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Neutrinos - a brief history

1920s Ellis: beta decay spectrum is continuous

1931 Pauli postulates neutrino

to explain energy and (angular) momentum conservation

More than 25 years until detection

1959 Cowan, Reines: neutrino detection 1995

1962 Lederman, Schwartz, Steinberger: νµ detection 1988

1989 Large Electron Positron collider: Z decay width ⇒ Nν = 2.984± 0.008

1998 Super-Kamiokande: atmospheric neutrino oscillations 2015

2001 SNO: solar neutrino oscillations 2015

2012 Daya Bay, RENO, Double CHOOZ: θ13

2017 COHERENT: CEνNS
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How many Neutrinos?

• LEP measured invisible partial width Γinv of Z boson

• Used to determine number of neutrinos Nν

• The combination of four LEP experiments yields

Nν = 2.984± 0.008 6



Neutrino oscillations

νe νµ

ντ

Neutrinos change flavour – they oscillate

Neutrino weak interaction eigenstates να

are a superposition of mass eigenstates νiνe

νµ

ντ

 =

Ue1 Ue2 Ue3

Uµ1 Uµ2 Uµ3

Uτ1 Uτ2 Uτ3


ν1

ν2

ν3

interaction

eigenstates

mass eigenstates

with masses

m1, m2, m3

ν2

ν1

νµ

νe

θ

The transition probability is

Pe←µ = sin2(2θ) sin2
(
∆m2L
4E

)
[∆m2 = m2

2 −m2
1]

energy

distance source to detector

2015: T. Kajita, A. McDonald [for atmospheric and solar ν oscillations] 7



Neutrinos in SM

(
νe

e

)
L

,

(
νµ

µ

)
L

,

(
ντ

τ

)
L

weak interactions

L = − g

2
√
2
jCCρ W ρ − g

2 cos θW
jNCρ Z ρ + c .c .

jCCρ = 2
∑

ℓ=e,µ,τ

ν̄ℓLγρℓL jNCρ =
∑

ℓ=e,µ,τ

ν̄ℓLγρνℓL

weak interaction eigenstate ̸= mass eigenstate

ναL =
∑
i

UαiνiL

Thus the states are related by

|να⟩ = ν†α |0⟩ =
∑
i

U∗αi |νi ⟩
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Quantum Mechanical Description

Time evolution described by Schrödinger equation

i
d

dt
|ν(t)⟩ = H |ν(t)⟩

Vacuum Hamiltonian diagonal and constant in mass basis

|ν(t)⟩ = T e−i
∫ t
0 H(t′)dt′ |να⟩ =

∑
i

U∗αie
−iEi t |νi ⟩

Thus the transition from flavour state να → νβ

Aβα(t) ≡ ⟨νβ|ν(t)⟩ =
∑
i

Uβie
−iEi tU∗αi

Transition probability

Pβα = |Aβα|2
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Quantum Mechanical Description 2

Ultra-relativistic neutrinos mi ≪ Ei

Ei =
√
p2 +m2

i ≃ p +
m2

i

2p

Using distance travelled L ≃ t and E ≃ p

Pβα =

∣∣∣∣∣∑
i

Uβie
−i m

2
i

2E
LU∗αi

∣∣∣∣∣
2

=
∑
i ,j

UβiU
∗
αiU

∗
βjUαje

iϕij

with phase

ϕij =
m2

j −m2
i

2E
L

What is the problem with this derivation?

