
Heavy Quark Physics
Paolo Gambino

Università di Torino & INFN Torino
Technische Universität München

FPCP School, Lyon, 26-27 May 2023



Plan of lectures

• Flavour structure of the SM: CKM matrix and 
parametrisations, FCNC, CP violation, GIM, examples.

• The Weak Effective Lagrangian, Wilson coefficients, 
RGE: a simple 1loop example 

• Heavy Quark Symmetry and HQET

• Semileptonic decays, form factor parametrisations, 
unitarity constraints, inclusive decays
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Flavour in the SM

Three identical generations: huge flavour symmetry, U(3)5=U(3)Q x
U(3)U xU(3)D xU(3)L xU(3)LR , broken by Yukawa interactions

CP Yu,d must  be complex for CP violation

Indeed,  h.c. means but
CP

Fermionic fields: QL, UR, DR, LL, ER

�̃ = i⌧2�
†

LSM = Lkinetic + Lgauge + LHiggs + LYukawa



Upon SSB,  with  GeV , the two Yu,d become mass 
matrices: they are arbitrary 3x3 complex matrices, diagonalized by a biunitary 
transf

⟨ϕ⟩ = (0,v/ 2)T v ∼ 174

Flavour in the SM (II)

The CKM matrix

In the quark sector only 3 of the 4 unitary matrices can be chosen arbitrarily, 
thanks to the flavour symmetry of the kin Lagrangian.

Choosing the basis where Yu is diagonal,  Yd=V diag(md, ms,mb)/v 

and the mass eigenstates differ from the “weak” eigenstates d’,s’,b’.



Neutral currents  (GIM) conserve flavour at lowest order

Charged currents

How many parameters?
U(3)Q x U(3)U x U(3)D → U(1)B  by Yukawa interactions 

Yu and Yd involve 36 parameters, not all physical.  Think of  Yukawa couplings as spurions (non-dynamical 
fields) that break the global symmetry: you can choose freely the elements of three 3x3 unitary matrices 

except one. 3x9-1=26 components of  YD,YU are unphysical:  only 10=6 masses + 3 angles +1 phase remain

Weak and mass 
eigenstates

€ 

Jµ
em = Qq

q
∑ qLγµqL + qRγµqR( )

does not change flavour; similar for JZ
μ



Standard Parametrization

3 angles + 1 phase

The form of  V is not unique
a diagonal phase transf changes it

To excellent accuracy (Vub is 4x10-3)

sine of Cabibbo angle, ~0.2

d                   s                   b

u
c
t

~0.004 ~0.04



Wolfenstein parametrization
V has a hierarchical structure

λ~0.22,       A,   ρ,  η  are  O(1)
To improve the accuracy, define to all orders in λ





Tree-level decays

Unitarity relations, e.g. |Vud|2 + |Vus|2 + |Vub|2 = 1

experiment + lattice QCD etc

diagrams from 
A. Buras lectures

become very precise, the uncertainties in |Vcs| = 0.982(10)exp(2)lat and
|Vcd| = 0.2181(49)exp(7)lat [15] are dominated by experiment. These re-
sults are consistent with Eqs. (4,5). FLAG has performed a combined fit to
lattice and experimental data for the two D semileptonic decays that yields
|Vcs| = 0.971(7) and |Vcd| = 0.234(7) [11], but |Vcd| is about 2� above its
D ! µ⌫ value. Averaging all these results, one can check the unitarity of
the second row of the CKM matrix [11],

⌃2 = |Vcd|2 + |Vcs|2 + |Vcb|2 = 1 + 0.001(11), (7)

where again the last term in the sum is negligible at the present accuracy.
Neutrino Deep Inelastic Scattering is also used to extract a consistent but
less precise value of |Vcd|. The second row of V̂CKM appears to be consistent
with unitarity, but the accuracy is much lower than for the first row.

0.0.2 Determination of Vcb and Vub

The magnitudes of two of the elements of the CKM matrix, |Vub| and |Vcb|,
can be directly extracted from semileptonic b-hadron (mostly B meson) de-
cays. In exclusive decays one looks at specific hadronic final states, while
inclusive decays sum over all decays channels to a certain flavour (i.e. b ! c).
Inclusive and exclusive semileptonic decays are subject to very di↵erent the-
oretical and experimental systematics, see Refs. [19, 20] for recent reviews.

The results of the B factories, analysed in the light of the most recent
theoretical calculations, are puzzling, because – especially for |Vcb| – the
determinations from exclusive and inclusive decays are in strong tension,
and despite recent new experimental and theoretical results the situation
remains unclear. While in principle New Physics may explain the tensions, it
is significantly constrained by the measured di↵erential distributions in B !
D

(⇤)
`⌫ [21] and, in the context of the SM E↵ective Theory or SMEFT, by

LEP data [22]. This tension is all the more relevant as measurements in the
semitauonic channels at Belle, Babar, and LHCb show discrepancies with the
SM predictions, pointing to a possible violation of lepton-flavor universality.
This Vcb puzzle casts a shadow on our understanding of semitauonic decay as
well. The inability to determine precisely Vcb also hampers significantly NP
searches in FCNC processes: the uncertainty on the value of Vcb dominates
the theoretical uncertainty in the SM predictions for several observables,
from "K to the branching fraction of Bs ! µ

+
µ
�.

Our understanding of inclusive semileptonic B decays, see also Sec.??, is
based on a simple idea: since inclusive decays sum over all possible hadronic
final states, the quark in the final state hadronizes with unit probability
and the transition amplitude is sensitive only to the long-distance dynamics
of the initial B meson. Thanks to the large hierarchy between the typical
energy release, of O(mb), and the hadronic scale ⇤QCD, and to asymptotic
freedom, any residual sensitivity to non-perturbative e↵ects is suppressed by

5

|Vud |2 + |Vus |2 + |Vub |2 = 0.9985(5)

and similarly neutron or 
nuclear  decay for Vudβ

and similarly D decay
 for Vcd and Vcs



A Cabibbo anomaly?

0.960 0.965 0.970 0.975
0.220

0.222

0.224

0.226

0.228

Vud

V u
s

Most precise det. of  Vud comes from superallowed Fermi ( ) transitions:
                                    

Semileptonic K decays ( ) + LQCD give  

Muonic K ( ) over  decays + LQCD give

Deviations from unitarity could be due to NP, underestimated uncertainties 
(nuclear structure, QED, …) or experimental problems.

0+ → 0+

|Vud | = 0.97367(32)
Kℓ3 |Vus | = 0.2231(4)(4)

Kμ2 π |Vus/Vud | = 0.2311(5)

Unitarity

Cirigliano et al., 2208.11707



Unitarity Triangles

area= measure  
of CPV

€ 

V jiV jk
* = δik

In this case all sides are O(λ3)

Rb = VudVub

VcdVcb
∼ 0.4

In the phase convention of the Standard Parametrisation, the angles   and  
correspond to the phases of  and 

NB  of the standard parametrisation

β γ
Vtd Vub : Vub = |Vub |e−iγ, Vtd = |Vtd |e−iβ

γ = δ

CP conserving processes 
constrain CP violation!

mixing and CP linked Rb

Rt



UT fit 2022

from CP asymmetry in
B→J/! KS (mostly)
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FIG. 4. ⇢̄-⌘̄ planes with the SM global fit results in various configurations. The black contours display the 68% and 95%
probability regions selected by the given global fit. The 95% probability regions selected are also shown for each constraint
considered. Top-Left: full SM fit; Top-Right: fit using as inputs the “tree-only” constraints; Bottom-Left: fit using as inputs
only the angle measurements; Bottom-Right: fit using as inputs only the side measurements and the mixing parameter "K in
the kaon system.

fit configuration ⇢̄ ⌘̄

full SM fit 0.161(10) 0.347(10)

tree-only fit ±0.158(26) ±0.362(27)

angle-only fit 0.156(17) 0.334(12)

no-angles fit 0.157(17) 0.337(12)

TABLE IX. Results for the ⇢̄ and ⌘̄ values as extracted from the various fit configurations. The Universal Unitarity Triangle
(UUT) fit includes the three angles inputs and the semileptonic ratio |Vub/Vcb| [91].

