cO8oXrQu7kdFTHAtki22SXOOSQnJALUiQlwskjeSZv5N16sl6sD+tzGJ2yRjOb5A+sr2/Ghaje</latexit>

OIP = eiH0tOSPe
�iH0t

❖ Time evolution:
<latexit sha1_base64="oVRIZ+oxSqW21e6w4MLhC3U8L1o="></latexit>

UIP(tf , ti) = T exp

⇢
�i

Z tf

ti

dtVIP(t)

�
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❖ Time evolution:
<latexit sha1_base64="oVRIZ+oxSqW21e6w4MLhC3U8L1o="></latexit>

UIP(tf , ti) = T exp

⇢
�i

Z tf

ti

dtVIP(t)

�
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<latexit sha1_base64="NxycqakViuSKlifXb2RswzPZ9y4="></latexit>

1

8

✓
�

2⇡R

◆2 X

k1,..k6

�k1+k2,k5+k6hf |��
4 �

�
3 �

+
2 �

+
1 |ii

1

2!k5

1

2!k6

1

!3 + !4 � !5 � !6 + i✏

<latexit sha1_base64="pZuFT1IetgguZkPxMLbgqqv/71Y="></latexit>

1

8

✓
�

2⇡R

◆2 X

k1,..k6

�k1,k2+k5+k6hf |��
4 �

�
3 �

�
2 �

+
1 |ii

1

2!k5

1

2!k6

1

!3 + !4 � !5 � !6 + i✏

<latexit sha1_base64="fIL7NJt4qhlvSdcY+dC91l++sgM="></latexit>

1

8

✓
�

2⇡R

◆2 X

k1,..k6

�k1+k2,k5+k6hf |��
4 �

�
3 �

+
2 �

+
1 |ii

1

2!k5

1

2!k6

1

�!1 � !2 � !5 � !6 + i✏

<latexit sha1_base64="kC99epNVIxIKehDevV8LJJEubew="></latexit>

k6

<latexit sha1_base64="nHZrJJyydHZ0dzGAZEYaDTcldkc="></latexit>

k5

<latexit sha1_base64="V2I8Th8bZUAoYTcXubRFJe1Js+c="></latexit>

k4

<latexit sha1_base64="i75sFWOikMwU2RMUmCXkoY8Bayw="></latexit>

k3 <latexit sha1_base64="vUThXPN21X5Infxgau6Uqn6EFTg="></latexit>

k1

<latexit sha1_base64="ETwqjD6YfP3w75MfEIaeN7VHTfw="></latexit>

k2

<latexit sha1_base64="kC99epNVIxIKehDevV8LJJEubew="></latexit>

k6

<latexit sha1_base64="nHZrJJyydHZ0dzGAZEYaDTcldkc="></latexit>

k5

<latexit sha1_base64="V2I8Th8bZUAoYTcXubRFJe1Js+c="></latexit>

k4

<latexit sha1_base64="i75sFWOikMwU2RMUmCXkoY8Bayw="></latexit>

k3

<latexit sha1_base64="ETwqjD6YfP3w75MfEIaeN7VHTfw="></latexit>

k2

<latexit sha1_base64="vUThXPN21X5Infxgau6Uqn6EFTg="></latexit>

k1

<latexit sha1_base64="kC99epNVIxIKehDevV8LJJEubew="></latexit>

k6

<latexit sha1_base64="nHZrJJyydHZ0dzGAZEYaDTcldkc="></latexit>

k5

<latexit sha1_base64="V2I8Th8bZUAoYTcXubRFJe1Js+c="></latexit>

k4

<latexit sha1_base64="i75sFWOikMwU2RMUmCXkoY8Bayw="></latexit>

k3

<latexit sha1_base64="ETwqjD6YfP3w75MfEIaeN7VHTfw="></latexit>

k2

<latexit sha1_base64="vUThXPN21X5Infxgau6Uqn6EFTg="></latexit>

k1
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