→ See 0905.1903 for an in depth discussion of issues

→ Proper derivation using wave packet formalism or QFT [See

e.g. 0905.1903 and references]
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Quantum Mechanical Description 3

Pβα =
∑
i ,j

UβiU
∗
αiU

∗
βjUαje

iϕij with ϕij =
m2

j −m2
i

2E
L

=
∑
i

|Uβi |2|Uαi |2 + 2 Re

∑
i>j

UβiU
∗
αiU

∗
βjUαje

iϕij



• First term classical part (no interference)

• Second term is interference term, averages to zero for ϕij ≫ 1

due to spread in energy E or baseline L.
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Quantum Mechanical Description 4

Using unitarity of PMNS matrix
∑

i UβiU
∗
αi = δαβ and thus

∑
i

|Uβi |2|Uαi |2 = δαβ − 2Re

∑
i>j

UβiU
∗
αiU

∗
βjUαj


we find

Pβα =
∑
i

|Uβi |2|Uαi |2 + 2 Re

∑
i>j

UβiU
∗
αiU

∗
βjUαje

iϕij


= δαβ − 4

∑
i>j

Re
(
UβiU

∗
αiU

∗
βjUαj

)
sin2

ϕij

2

− 2
∑
i>j

Im
(
UβiU

∗
αiU

∗
βjUαj

)
sinϕij

Third term describes CP violation (vanishes for α = β)

P(ν̄α → ν̄β)− P(να → νβ) = 4
∑
i>j

Im
(
UβiU

∗
αiU

∗
βjUαj

)
sinϕij 12



Two Generations

Pβα = sin2(2θ) sin2
(
∆m2L

4E

)
Pαα = 1− Pβα

• Typical length scale L =
4πE

∆m2
= 2.48

E [MeV]

∆m2[eV2]
m

e.g. atmospheric neutrinos:

E ∼ 1 GeV, ∆m2 ∼ 2× 10−3eV2 ⇒ L ∼ 1000 km

• Oscillation probability invariant under

∆m2 → −∆m2

θ → π

2
− θ

→ Mass hierarchy and octant can not be determined for two

neutrino oscillations in vacuum
13



Matter Effect

• Hamiltonian in matter

H(f ) = H(f )
vac + V (f )

• NC interaction results in overall phase

✘ Does not apply in presence of sterile νs

• Matter potential of electron density ne

V (f )
ee = ±

√
2Gf ne(x)

• Rediagonalisation of H(f ) required

ν(f )(x) = Ũ(x)ν(m̃)(x)

H(f ) =
1

2E
Ũ(x)M̃2(x)Ũ†(x)

νe e−

e− νe

W

να να

e−, n, p e−, n, p

Z
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Matter Effect 2

Rediagonalisation of H(f )

ν(f )(x) = Ũ(x)ν(m̃)(x)

H(f ) =
1

2E
Ũ(x)M̃2(x)Ũ†(x)

Time-evolution equation

i
dν(m̃)

dx
=

[
M̃2

2E
−i Ũ†(x)

dŨ(x)

dx

]
ν(m̃)(x)

• The second term describes change of mass eigenstates

• Adiabatic approximation: It can be neglected if

L =
4πE

∆M̃2
≪
(
d ln ne(x)

dx

)−1
→ Unitary evolution, magnitude of mass eigenstates unchanged
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Two Generations: e.g. Solar Neutrino

Effective mixing angle and mass in matter

sin(2θ̃) =
sin(2θ)√

sin2(2θ) + C 2

∆m̃2 = ∆m2
√
sin2(2θ) + C 2

with the parameter

C (x) = cos(2θ)− 2
√
2GFne(x)E

∆m2

• Matter effect breaks degeneracies: ∆m2 ↛ −∆m2 and

θ ↛ π
2 − θ

• Mikheyev-Smirnov-Wolfenstein (MSW) resonance C (x) = 0

⇒ ∆m2 cos(2θ) = 2
√
2GFne(x)E
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Global fit to neutrino oscillation experiments