1. By fitting the “tree-only” constraints, i.e. processes for which a contribution from new physics is with the
highest probability absent, we test the possibility that all the sources of CP violation come from physics beyond
the SM. The results shown in the top-right panel, which have a two-fold sign ambiguity in the ⇢̄-⌘̄ values, show
that the SM alone contributes to the largest part of the observed CP violation at low energy;

2. We analysed the results that can be obtained by using only the information coming from the measured angles,
“angle-only” fit, bottom-left panel;

3. We analysed the results that can be obtained from the triangle sides fit and ", “sides+ "K” fit, bottom-right
panel.

ρ̄ = 0.161(10) η̄ = 0.347(10)
A = 0.828(11) λ = 0.2252(8)

sin 2βfit = 0.736(28) sin 2βexp = 0.688(20)
Example of comparison between prediction and exp value

Similar results from 
CKMFitter collaboration
http://ckmfitter.in2p3.fr

2212.03894

http://ckmfitter.in2p3.fr
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FIG. 5. Pull plots (see text) for sin 2� (top-left), ↵ (top-centre), � (top-right), |Vub| (bottom-left) and |Vcb| (bottom-right) inputs.
The crosses represent the input values reported in Table I. In the case of |Vub| and |Vcb| the x and the * represent the values
extracted from exclusive and inclusive semileptonic decays respectively.

We observe that there is not a particular bias from either case forcing the global fit to fill a specific region of the
plane, all fits prefer essentially the same region in the ⇢̄-⌘̄ plane. We want also to give the CKM matrix in all its glory

VCKM =

0

B@
0.97431(19) 0.22517(81) 0.003715(93) e�i(65.1(1.3))o

�0.22503(83) e+i(0.0351(1))o 0.97345(20) e�i(0.00187(5))o 0.0420(5)

0.00859(11) e�i(22.4(7))o �0.04128(46) e+i(1.05(3))o 0.999111(20)

1

CA . (33)

From the global fit we also obtain

� = 0.22519(83) , A = 0.828(11) . (34)

Several other quantities that we have analysed in our fit can be found in TableX andXI in the Appendix.

A. Pull plots and allowed regions

For a given quantity x, the compatibility between its UTA prediction x̄, given in Table I, and its direct measurement
x̂ is obtained integrating the probability density function (pdf) p(x̄ � x̂), in the region for which it acquires values
smaller than p(0), namely the region for which the pdf value is smaller than that of the case x̄ = x̂, i.e., when the
measurement matches the prediction. This two-sided p-value is then converted to the equivalent number of standard
deviations for a Gaussian distribution. When x̄� x̂ is distributed according to a Gaussian p.d.f, this quantity coincides
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FIG. 4. ⇢̄-⌘̄ planes with the SM global fit results in various configurations. The black contours display the 68% and 95%
probability regions selected by the given global fit. The 95% probability regions selected are also shown for each constraint
considered. Top-Left: full SM fit; Top-Right: fit using as inputs the “tree-only” constraints; Bottom-Left: fit using as inputs
only the angle measurements; Bottom-Right: fit using as inputs only the side measurements and the mixing parameter "K in
the kaon system.

fit configuration ⇢̄ ⌘̄

full SM fit 0.161(10) 0.347(10)

tree-only fit ±0.158(26) ±0.362(27)

angle-only fit 0.156(17) 0.334(12)

no-angles fit 0.157(17) 0.337(12)

TABLE IX. Results for the ⇢̄ and ⌘̄ values as extracted from the various fit configurations. The Universal Unitarity Triangle
(UUT) fit includes the three angles inputs and the semileptonic ratio |Vub/Vcb| [91].

1. By fitting the “tree-only” constraints, i.e. processes for which a contribution from new physics is with the
highest probability absent, we test the possibility that all the sources of CP violation come from physics beyond
the SM. The results shown in the top-right panel, which have a two-fold sign ambiguity in the ⇢̄-⌘̄ values, show
that the SM alone contributes to the largest part of the observed CP violation at low energy;

2. We analysed the results that can be obtained by using only the information coming from the measured angles,
“angle-only” fit, bottom-left panel;

3. We analysed the results that can be obtained from the triangle sides fit and ", “sides+ "K” fit, bottom-right
panel.

Only angles
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FIG. 5. Pull plots (see text) for sin 2� (top-left), ↵ (top-centre), � (top-right), |Vub| (bottom-left) and |Vcb| (bottom-right) inputs.
The crosses represent the input values reported in Table I. In the case of |Vub| and |Vcb| the x and the * represent the values
extracted from exclusive and inclusive semileptonic decays respectively.

We observe that there is not a particular bias from either case forcing the global fit to fill a specific region of the
plane, all fits prefer essentially the same region in the ⇢̄-⌘̄ plane. We want also to give the CKM matrix in all its glory

VCKM =

0

B@
0.97431(19) 0.22517(81) 0.003715(93) e�i(65.1(1.3))o

�0.22503(83) e+i(0.0351(1))o 0.97345(20) e�i(0.00187(5))o 0.0420(5)

0.00859(11) e�i(22.4(7))o �0.04128(46) e+i(1.05(3))o 0.999111(20)

1

CA . (33)

From the global fit we also obtain

� = 0.22519(83) , A = 0.828(11) . (34)

Several other quantities that we have analysed in our fit can be found in TableX andXI in the Appendix.

A. Pull plots and allowed regions

For a given quantity x, the compatibility between its UTA prediction x̄, given in Table I, and its direct measurement
x̂ is obtained integrating the probability density function (pdf) p(x̄ � x̂), in the region for which it acquires values
smaller than p(0), namely the region for which the pdf value is smaller than that of the case x̄ = x̂, i.e., when the
measurement matches the prediction. This two-sided p-value is then converted to the equivalent number of standard
deviations for a Gaussian distribution. When x̄� x̂ is distributed according to a Gaussian p.d.f, this quantity coincides

All hadronic parameters are extracted from data on BR and CP asymmetries
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FIG. 4. ⇢̄-⌘̄ planes with the SM global fit results in various configurations. The black contours display the 68% and 95%
probability regions selected by the given global fit. The 95% probability regions selected are also shown for each constraint
considered. Top-Left: full SM fit; Top-Right: fit using as inputs the “tree-only” constraints; Bottom-Left: fit using as inputs
only the angle measurements; Bottom-Right: fit using as inputs only the side measurements and the mixing parameter "K in
the kaon system.

fit configuration ⇢̄ ⌘̄

full SM fit 0.161(10) 0.347(10)

tree-only fit ±0.158(26) ±0.362(27)

angle-only fit 0.156(17) 0.334(12)

no-angles fit 0.157(17) 0.337(12)

TABLE IX. Results for the ⇢̄ and ⌘̄ values as extracted from the various fit configurations. The Universal Unitarity Triangle
(UUT) fit includes the three angles inputs and the semileptonic ratio |Vub/Vcb| [91].

1. By fitting the “tree-only” constraints, i.e. processes for which a contribution from new physics is with the
highest probability absent, we test the possibility that all the sources of CP violation come from physics beyond
the SM. The results shown in the top-right panel, which have a two-fold sign ambiguity in the ⇢̄-⌘̄ values, show
that the SM alone contributes to the largest part of the observed CP violation at low energy;

2. We analysed the results that can be obtained by using only the information coming from the measured angles,
“angle-only” fit, bottom-left panel;

3. We analysed the results that can be obtained from the triangle sides fit and ", “sides+ "K” fit, bottom-right
panel.

Tree level UT:  γ and |Vub|/|Vcb| can 
determine the UT precisely in a way 
independent of loop induced New 
Physics

Belle-II+LHCb dream scenario

Tree-level UT



CP violation in the SM
• It is non-trivially linked to flavour violation, generally NP has 

flavour diagonal CPV

• CP is not violated in the SM lepton sector, although with 
masses CPV becomes inevitable

• CKM phase is the only source of CPV in the quark sector.  In 
particular, the phase is the same in K and B decays. NP can only 
lead to small modifications.