Leptonic mixing (PMNS) matrix Uαi

interaction

eigenstates

νe
νµ
ντ

 =

Ue1 Ue2 Ue3

Uµ1 Uµ2 Uµ3

Uτ1 Uτ2 Uτ3


ν1
ν2
ν3

 mass eigenstates

with masses m1,m2,m3

3 angles θij , 1 Dirac phase δ and 2 Majorana phases αij

0.0 0.1 0.2 0.3 0.4 0.5 0.6 sin2 θij

θ12

θ13

θ23
NuFIT 5.1 (2021) w SK

0

π
2

π

3π
2

δ

Possibly explained by symmetry

|∆m2
3ℓ|

∆m2
21

-2.5-3-3.5-4-4.5
log10

∆m2
ij

eV2

∆m2
ij = m2

i −m2
j

ν1

ν3

ν2
∆m2

31

∆m2
21

normal ordering

ν1

ν2

ν3

∆m2
32

∆m2
21

inverted ordering

Neutrino oscillations independent of Majorana phases αij and absolute mass scale
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Global Fit to Neutrino Oscillation Experiments

Leptonic mixing (PMNS) matrix

 c12c13 s12c13 s13 e
− i δ

−c23s12 − s23s13c12 e
i δ c23c12 − s23s13s12 e

i δ s23c13
s23s12 − c23s13c12 e

i δ −s23c12 − c23s13s12 e
i δ c23c13



NuFIT 5.1 (2021)

w
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a
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Normal Ordering (best fit) Inverted Ordering (∆χ2 = 2.6)

bfp ±1σ 3σ range bfp ±1σ 3σ range

sin2 θ12 0.304+0.013
−0.012 0.269→ 0.343 0.304+0.012

−0.012 0.269→ 0.343

θ12/
◦ 33.44+0.77

−0.74 31.27→ 35.86 33.45+0.77
−0.74 31.27→ 35.87

sin2 θ23 0.573+0.018
−0.023 0.405→ 0.620 0.578+0.017

−0.021 0.410→ 0.623

θ23/
◦ 49.2+1.0

−1.3 39.5→ 52.0 49.5+1.0
−1.2 39.8→ 52.1

sin2 θ13 0.02220+0.00068
−0.00062 0.02034→ 0.02430 0.02238+0.00064

−0.00062 0.02053→ 0.02434

θ13/
◦ 8.57+0.13

−0.12 8.20→ 8.97 8.60+0.12
−0.12 8.24→ 8.98

δCP/
◦ 194+52

−25 105→ 405 287+27
−32 192→ 361

∆m2
21

10−5 eV2 7.42+0.21
−0.20 6.82→ 8.04 7.42+0.21

−0.20 6.82→ 8.04

∆m2
3`

10−3 eV2 +2.515+0.028
−0.028 +2.431→ +2.599 −2.498+0.028

−0.029 −2.584→ −2.413
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Normal Ordering (best fit) Inverted Ordering (∆χ2 = 7.0)

bfp ±1σ 3σ range bfp ±1σ 3σ range

sin2 θ12 0.304+0.012
−0.012 0.269→ 0.343 0.304+0.013

−0.012 0.269→ 0.343

θ12/
◦ 33.45+0.77

−0.75 31.27→ 35.87 33.45+0.78
−0.75 31.27→ 35.87

sin2 θ23 0.450+0.019
−0.016 0.408→ 0.603 0.570+0.016

−0.022 0.410→ 0.613

θ23/
◦ 42.1+1.1

−0.9 39.7→ 50.9 49.0+0.9
−1.3 39.8→ 51.6

sin2 θ13 0.02246+0.00062
−0.00062 0.02060→ 0.02435 0.02241+0.00074

−0.00062 0.02055→ 0.02457

θ13/
◦ 8.62+0.12

−0.12 8.25→ 8.98 8.61+0.14
−0.12 8.24→ 9.02

δCP/
◦ 230+36

−25 144→ 350 278+22
−30 194→ 345

∆m2
21

10−5 eV2 7.42+0.21
−0.20 6.82→ 8.04 7.42+0.21

−0.20 6.82→ 8.04

∆m2
3`

10−3 eV2 +2.510+0.027
−0.027 +2.430→ +2.593 −2.490+0.026

−0.028 −2.574→ −2.410

NuFIT 5.1
2007.14792
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Mass limit: tritium endpoint measurement

http://www.physics.utah.edu

http://www.katrin.kit.edu

If energy resolution worse than mass splitting

S(Ee ) ∝ (Q − Ee )
∑

j
U∗
ejUej

√
(Q − Ee )2 − m2

j

≃ (Q − Ee )