• CPV appears in charged currents and FCNC only.  Again this is a 
strong constraint on NP (eg. no electric dipole moment has 
been measured yet)

• the CKM phase is not sufficient to explain baryogenesis and the 
asymmetry between matter and antimatter in the Universe.  
There must be sources of CPV beyond the CKM phase.

ν



• Nonperturbative QCD effects induce 

• This term violates CP, is flavour diagonal, and 
induces an electric dipole moment in the neutron, 
dN <10-25 e cm, from which 

• Such a small value is unnatural and is not 
protected by any symmetry. One would expect 
ϑQCD=O(1), unless one of the quark mass is zero, 
but this cannot be.

• Possible solutions involve a new spontaneously 
broken global symmetry, whose Goldstone boson 
is the axion (Peccei-Quinn mechanism ) or 
spontaneously broken CP. 

Strong CP Problem



FCNC
• The CKM mechanism forbids FCNC at tree level (GIM, Glashow 

Iliopoulos Maiani 1970)

• Beyond tree level, GIM guarantees additional suppression of  
ΔS=1,2 transitions, that are O(GF2 m2) rather than O(GF α). 

A. Buras



Systematics of FCNC: boxes & penguins

eg CP violation in K decay (ε’)

rare K and B decays
New Physics may contribute 

at the same level as SM
and may not undergo the same

CKM suppression… 
A. Buras, lectures 



+ other similar diagrams



Decoupling
• Decoupling theorem: the effects of heavy particles in a 

renormalisable theory are power-suppressed (up to a 
redefinition of the couplings) if the theory remains 
renormalizable and no coupling is proportional to the heavy 
masses.  Appelquist,Carazzone, 1974 

• Examples: QCD with/without top, QED at low energy.    These 
are QFT valid at energies below a scale Λ, they are effective field 
theories 

• The SM is a renormalizable effective theory: it is 
screened from new physics effects.

SMEFT
Wilson coefficients



Separating scales: the idea behind effective theories 
Multipole Expansion in Electrostatics 5

Fig. 2.1 The electric field and potential lines for two point charges of the same sign. The

right figure is given by zooming out the left figure.

are a tiny correction to the energies. But they are the leading contribution to atomic
parity violation e↵ects. The reason is that the strong and electromagnetic interactions
conserve parity. Thus the relative size of various higher-order contributions depends
on the quantity being computed—there is no universal rule that can be unthinkingly
followed in all examples. Even in the simple hydrogen atom example, we have multiple
expansion parameters me/mp, ↵, and mp/MW .

2.2 Multipole Expansion in Electrostatics

A second familiar example is the multipole expansion from electrostatics,

V (r) =
1

r

X

l,m

blm
1

rl
Ylm(⌦) , (2.2)

which will illustrate a number of useful points. A sample charge configuration with its
electric field and equipotential lines is shown in Fig. 2.1.

While the discussion below is in the context of the electrostatics example, it holds
equally well for other EFT examples. If the typical spacing between charges in Fig. 2.1
is of order a, eqn (2.2) can be written as

V (r) =
1

r

X

l,m

clm
⇣a

r

⌘l
Ylm(⌦) , blm ⌘ clmal , (2.3)

using dimensionless coe�cients clm.

• As written, eqn (2.3) has two scales r and a, with r � a. r is the long-distance, or
infrared (IR) scale, and a is the short-distance or ultraviolet (UV) scale. The small
expansion parameter is the ratio of the IR and UV scales � = a/r. The expansion
is useful if the two scales are widely separated, so that � ⌧ 1. We often work in
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Fig. 2.2 A charge distribution with two intrinsic scales: d, the size of each clump, and a,

the distance between clumps.

there is a short distance scale d that must be extracted from the data. d can be easily
determined by making measurements at shorter distances (higher energies) d ⌧ r ⌧ a,
i.e. if one is allowed to measure the electrostatic potential between the two clumps of
charges.

Multiscale problems are common in EFT applications. The Standard Model EFT
(SMEFT) is an EFT used to characterize BSM physics. The theory has a scale ⇤,
of order a few TeV, which is the expected scale of BSM physics in the electroweak
sector, as well as higher scales ⇤/L and ⇤/B at which lepton and baryon number are
broken. �PT has the scales m⇡ ⇠ 140 MeV, mK ⇠ 500 MeV and the chiral symmetry
breaking scale ⇤� ⇠ 1 GeV. HQET has the scales mb, mc and ⇤QCD. EFT methods
allow us to separate scales in a multi-scale problem, and organize the calculation in a
systematic way.

2.3 Fermi Theory of Weak Interactions

The Fermi theory of weak interactions [30] is an EFT for weak interactions at energies
below the W and Z masses. It is a low-energy EFT constructed from the SM. The
EFT power counting parameter is � = p/MW , where p is of order the momenta of
particles in the weak decay. For example, in µ decay, p is of order the muon mass. In
hadronic weak decays, p can be of order the hadron (or quark) masses, or of order
⇤QCD. The theory also has the usual perturbative expansions in ↵s/(4⇡) and ↵/(4⇡).
Historically, Fermi’s theory was used for weak decay calculations even when the scales
MW and MZ were not known. We will construct the Fermi interaction in Sec. 4.8.
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Fig. 2.1 The electric field and potential lines for two point charges of the same sign. The

right figure is given by zooming out the left figure.

are a tiny correction to the energies. But they are the leading contribution to atomic
parity violation e↵ects. The reason is that the strong and electromagnetic interactions
conserve parity. Thus the relative size of various higher-order contributions depends
on the quantity being computed—there is no universal rule that can be unthinkingly
followed in all examples. Even in the simple hydrogen atom example, we have multiple
expansion parameters me/mp, ↵, and mp/MW .

2.2 Multipole Expansion in Electrostatics

A second familiar example is the multipole expansion from electrostatics,

V (r) =
1
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X

l,m

blm
1

rl
Ylm(⌦) , (2.2)

which will illustrate a number of useful points. A sample charge configuration with its
electric field and equipotential lines is shown in Fig. 2.1.

While the discussion below is in the context of the electrostatics example, it holds
equally well for other EFT examples. If the typical spacing between charges in Fig. 2.1
is of order a, eqn (2.2) can be written as

V (r) =
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Ylm(⌦) , blm ⌘ clmal , (2.3)

using dimensionless coe�cients clm.

• As written, eqn (2.3) has two scales r and a, with r � a. r is the long-distance, or
infrared (IR) scale, and a is the short-distance or ultraviolet (UV) scale. The small
expansion parameter is the ratio of the IR and UV scales � = a/r. The expansion
is useful if the two scales are widely separated, so that � ⌧ 1. We often work in
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Multiscale problem: 
 

After Fourier transf
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Fermi Lagrangian
Describes very well weak decays of muons, kaons, charm…

 Taylor expanding the W propagator

   local dim 6 operator 

Wilson coefficient contains short distance info (MW)
QCD, QED, higher order EW effects can all be considered.

A systematic expansion in powers of MW  
What do we do with loops?
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c

s

u

d

W

c

s

u

d

W

(a) (b)

c

s

u

d

W

c

s

u

d

W

(c) (d)
c

s

u

d

c

s

u

d

(e) (f)
c

s

u

d

c

s

u

d

(g) (h)

Figure 4: Diagrams relevant for c ! sud transitions in the full and e↵ective theory,
including leading order QCD corrections. See the text for details.
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The crucial problem

A. Buras

MW ≫ mb ≫ ΛQCD ΛNP ≫ mb ≫ ΛQCD



B-B box calculation
_

Illustration of GIM mechanism, example of reduction to 
effective theory (calculation of  Wilson coefficient at 
lowest order)

Effective theory allows for precise SM calculations and 
for straightforward parameterization of new physics 



CKM factor :    one for each quark line

Unitarity implies  

similarly : for degenerate up quarks amplitude vanishes (GIM)

Of course  hence loop function 

where  and we neglected external momenta . 

For up and charm , 

λi = V*ibVid

∑
i

V*ibVid = ∑
i

λi = λu + λc + λt = 0

∑
i,j

λiλj = 0

mu ≠ mc ≠ mt

+(i, j) = +(p, mi, mj, MW) ≃ GFF(xi, xj)

xi = m2
i

M2
W

|pμ | ≪ MW

xu,c ≪ 1 F(u, u) ≃ F(c, c) ≃ F(u, c) ≃ F(0,0)

Figure 1: (a) shows one of the box diagrams contributing to the B0 → B̄0 transition at
leading order, whereas (b) depicts an example of an electroweak two-loop correction to this
process which may be seizable in the large Mt limit.

at LO no renormalization prescription for g is needed, so one can use the numerical
value of g in any renormalization scheme. For example, the difference between g4

at the scale MZ calculated from sin2 θefflept = 0.23155 [7] and α(MZ) = (128.9)−1 [8],

or from the relation g2 = 8M2
W
Gµ/

√
2 amounts to about 2.5%. As noted in [9],

such ambiguity reflects the uncertainty of the LO result due to the uncalculated
electroweak two-loop correction, and it already exceeds the existing perturbative
QCD uncertainty mentioned above. In a similar way, if we express the LO result in
terms of the MS coupling ĝ(µ), and change the scale µ between MW/2 and 2MW ,
we obtain a 5% variation, a normalization ambiguity which is almost completely
removed by the consideration of two-loop electroweak effects.

• Possible large corrections due to a heavy top. The coupling of the Higgs particle to
the top quark is proportional to gMt/MW . Since gMt/MW ≈ gs at the scale MZ,
from diagrams like the one in Fig. 1b one can expect large contributions of roughly
the same order of magnitude as the QCD corrections.

• Performing a complete two-loop electroweak calculation. Despite recent efforts, there
exist very few nearly complete electroweak calculations at the two-loop level [10],
and many available results rely on heavy mass expansions [11–14], which are known
to work very well in specific examples [14, 15]. In other cases (e. g. the important
two-loop QED corrections to muon decay [16] and some electroweak corrections to
B → Xsγ computed in [17]), only gauge-invariant subsets of diagrams have been
considered. Similarly to the case of the anomalous magnetic moment of the muon

3

qi qj
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W )
2

b̄Lγμ i(k/ + mt)
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W)2

γμγαγν = gμαγν + gναγμ − gμνγα − iϵμναβγ5γβ
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at LO no renormalization prescription for g is needed, so one can use the numerical
value of g in any renormalization scheme. For example, the difference between g4

at the scale MZ calculated from sin2 θefflept = 0.23155 [7] and α(MZ) = (128.9)−1 [8],

or from the relation g2 = 8M2
W
Gµ/

√
2 amounts to about 2.5%. As noted in [9],

such ambiguity reflects the uncertainty of the LO result due to the uncalculated
electroweak two-loop correction, and it already exceeds the existing perturbative
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we obtain a 5% variation, a normalization ambiguity which is almost completely
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• Possible large corrections due to a heavy top. The coupling of the Higgs particle to
the top quark is proportional to gMt/MW . Since gMt/MW ≈ gs at the scale MZ,
from diagrams like the one in Fig. 1b one can expect large contributions of roughly
the same order of magnitude as the QCD corrections.

• Performing a complete two-loop electroweak calculation. Despite recent efforts, there
exist very few nearly complete electroweak calculations at the two-loop level [10],
and many available results rely on heavy mass expansions [11–14], which are known
to work very well in specific examples [14, 15]. In other cases (e. g. the important
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we obtain a 5% variation, a normalization ambiguity which is almost completely
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• Possible large corrections due to a heavy top. The coupling of the Higgs particle to
the top quark is proportional to gMt/MW . Since gMt/MW ≈ gs at the scale MZ,
from diagrams like the one in Fig. 1b one can expect large contributions of roughly
the same order of magnitude as the QCD corrections.

• Performing a complete two-loop electroweak calculation. Despite recent efforts, there
exist very few nearly complete electroweak calculations at the two-loop level [10],
and many available results rely on heavy mass expansions [11–14], which are known
to work very well in specific examples [14, 15]. In other cases (e. g. the important
two-loop QED corrections to muon decay [16] and some electroweak corrections to
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B̄ − B
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eff O(1/M4

W)
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The  mixing amplitude could be computed  from

  + higher dim

but what about the matrix elements of these operators?  
and how is all this modified by gluon exchanges?

B̄ − B
ℒΔB=2

eff,NP = − 1
Λ2

NP
∑

i
Ci Qi
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electroweak two-loop correction, and it already exceeds the existing perturbative
QCD uncertainty mentioned above. In a similar way, if we express the LO result in
terms of the MS coupling ĝ(µ), and change the scale µ between MW/2 and 2MW ,
we obtain a 5% variation, a normalization ambiguity which is almost completely
removed by the consideration of two-loop electroweak effects.

• Possible large corrections due to a heavy top. The coupling of the Higgs particle to
the top quark is proportional to gMt/MW . Since gMt/MW ≈ gs at the scale MZ,
from diagrams like the one in Fig. 1b one can expect large contributions of roughly
the same order of magnitude as the QCD corrections.

• Performing a complete two-loop electroweak calculation. Despite recent efforts, there
exist very few nearly complete electroweak calculations at the two-loop level [10],
and many available results rely on heavy mass expansions [11–14], which are known
to work very well in specific examples [14, 15]. In other cases (e. g. the important
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freedom. In the case at hand the effective theory is constructed by integrating out the W field

only. The matching procedure which gives the values of C1 and C2 proceeds in three steps

[61]. The explicit three steps presented below are sufficient for the subsequent summation of

the leading logarithms or equvalently for the leading term of the RG improved perturbation

theory. We will generalize these steps in the next section in order to be able to include also

the NLO term in this expansion.

Here we go:

Step 1: Calculation of Afull

The current-current diagrams of fig. 15 (a)–(c) and their symmetric counterparts, give for

the full amplitude Afull to O(αs) (mi = 0, p2 < 0):

Afull =
GF√

2
V ∗

csVud

[(

1 + 2CF
αs

4π
(
1

ε
+ ln

µ2

−p2
)

)

S2 +
3

N

αs

4π
ln

M2
W

−p2
S2

−3
αs

4π
ln

M2
W

−p2
S1

]
(5.23)

Here:

S1 ≡ 〈Q1〉tree = (s̄αcβ)V −A(ūβdα)V −A (5.24)

S2 ≡ 〈Q2〉tree = (s̄αcα)V −A(ūβdβ)V −A (5.25)

are just the tree level matrix elements of Q1 and Q2. A few comments should be made.

• We use the term “amplitude” in the meaning of an “amputated Green function” (multi-

plied by ”i”). Correspondingly operator matrix elements are amputated Green functions

with operator insertion. Thus gluonic self energy corrections on external legs are not

included.

W

g

(a)

Wg

(b)

W g

(c)

Figure 15: One-loop current-current diagrams in the full theory.

• For simplicity we have chosen all external momenta p to be equal and set all quark

masses to zero. As we will see below this choice has no impact on the coefficients Ci.
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EFT with loops
A simple but nontrivial example:  nonleptonic c decay c → sd̄u

W

c s

d u

(a)

c s

d u

(b)

Figure 14: c → sud̄ at the Tree-Level.