√
(Q − Ee )2 −

∑
j
U∗
ejUejm

2
j

KATRIN experiment 2105.08533√∑
i
|Uei |2m2

i ≤ 0.8 eV

ultimate sensitivity 0.2 eV

19
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Mass limit: neutrinoless double beta decay

2.0

1.5

1.0

0.5

0.0

d
N
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d
(
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/
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)

1.00.80.60.40.20.0
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x
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-
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1.101.000.90

K
e
/Q

hep-ph/0611243

e−

ν̄e

n p

e−
ν̄e

n p

e−

n p

e−

n p

ν̄e mββ ≡
∑

i U
2
eimi

2νββ 0νββ

10−2 =
N(0νββ)
N(2νββ)

10−6

kinetic energy of 2 electrons

T 0ν
1/2 ∝

1
|Mnucl|2

1

⟨mββ⟩2

76Ge: Gerda
136Xe: KamLAND-Zen, EXO
130Te: CUORE

Limit: |mββ | ≲ 0.06− 0.4eV

nuclear physics

lifetime
eff
ec
tiv
e n

eu
tri
no

ma
ss
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Mass Limits
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1505.02722

1309.5383

√∑
i

|Uei |2m2
i ≤ 0.8 eV KATRIN 2105.08533

mββ ≡
∑
i

U2
eimi < (0.2− 0.4) eV

GERDA, EXO,

KamLAND-Zen∑
cosm

≡
∑
i

mi ≲ (0.11− 0.54) eV Planck 1807.06209
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Open questions

• Are neutrinos their own antiparticles?

• What is the absolute neutrino mass scale?

• Normal [m1 < m3] vs. inverted [m3 < m1] mass ordering?

• What are the values of the remaining parameters?

• Is there anything beyond 3 neutrinos?

Theoretical questions

• Why are neutrinos so much lighter than all other matter?

• Is there any explanation for the mixing angles?

22
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Neutrino Mass

P. Dirac [Wikipedia]

Dirac neutrinos
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arXiv:1301.5516 [hep-ph]

125 GeV

• Effective Dirac mass term

Lν = −mDνN

• Dirac mass term in SM

Lν = −YDLHN
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Neutrino Mass

P. Dirac [Wikipedia]
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125 GeV

• Effective Dirac mass term

Lν = −mDνN

• Dirac mass term in SM

Lν = −YDLHN
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Neutrino Mass

P. Dirac [Wikipedia]
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Neutrino Mass

Majorana neutrinos

• Neutrino is its own

anti-particle

→ Majorana mass term

Lν = −1

2
mMνν

• Majorana mass term in SM

Lν = −κ

Λ
LHLH

Lα Lβ

⟨H⟩ ⟨H⟩

E. Majorana [Wikipedia]

Effective Operator

• It is an effective operator like

in Fermi theory of beta decay

[GF ∝ 1
m2

W
]

⇒ There is an underlying, more

fundamental theory.
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Seesaw Mechanism

N

L L

H H

Minkowski; Yanagida; Glashow;
Gell-Mann, Ramond, Slansky; Mohapatra, Senjanovic.

N ∼ (1, 1, 0)

−L = yDLNH + 1
2MNNN

At low energy scales µ ≪ M

⇒ L L

H H

mν = −yDM
−1yTD ⟨H⟩2
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Seesaw Mechanism

N

L L

H H

Minkowski; Yanagida; Glashow;
Gell-Mann, Ramond, Slansky; Mohapatra, Senjanovic.