=
GF√

2
V ∗

csVud(s̄c)V −A(ūd)V −A + O(
k2

M2
W

) (5.1)

where

(s̄c)V −A ≡ s̄γµ(1 − γ5)c . (5.2)

Since k, the momentum transfer through the W propagator, is very small as compared to

MW, terms of the order O(k2/M2
W ) can safely be neglected and the full amplitude A can be

approximated by the first term on the r.h.s of (5.1). Now the result in (5.1) may also be

obtained from

Heff =
GF√

2
V ∗

csVud(s̄c)V −A(ūd)V −A + High D Operators, (5.3)

where the higher dimension operators, typically involving derivative terms, correspond to the

terms O(k2/M2
W ) in (5.1). Neglecting the latter terms corresponds to the neglect of higher

dimensional operators. In what follows we will always neglect the higher dimensional opera-

tors keeping only the operators with dimensions five and six. This simple example illustrates

the basic idea of OPE: the product of two charged current operators is expanded into a series

of local operators, whose contributions are weighted by effective coupling constants, the Wil-

son coefficients. In this particular example the leading operator has the dimension 6 and its

Wilson coefficient in the normalization of the pilot formula (1.1) is simply equal unity. This

value will be changed by QCD corrections as we will see few pages below. Moreover QCD

corrections to the diagrams in fig. 14 will generate another operator.

5.3 Formal Approach

Let us be a bit more formal for a moment and investigate whether the same result can be

obtained using the path integral formalism. We will see that this is indeed the case. This

51

A(0)
SM ∼ − 4GF

2
V*csVud s̄LγμcLūLγμdL

with one gluon,  color indicesα, β

+ mirror diagrams

µ γ f

f

µ Z f

f

µ W t

d

µ
a

G f

f

α

β

Figure 4: Feynman Rules (Vertices)

W-propagator relative to MW and multiplying the result by ”i”, this process, generalized to

arbitrary fermions in the Standard Model, gives the following tree level effective Hamiltonian

describing the charged weak interactions of quarks and leptons:

Htree
eff =

GF√
2
J+

µ J −µ (2.17)

with J+
µ given in (2.7).

2.3 CKM Matrix

2.3.1 General Remarks

Let us next discuss the stucture of the quark-mixing-matrix V̂CKM defined by (2.13) in more

detail. We know from the text books that this matrix can be parametrized by three angles

and a single complex phase. This phase leading to an imaginary part of the CKM matrix is a

necessary ingredient to describe CP violation within the framework of the Standard Model.

Many parametrizations of the CKM matrix have been proposed in the literature. We will

15

α α α
β β

γ
δ

δ
Boxes mix color indices: we need 2 dim6 ops
Q1 = (s̄LαγμcLβ)(ūLβγμdLα)
Q2 = (s̄LαγμcLα)(ūLβγμdLβ)

ℒeff = − 4GF

2
V*csVud [C1Q1 + C2Q2]

 Wilson coeff  at LO in .  mixes into C1 = 0 αs Q2 Q1



• We have kept only logarithmic corrections ∼ αs · log and discarded constant contribu-

tions of order O(αs), which corresponds to the leading log approximation (LO).

• The singularity 1/ε can be removed by the quark field renormalization. This is, however,

not necessary for finding Ci as we will see soon.

g

(a)

g

(b)

g

(c)

Figure 16: One loop current-current diagrams in the effective theory. The 4-vertex “⊗ ⊗”

denotes the insertion of a 4-fermion operator Qi.

Step 2: Calculation of Matrix Elements 〈Qi〉
The unrenormalized current-current matrix elements of Q1 and Q2 are found at O(αs)

by calculating the diagrams in fig. 16 (a)-(c) and their symmetric counter-parts. Adding

the contributions without QCD corrections (S1 and S2 respectively) and using the same

assumptions about the external legs as in step 1, we have

〈Q1〉(0) =

(

1 + 2CF
αs

4π

(
1

ε
+ ln

µ2

−p2

))

S1 +
3

N

αs

4π

(
1

ε
+ ln

µ2

−p2

)

S1

−3
αs

4π

(
1

ε
+ ln

µ2

−p2

)

S2 (5.26)

〈Q2〉(0) =

(

1 + 2CF
αs

4π

(
1

ε
+ ln

µ2

−p2

))

S2 +
3

N

αs

4π

(
1

ε
+ ln

µ2

−p2

)

S2

−3
αs

4π

(
1

ε
+ ln

µ2

−p2

)

S1 (5.27)

The divergences in the first terms can again be eliminated through the quark field renor-

malization. However, in contrast to the full amplitude in (5.23), the resulting expressions are

still divergent after this renormalization. To remove these additional divergences multiplica-

tive renormalization, refered to as operator renormalization, is necessary:

Q(0)
i = ZijQj . (5.28)

We observe that the renormalization constant is in this case a 2 × 2 matrix Ẑ. Using (4.43)

with (nF , nG) = (4, 0), we find the relation between the unrenormalized (〈Qi〉(0)) and the
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Actually we have       N=3 in QCDTa
αβTa

γδ = − 1
2N

δαβδγδ + 1
2 δαδδβγ

MATCHING: we make sure that  up to 
We cannot neglect all external momenta and quark masses (IR sensitivity)

We choose  and a small off-shell momentum p
p2<0 for both SM and eff loops, dim reg for UV 

Define  tree level matrix el

ASM = Aeff O(k2/M2
W), O(α2

s )
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including leading order QCD corrections. See the text for details.
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• We have kept only logarithmic corrections ∼ αs · log and discarded constant contribu-

tions of order O(αs), which corresponds to the leading log approximation (LO).

• The singularity 1/ε can be removed by the quark field renormalization. This is, however,

not necessary for finding Ci as we will see soon.

g

(a)

g

(b)

g

(c)

Figure 16: One loop current-current diagrams in the effective theory. The 4-vertex “⊗ ⊗”

denotes the insertion of a 4-fermion operator Qi.

Step 2: Calculation of Matrix Elements 〈Qi〉
The unrenormalized current-current matrix elements of Q1 and Q2 are found at O(αs)

by calculating the diagrams in fig. 16 (a)-(c) and their symmetric counter-parts. Adding

the contributions without QCD corrections (S1 and S2 respectively) and using the same

assumptions about the external legs as in step 1, we have

〈Q1〉(0) =

(

1 + 2CF
αs

4π

(
1

ε
+ ln

µ2

−p2

))

S1 +
3

N

αs

4π

(
1

ε
+ ln

µ2

−p2

)

S1

−3
αs

4π

(
1

ε
+ ln

µ2

−p2

)

S2 (5.26)

〈Q2〉(0) =

(

1 + 2CF
αs

4π

(
1

ε
+ ln

µ2

−p2

))

S2 +
3

N

αs

4π

(
1

ε
+ ln

µ2

−p2

)

S2

−3
αs

4π

(
1

ε
+ ln

µ2

−p2

)

S1 (5.27)

The divergences in the first terms can again be eliminated through the quark field renor-

malization. However, in contrast to the full amplitude in (5.23), the resulting expressions are

still divergent after this renormalization. To remove these additional divergences multiplica-

tive renormalization, refered to as operator renormalization, is necessary:

Q(0)
i = ZijQj . (5.28)

We observe that the renormalization constant is in this case a 2 × 2 matrix Ẑ. Using (4.43)

with (nF , nG) = (4, 0), we find the relation between the unrenormalized (〈Qi〉(0)) and the

57

Actually we have       N=3 in QCDTa
αβTa

γδ = − 1
2N

δαβδγδ + 1
2 δαδδβγ

MATCHING: we make sure that  up to 
We cannot neglect all external momenta and quark masses (IR sensitivity)

We choose  and a small off-shell momentum p
p2<0 for both SM and eff loops, dim reg 

Define  tree level matrix el

ASM = Aeff O(k2/M2
W), O(α2

s )

mi = 0
d = 4 − 2ϵ

S1,2 ≡ ⟨Q1,2⟩(0)

ASM = 4GF

2
V*csVud[(1 + αs

2π ( 1
ϵ

+ ln μ2

−p2 ))S2 + ( 3
N

S2 − 3S1) αs

4π
ln M2

W

−p2 + . . . ]

c

s

u

d

W

c

s

u

d

W

(a) (b)

c

s

u

d

W

c

s

u

d

W

(c) (d)
c

s

u

d

c

s

u

d

(e) (f)
c

s

u

d

c

s

u

d

(g) (h)

Figure 4: Diagrams relevant for c ! sud transitions in the full and e↵ective theory,
including leading order QCD corrections. See the text for details.
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p

p

p

p

⟨Q(0)
1 ⟩ = [1 + αs

2π ( 1
ϵ

+ ln μ2

−p2 )]S1 + ( 3
N

S1 − 3S2) αs

4π ( 1
ϵ

+ ln μ2

−p2 ) + . . . , ⟨Q (0)
2 ⟩ = ⟨Q(0)

1 ⟩1↔2

WFR

WFR+operator renormalisation in MSbar



Operator renormalisation   

bare     for us 

in the  scheme            

Now we ask that  and find

with no dependence on p and on external states. WC depend only on 
 cutoff between pert and nonpert physics:

    or      

⟨Q(0)
i ⟩ = Z−n/2

q Zng/2
g Zij ⟨Qj⟩ n = 4, ng = 0

MS Zij = δij + αs

4π (3/N −3
−3 3/N) 1

ϵ
+ O(α2

s )

ASM = Aeff

C1 = − 3 αs

4π
ln M2

W

μ2 , C2 = 1 + 3
N

αs

4π
ln M2

W

μ2

MW, μ
μ

ln M2
W

−p2 = ln M2
W

μ2 + ln μ2

−p2 ∫
M2

W

−p2
dκ2 = ∫

M2
W

μ2
dκ2 + ∫

μ2

−p2
dκ2

SM WC matrix 
elements

 but cannot be too small!    

For  convergent series:       like for 

μ ∼ mc
αs

π
ln M2

W

m2c
≈ 2 0.3

π
ln 80 ∼ 0.9 = O(1)

μ ∼ MW Ci(MW) → Ci(μ ∼ mc) αs(μ)
RGE           RGE improved pert series



 Indeed,  are running effective couplingsCi(μ)

ℒeff = − 4GF

2
V*csVud [C1(μ)Q1(μ) + C2(μ)Q2(μ)]

Aphys = − 4GF

2
V*csVud

n

∑
i

Ci(μ) ⟨Qi(μ)⟩hadr  must be  indepμ

if  complete basis            with   Anomalous      
Dimension Matrix

{Qi} d⟨Qi⟩
d ln μ

= −
n

∑
j=1

γij ⟨Qj⟩ ̂γ

series in 
follows from 

αs
Zij

    or  

similar to      at  resums leading logs  

for instance      
can be further improved with higher order corrections, but the difficult
problem are the matrix elements        

d
dμ

Aphys = 0 ⇒ dCj

d ln μ
=

n

∑
i=1

γij(μ) Ci(μ) d ⃗C
d ln μ

= ̂γT ⃗C
dm(μ)
d ln μ

= − γm(αs) m(μ) ̂γ O(αs) (αs ln M/μ)n

C1(mc) ∼ − 0.5, C2(mc) ∼ 1.2



Summary of Weak Effective Theory
In the SM 

• identify all dim 6 operators relevant to process of interest 
(basis) containing only light fields

• compute their ADM at appropriate order

• match WC at scale  and evolve them down to 
appropriate scale  (  for B physics)

• compute matrix elements using nonpert methods 
Beyond SM, model independently: extend operator basis if 
necessary,  , fit data for NP 
contributions, possibly evolve back to weak scale, match to SMEFT, 
identify main SMEFT operators responsible for deviations
Systematic method valid for other EFT as well.

μW ∼ MW, mt
μlow ∼ mb

Ci(μlow) = CSM
i (μlow) + CNP

i (μlow)



  
Assuming NP only in muon couplings

        
    

Q9μ = s̄LγμbLμ̄γμμ CSM
9μ (mb) ∼ 4.1

Q10μ = s̄LγμbLμ̄γμγ5μ CSM
10μ(mb) ∼ − 4.3

Local matrix elements

M

Aµ
V = � 2imb

q2
C7hM |s̄�µ⌫

q⌫ PR b|Bi+ C9hM |s̄ �µ
PL b|Bi+ (PL $ PR, Ci ! C0

i)

Aµ
A = C10hM |s̄ �µ

PL b|Bi+ (PL $ PR, Ci ! C0
i)

AS,P = CS,P hM |s̄ PR b|Bi+ (PL $ PR, Ci ! C0
i)

I hM |s̄ �i b|Bi matrix elements are parameterised by:
I 3 form factors for each spin zero final state M = K
I 7 form factors for each spin one final state M = K⇤

,�

I Determination of form factors
I high q

2: Lattice QCD HPQCD, arXiv:1306.2384,2207.12468
Fermilab, MILC, arXiv:1509.06235

Horgan, Liu, Meinel, Wingate, arXiv:1310.3722, arXiv:1501.00367

I low q
2: Continuum methods

e.g. Light-cone sum rules (LCSR)
Ball, Zwicky, arXiv:hep-ph/0406232

Khodjamirian, Mannel, Pivovarov, Wang, arXiv:1006.4945
Bharucha, Straub, Zwicky, arXiv:1503.05534

Gubernari, Kokulu, van Dyk, arXiv:1811.00983

I low + high q
2: Combined fit to continuum methods + lattice / lattice

Altmannshofer, Straub, arXiv:1411.3161
Bharucha, Straub, Zwicky, arXiv:1503.05534

Gubernari, Kokulu, van Dyk, arXiv:1811.00983

B. Capdevila, M. Fedele, N. Mahmoudi Beyond the Flavour Anomalies IV, 19 Apr. 2023 7/27

Non-local matrix elements

M

Hµ = �16i⇡2

q2

X

i=1..6,8

Ci
Z

dx
4
e
iq·xhM |T{jµem(x), Oi(0)}|Bi

j
µ
em =

X

q

Qq q̄�
µ
q

I Contributions at low q2 from QCD factorization (QCDF) Beneke, Feldmann, Seidel, arXiv:hep-ph/0106067

I Beyond-QCDF contributions the main source of uncertainty

I Non-local contributions can mimic New Physics in C9

I Several approaches to estimate beyond-QCDF contributions at low q2

I fit of sum of resonances to data Blake, Egede, Owen, Pomery, Petridis, arXiv:1709.03921

I direct fit to angular data Ciuchini, Fedele, Franco, Mishima, Paul, Silvestrini, Valli, arXiv:1512.07157

I Light-Cone Sum Rules estimates Khodjamirian, Mannel, Pivovarov, Wang, arXiv:1006.4945
Gubernari, van Dyk, Virto, arXiv:2011.09813

I analyticity + experimental data on b ! scc̄ Bobeth, Chrzaszcz, van Dyk, Virto, arXiv:1707.07305
Gubernari, van Dyk, Virto, arXiv:2011.09813

B. Capdevila, M. Fedele, N. Mahmoudi Beyond the Flavour Anomalies IV, 19 Apr. 2023 11/27
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Bs ! µµ + B ! Xs�� Fit

Bs ! �µµ Fit

B ! K�� Fit

B ! K⇤�� Fit

RK(⇤) & Q4,5 Fit

b ! sµµ Fit

Global Fit

Figure 1: Full update. 1� (dark-shaded) and 2� (light-shaded) confidence regions for

(CNP
9µ , CNP

10µ) (left) and (CNP
9µ , CNP

9e ) scenarios (right). Distinct fits are performed separating

each of the b ! s`+`� by modes (short-dashed contours), the LFUV observables and the

combined b ! sµ+µ� modes (long-dashed contours), and the global fit (solid contours).