N ∼ (1, 1, 0)

−L = yDLNH + 1
2MNNN

At low energy scales µ ≪ M

⇒ L L

H H

mν = −yDM
−1yTD ⟨H⟩2

• Two RH neutrinos N are

enough to explain data

• Typically three N

→ U(1)B−L is anomaly-free

• MN ∼ 1014 GeV, yD ∼ 1

⇓
mν ∼ 0.1eV 27



Grand Unification

• e.g. SO(10)Fritzsch,Minkowsi;Glashow 1973

• In SO(10) all SM fermions unified in

one 16 dimensional representation

• Including right-handed neutrinos

→ Seesaw mechanism naturally realised

→ Neutrinos have mass

⇒ Relations between

fermion masses

⇒ Unification of Yukawa

couplings more difficult

28



Type I Seesaw: Flavour Physics

• LFV rare decay µ → eγ

Br(µ → eγ) =
3α

32π

∣∣∣∣U∗
µiUei

m2
νi

m2
W

∣∣∣∣2 ≲ 10−54

• Constant term in mν drops out due to

GIM-mechanism (unitarity)

µ− e−

γ

N

W−

• Similarly for µ → 3e as well as τ decays

• No mentionable contribution to quark flavour physics

⇒ Not much to see!

⋆ This changes in extensions, e.g.

• in SUSY due to slepton soft mass terms

• in LR models due to RH gauge bosons

• in inverse seesaw with TeV scale masses due to larger couplings

→ LFV D6 operator can be large despite small LNV D5 operator

• . . .
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Inverse Seesaw

• Add three SM singlets S and no right-handed neutrino mass term

(
ν N S

)0 mD mνS

. 0 MNS

. . MSS


ν

N

S


• Light neutrino mass mν = mDS

ν +mLS
ν

Double seesawMohapatra; Mohapatra,Valle (1986)

mDS
ν = mD(M

−1T
NS MSSM

−1
NS )m

T
D

and linear seesawBarr (2004)

mLS
ν = −

[
mD

(
mνSM

−1
NS

)T

+
(
mνSM

−1
NS

)
mT

D

]
• If mDS

ν ≫ mLS
ν two interesting regimes:

1. Inverse seesaw: MSS ≪ mD ,MNS : Lepton number only broken

by MSS and thus naturally small, but large Yukawa couplings

2. MSS ∼ MPl , MNS ∼ MGUT , mD ∼ MZ

⇒ mN ∼ 1013 GeV, mν ∼ 1 eV

Note, if MNS ∝ mT
D , Dirac screening Smirnov (1993), Lindner, MS, Smirnov (2005) 30



Tree level: seesaws

H

L

H

L

Minkowski; Yanagida; Glashow;

Gell-Mann, Ramond, Slansky;

Mohapatra, Senjanovic.

SS I: N̄ ∼ (1, 1, 0)

yLHN̄ +mN̄N̄

H H

L L

Mohapatra, Senjanovic;

Magg, Wetterich;

Lazarides, Shafi, Wetterich;

Schechter, Valle.

SS II: ∆ ∼ (1, 2, 1)

yL∆L+ µH∆†H

H

L

H

L

Foot, Lew, He, Joshi.

SS III: Σ̄ ∼ (1, 3, 0)

yLHΣ̄ +mΣ̄Σ̄
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Loop level models: Examples [Zee, Cheng, Li, Babu]

Singly-charged scalar: fLLh+

Zee model

y ēϕ†L+ µh+∗Hϕ

L

H/Φ

H/Φ

L

h+ Φ/H

L ē

Zee-Babu model

g ē†ē†k++ + µh+h+k++∗

L L

h+h+

HH

L ē ē L

k++

32



∆L = 2 EFT operators [Babu, Leung, De Gouvea, Jenkins]

Zee model Zee-Babu model

O2= LiLjLk ēH lϵijϵkl O3a = LiLjQk d̄H lϵijϵkl O3a = LiLjQk d̄H lϵikϵjl

O4a = LiLjQ†i ū
†Hkϵjk O4b = LiLjQ†k ū

†Hkϵij O8 = Li d̄ ē†ū†H jϵij

O9= LiLjLk ēLl ēϵijϵkl O10 = LiLjLk ēQ l d̄ϵijϵkl

O11a = LiLjQk d̄Q l d̄ϵijϵkl O11b = LiLjQk d̄Q l d̄ϵikϵjl

O12a = LiLjQ†i ū
†Q†j ū

† O12b = LiLjQ†k ū
†Q†l ū

†ϵijϵ
kl

. . .

O59 = LiQ j d̄ d̄ ē†ū†HkH†i ϵjk O60 = Li d̄Q†j ū
†ē†ū†H jH†i

operators up to dimension 11 classified
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For details see review [Cai, Herrero-Garćıa, MS, Vicente, Volkas 1706.08524]

33

http://www.arxiv.org/abs/1706.08524
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A Closer Look at Flavour Structure

• Is there any pattern in the leptonic mixing (PMNS) matrix?

• Experimentally measured lepton mixing angles NuFIT 5.1 (2021) 2007.14792

• Tribimaximal mixing is a good starting point Harrison,Perkins,Scott (2002)

sin2 θ12 = 0.304+0.012
−0.012 sin2 θ12≡

1

3

sin2 θ23 = 0.450+0.019
−0.016 sin2 θ23≡

1

2

sin2 θ13 = 0.02246+0.00062
−0.00062 sin2 θ13≡ 0

→ However corrections necessary, particularly for θ13

Smaller than starting with no mixing in quark sector

• Symmetries work remarkably well for gauge interactions

→ Is there a symmetry [Li → UijLj ] in the lepton sector?

35
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Flavour Symmetry: Basic Picture

• Discrete symmetries work well e.g. A4

→ Angles predicted by symmetry breaking

Altarelli, Feruglio hep-ph/0512103; He, Keum, Volkas hep-ph/0601001

A4

Z3

charged lepton

Z2(×Z2)

neutrino

Breaking of symmetry Gf crucial

M.Holthausen,MS [JHEP 1201 (2012) 126]

• Breaking non-trivial: zero or random

mixing

• Correct breaking only if larger symmetry

Gf × Gf in scalar sector

⇒ Need mechanism to achieve alignment

36
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How to Test Flavour Symmetries?

Precise predictions [Gν = Z2 × Z2]

• Precise values of mixing

parameters:

→ For example tribimaximal mixing in

models based on A4, S4

s212 ≡
1

3
, s223 ≡

1

2
, s213 ≡ 0

Gf

Gℓ

charged lepton

Gν = Z2(×Z2)

neutrino

Sum rules [Gν = Z2]

• Relations between parameters:

→ One example is an atmospheric mixing sum rule:

sin θ23 −
1√
2
= λ sin θ13 cos δ + . . .

• The most common models predict λ = 1 or λ = −0.5
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Testing Sum Rules

Atmospheric Sum Rule
Ballett, King, Luhn, Pascoli, MS [Phys.Rev. D89 (2014) 016016]

a√
2
≡ sin θ23 −

1√
2
≈ 1 sin θ13 cos δ

-1
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c
o
s
δ
 (
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u
e
)

a (true)

LENF (mLAr)
LENF (MIND)

• 2σ and 3σ allowed regions

Solar Sum Rule
Ballett, King, Luhn, Pascoli, MS [J.Phys.Conf.Ser. 598 (2015) 012014]
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A5 Te S2
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• Solar sum rules, e.g. A4 Tα − S2

sin θ12 −
1√
3
=

√
2

2− sin2 θ13
− 1

• 5σ allowed regions

• Clear separation of predictions
Overlapping solar sum rules have

different atmospheric sum rule
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Baryogenesis