The colour code is provided in the individual captions.

with regions corresponding to the constraints from individual modes, the LFUV observ-

ables, the combined b ! sµ+µ� modes and the global fit.

For the (CNP
9µ , CNP

10µ) scenario, the grey contour (obtained from B(Bs ! µ+µ�) and

B(B ! Xs`+`�)) is consistent with C
NP
10µ = 0, driven mainly by the consistency of the

current global average of B(Bs ! µ+µ�) with the corresponding SM estimate. While the

combined b ! sµ+µ� observables do prefer a slightly positive value for C
NP
10µ, the LFUV

observables and the specific B ! K(⇤)`+`� observables prefer a more negative value, with

the final outcome being that C
NP
10µ is consistent with 0 at 2� but is (slightly) negative at 1�

for the global fits. All the constraints are consistent at 1� with a value of C
NP
9µ = �1.

For the (CNP
9µ , CNP

9e ) scenario, the e↵ect of the new R
K(⇤) measurements from LHCb is

visible, leading to a constraint corresponding to C
NP
9µ = C

NP
9e at 1� throughout the parameter

space, hinting towards a lepton-universal NP contribution to the semileptonic O9 operator.

Obviously, the combination of the b ! sµ+µ� modes cannot put any constraints on C
NP
9e .

The B ! K`+`� observables prefer negative values for both C
NP
9µ,e and are consistent with

the relation (CNP
9µ = C

NP
9e ) at 1�. This stems from the fact that RK is the only B ! K`+`�

observable that contributes to C
NP
9e . The B ! K⇤`+`� observables also prefer negative

values for both Wilson coe�cients, but with negligible correlation.

Fig. 2 shows the 1 and 2� contours for the 2D cases (CNP
9µ , C90µ = �C100µ) and (CU

9 , C
V
9µ =

�C
V
10µ), called Hypothesis 5 and Scenario 8 in our previous articles. In both cases, right-

handed-current contributions are compatible with vanishing values. In Scenario 8, all

constraints are consistent with C
U
9 = �1 at 1� whereas the various constraints derived in

Hypothesis 5 prefer slightly di↵erent negative values for C
NP
9µ due to the di↵erence inter-

ference with right-handed currents for each mode, leading to a global fit consistent with

– 10 –

2304.07330

2210.07221

Figure 4: Two-dimensional fit to all rare B-decay observables.

radiative coe�cient �C7, the scalar and pseudoscalar coe�cients (�CQ1,2) or the coe�cients
where the hadronic currents are right-handed (�C 0

i
) since they are all strongly constrained

by data. The situation can in principle change when several coe�cients can simultaneously
contribute, this is clearly the case when doing a simultaneous fit to �C

µ

10 and �C
µ

Q1,2
[47]

which would otherwise be severely constrained by BR(Bs ! µ
+
µ
�) if only one single

coe�cient would contribute.

3.2 Multidimensional fit

A multidimensional fit gives in principle a more realistic picture than assuming new physics
contribution to only a single coe�cient, as it is very unlikely for a UV-complete scenario to
merely a↵ect one coe�cient while the rest of the coe�cients are kept to their SM values.
Therefore, here we consider a 20-dim fit varying all relevant Wilson coe�cients (Table 4).
Besides being more realistic, this multidimensional fit has the advantage of avoiding the
look elsewhere e↵ect (LEE) since LEE not only takes place when one makes a selected
choice of observables but is also relevant in the case when a posteriori a subset of specific

7

Anomaly in B → K(*)ℓ+ℓ−

Méril Reboud - 11/05/2023 32

Confrontation with data

● Conserva�vely accoun�ng for the non-local form 
factors does not solve the b → sμμ anomalies

● The largest source of theore�cal uncertainty at 
low q2 s�ll comes from local form factors

Experimental results:
[Babar: 1204.3933; Belle: 1908.01848, 
1904.02440; ATLAS: 1805.04000, CMS: 
1308.3409, 1507.08126, 2010.13968, 
LHCb: 1403.8044, 2012.13241, 
2003.04831, 1606.04731, 2107.13428]

Addi�onal plots can be found in the paper: 2206.03797



Heavy Quark Symmetry

 

Can we disentangle these scales using EFT and learn on matrix elements?

For  the b is a static color source interacting softly with light d.o.f. in the 
hadron, similar to p in H atom. It cannot be integrated out.   The scale separation 
implies the light d.o.f. (brown muck) cannot resolve the value of . The velocity v of the 
HQ ( ) is unchanged because .

In the HQ limit: HQ Symmetry (b and c equivalent), and HQ Spin Symmetry 
(chromomagnetic moment suppressed by masses). 

The HQ propagator                   

where  projects on the positive frequency components of the Dirac field. They 
are the only ones to propagate in the HQ limit.

mb ≫ ΛQCD

mb → ∞

mb
p = mbv Δv = Δp/mb → 0

i
p/ − m + iϵ

= i[m(1 + v/) + k/]
k2 + 2mv ⋅ k + iϵ

→ 1 + v/
2

i
v ⋅ k + iϵ

(1 + v/)/2

.  .
π

. B similar size ∼ Λ−1
QCD ∼ 1fm



Heavy Quark Effective Theory - HQET (I)

In QCD

Decompose the momentum 
of a heavy quark

Define }EOM

hv and Hv are large and small 
Dirac components 

non-relativistic

Decoupling Hv

HQET Lagrangian: Residual QCD dynamics after decoupling 
high frequency modes: Flavour & Spin symmetric

Power corrections: non-relativistic expansion
kinetic and chromomagnetic terms
Pauli non-relativistic Hamiltonian

vµ = (1, 0, 0, 0)



HQET (II)

Spectroscopy

Semileptonic decay

v and v’  four-velocities of B and D*

Isgur-Wise function

At zero recoil the b quark at rest decays into a D* at rest. The light 
hadronic cloud does not notice the flavour change. Power corrections 

quadratic for B→D* (Ademollo-Gatto, a.k.a. Luke’s theorem) but 
 cannot be neglected for present studies: 

LQCD ,  pert factor 
1/m2

c
ℱ(1) ∼ 0.90 ηA ≃ 0.96

+ higher orders

λ1 = − μ2
π ≃ − 0.4

λ2 = μ2
G /3 ≃ 0.12

at leading order 



EXCLUSIVE DECAYS

There are 1(2) and 3(4) FFs for D and D*  for light (heavy) leptons, for instance

This is a conserved current: no RGE QCD effect. Information on FFs from LQCD (at 
high q2), LCSR (at low q2), HQE, exp, extrapolation, … 

3

factors arises from the following definitions: For B̄ ! D, one commonly defines

hD(k)| c̄�µb |B̄(p)i =


(p+ k)µ �

M2
B �M2

D

q2
qµ

�
fB!D
+ (q2) +

M2
B �M2

D

q2
qµfB!D

0 (q2) , (1)

hD(k)| c̄�µ⌫b |B̄(p)i =
2i

MB +MD
(kµp⌫ � pµk⌫)fT (q

2, µ) , (2)

with �µ⌫ = i
2 [�

µ, �⌫ ]. In the above, f+ is the vector form factor, fT is the scale-dependent tensor form factor arising
only in NP scenarios (its definition corresponds to the one in Ref. [21]), and f0 doubles as the scalar form factor:

hD(k)| c̄b |B̄(p)i =
M2

B �M2
D

mb �mc
fB!D
0 (q2) . (3)

The matrix elements of the remaining axial and pseudoscalar currents are zero by virtue of QCD conserving parity.