Goal: Explain matter-antimatter asymmetry dynamically

ηB =
nB − nB̄

nγ

∣∣∣∣
0

= (6.21± 0.16)× 10−10

Y∆B =
nB − nB̄

s

∣∣∣
0
= (8.75± 0.23)× 10−11

Sakharov Conditions

1. �B: Baryon number violation

SM: Electroweak sphalerons (non-perturbative field configuration)

2. �C ,��CP: C and CP violation

• �C : production of baryons as efficient as anti-baryons

• ��CP: production of left-handed baryons as efficient as

right-handed anti-baryons

SM: CP violation in quark sector (CKM phase) → too small

3. Out-of-equilibrium: Otherwise reverse process immediately destroys

asymmetry

SM: Electroweak phase transition → too weak
40
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Thermal Leptogenesis [Fukugita, Yanagida (1986)]

RH neutrinos are Majorana

particles and can decay to

both leptons and anti-leptons

N1

H

Lα

yD N1

H

Lα

y∗D

⇒ �L: Violation of lepton number L and hence B − L

⇒ Sphalerons violate ���B + L and thus no-zero B produced

10
-1

10
0

10
1

10
2

10
3

10
-4

10
-3

10
-2

10
-1

10
0

10
-1

10
0

10
1

10
2

10
3

10
-4

10
-3

10
-2

10
-1

10
0

Z
d

Zd

K=10
-2

N
N

1

eq

 numerical

 analytical

K=10
-4

 

N
N

1

|κ
|x

1
0

-2

z=M
1
/T hep-ph/0401240

n
u
m
b
er

d
en
si
ty

time →

If yD ≪ 1 N long-lived,

then out-of-equilibrium

decay

K ≡ ΓN1(z = ∞)

H(z = 1)
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CP violation

• No C and CP violation at tree-level, because |M|2 ∝ |yD |2

• Interference of tree-level diagram with loop diagrams ⇒ ��CP

N

H

Lα

N2L

H

N

H

Lα

H

L

N2

• CP asymmetry: ϵ = Γ(N1→HL)−Γ(N1→H̃L̄)

Γ(N1→HL)+Γ(N1→H̃L̄)

• Efficiency factor: 0 < η < 1

• Baryon asymmetry Y∆B ≃ 135ζ(3)

4π2g∗
× ϵ× η × C

First factor is equilibrium number density of N1/s for T ≫ M1

g∗ relativistic degrees of freedom

C redistribution of asymmetry due to fast processes

Simplified discussion neglected other processes, washout effects, flavour effects
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Questions?
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Mixing in the Lepton Sector

pontecorvo.jinr.ru

Pontecorvo-Maki-Nakagawa-Sakata (PMNS) ma-

trix describes mixing in the lepton sector:

U = V · diag(e− iφ1/2, e− iφ2/2, 1)

with (sij = sin θij , cij = cos θij)

V =

 c12c13 s12c13 s13 e
− i δ

−c23s12 − s23s13c12 e
i δ c23c12 − s23s13s12 e

i δ s23c13

s23s12 − c23s13c12 e
i δ −s23c12 − c23s13s12 e

i δ c23c13


• Three mixing angles θ12, θ13, and θ23 [Euler angles]

• One Dirac CP phase δ

• Possibly two Majorana CP phases φ1,2, if neutrinos are their

own antiparticles

pontecorvo.jinr.ru


Casas-Ibarra ParameterisationCasas, Ibarra (2001)

It is possible to invert the type-I seesaw formula

mν = −mDM
−1mT

D

In the mass basis of charged leptons and right-handed neutrinos,

the PMNS matrix U diagonalises mν ,

Dmν = UTmνU = −UTmDD
−1√
M
D−1√

M
mT

DU

and thus

1 =
[
iD−1√

M
mDUD

−1/2
ν

]T [
iD−1√

M
mDUD

−1/2
ν

]
The combination in brackets is a complex symmetric matrix

RTR = 1 and therefore

mD = yD ⟨H⟩ = −i D√MRD√mν
U†
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