For B̄ ! D⇤, one commonly defines

hD⇤(k, ⌘)| c̄�µb |B̄(p)i = �✏µ⌫⇢�⌘⇤⌫(k) p⇢ k�
2V (q2)

MB +MD⇤
, (4)

hD⇤(k, ⌘)| c̄�µ�5b |B̄(p)i = i⌘⇤⌫

⇢
2MD⇤A0(q

2)
qµq⌫

q2
+ 16

MBM2
D⇤

�
A12


2pµq⌫ �

M2
B �M2

D⇤ + q2

q2
qµq⌫

�
(5)

+ (MB +MD⇤)A1(q
2)


gµ⌫ +

2(M2
B +M2

D⇤ � q2)

�
qµq⌫ �

2(M2
B �M2

D⇤ � q2)

�
pµq⌫

��
,

hD⇤(k, ⌘)| c̄�µ⌫b |B̄(p)i = i⌘⇤↵✏
µ⌫

⇢�

⇢
�

✓
(p+ k)⇢ �

M2
B �M2

D⇤

q2
q⇢
◆
g↵� +

2

q2
p↵p⇢k�

�
T1(q

2) (6)

�

✓
2

q2
p↵p⇢k� �

M2
B �M2

D⇤

q2
q⇢g↵�

◆
T2(q

2) +
2

M2
B �M2

D⇤
p↵p⇢k�T3(q

2)

�
.

where ⌘ denotes the D⇤ polarization vector, V the vector form factor, and A1,12 are the axial form factors. Note
that the relative sign between our eq. (4) and the decomposition in ref. [22] arises from the di↵erent definition of
the Levi-Civita tensor: we use "0123 = +1. Moreover, in the decomposition above A12 correspond to longitudinal
polarizations of the emitted virtual W , which is more convenient (e.g. when inferring form factors from lattice QCD)
than parametrizations involving the form factor A2, see e.g. [22]. The function A0 doubles as the pseudo-scalar form
factor,

hD⇤(k, ⌘)| c̄�5b |B̄(p)i = �2iMD⇤
⌘⇤ · q

mb +mc
A0 , (7)

whereas the matrix element of the scalar current vanishes by virtue of QCD conserving parity.

Exact relations at q2 = 0 between some of the form factors ensure the absence of unphysical singularities in eq. (1)
and eq. (5). These relations read:

f+(q
2 = 0) = f0(q

2 = 0) ,

A0(q
2 = 0) =

MB +MD⇤

2MD⇤
A1(q

2 = 0)�
MB �MD⇤

2MD⇤
A2(q

2 = 0) .
(8)

A further exact relation arises due to algebraic identities involving the Lorentz structures �µ⌫ and �µ⌫�5 [22]:

T1(0) = T2(0) . (9)

Further approximate relations arise from the HQE of the hadronic matrix elements. These relations, the parametric
models involved, and theoretical inputs needed for the subsequent statistical analyses are the subject of the remainder
of this section.

A. Heavy-Quark Expansion and models

The combination of heavy-quark spin symmetry and heavy-quark flavour symmetry permits to relate B̄(⇤)(v) !

D(⇤)(v0) matrix elements with each other in a simultaneous expansion in the strong coupling ↵s and the inverse pole

b

d, u

c

l

v

X
d,u

B Vcb	
= D, D*, …

A model independent parametrization is necessary



MODEL INDEPENDENT FF PARAMETRIZATION

crossing +
analitycity

Xn =

b

c

+ pert corr + condensates

using quark-hadron duality (OPE) + dispersion relations

q
q

m2
`  q2  (mB �mD)2 q2 � (mB +mD)2

2-point correlator cutsphysical semileptonic region

b

b

fi

fi

d d

X

n

also poles at  etcq2 = M2
Bc

d

b

q q
X

n

∝ | fi(q2) |2 < cuts(Xn)Im



PARAMETRIZATIONS
Boyd-Grinstein-Lebed (BGL 1995) based on crossing & analyticity, unitarity constraints 

based on OPE                    with    ,                                  

  in the physical region. Series must be truncated in a controlled way.

HQET for B(*) → D(*) form factors:                                                                                                                  

 

 can be computed using subleading IW functions from QCD sumrules Neubert, Ligeti, 
Nir 1992-93, Bernlochner et al 1703.05330

Ratios free of Isgur-Wise function: can use to get strong unitarity bounds but 1/mc2 

corrections can be significant as shown by lattice calculations

Caprini-Lellouch-Neubert (CLN 1998) parametrization is simpler with fewer 
parameters, but relies on NLO HQET.  All exp analyses before 2017 were based on 
CLN, did not include uncertainty.

F(q2) = F̄(q2)
∞

∑
k=0

ak z(q2)n ∑
k

a2
k ≤ 1

0 < z < ∼ 0.06

Fi(w) = ξ(w) [1 + ci
α

αs

π
+ ci

b
Λ

2mb
+ ci

c
Λ

2mc
+ …]

ci
b,c



LATTICE + EXP BGL FIT for B→Dlv
Bigi, PG 1606.08030

Babar 2009
Belle 2015
MILC-FNAL  
HPQCDf+

f0

BGL N=4 
χ2/dof=19/22

|Vcb|=40.5(1.0) 10-3,  R(D)=0.299(3) 

Lattice determines slopes, exp data shown at fitted Vcb 

R(D)=0.299(3)
 1.9σ from exp

FLAG has
very similar 

results

CLN cannot 
fit both ff

kinematic
constraint at 
q2=0



|Vcb| from B→D*lv 
More complicated: 4 FFs, angular spectra, D* unstable. Present status unclear. 

1. Parametrisations matter and the related uncertainties require careful 
consideration.  Belle 2017 dataset analysed with BGL or CLN leads to 6-8% 
difference in |Vcb|.  Bigi, PG, Schacht, Grinstein, Kobach                                                                                                      
Discard old exp results obtained with CLN and provide data in a 
parametrisation independent way.

2. Despite recent progress, lattice calculations are indecisive. Tension between 
Fermilab/MILC 2021 and HPQCD 2023 results at non-zero recoil and Belle 
untagged 2018 data, while JLQCD preliminary results give a consistent picture. 

3. Problems in Belle 2018 analysis (D’Agostini bias,  4σ tension in the FB 
asymmetry) PG, Jung, Schacht & Bobeth, Bordone, van Dyk, Gubernari, Jung                                                                   
other experimental analyses make conflicting claims but data not yet 
available for independent fits 

μ/e



INCLUSIVE DECAYS: BASICS

Simple idea: inclusive decays do not depend on final state, long distance dynamics 
of the B meson factorizes. An OPE allows us to express it in terms of B meson 
matrix elements of local operators.

The Wilson coefficients are perturbative, matrix elements of local ops 
parameterize non-pert physics: double series in 

Lowest order: decay of a free b,  linear  absent. Depends on  , two 
parameters at , 2 more at  ...  Many higher order effects have 
been computed.

αs, Λ /mb

Λ/mb mb,c
O(Λ2/m2

b) O(Λ3/m3
b)

b

d, u

c

l

v

X
d,u

B



The OPE for semileptonic B decays

=Lαβ Wαβ 

Lowest order (tree level free quark decay)
 ie k=0 and no gluon:   

Higher orders in k/mb expansion:   

Power corrections appear in the triple differential rate as more and more 
singular divergencies at the end point. The OPE gives predictions 
only for global (integrated) quantities insensitive to local details

d

− 1
π

Im i
(mv − q)2 − m2c

= δ[(mv − q)2 − m2
c ]

− 1
π

Im( i
(mv − q)2 − m2c

)
n+1

= (−1)n

n! δ(n)[(mv − q)2 − m2
c ]

HQET EOM 

iv ⋅ Dhv = O( 1
m )



INCLUSIVE SEMILEPTONIC B DECAYS
  Inclusive observables are double series in  and ΛQCD/mb αs

Mi =M (0)
i +

↵s

⇡
M (1)

i +
⇣↵s

⇡

⌘2
M (2)

i +
⇣
M (⇡,0)

i +
↵s

⇡
M (⇡,1)

i

⌘ µ2
⇡

m2
b

+
⇣
M (G,0)

i +
↵s

⇡
M (G,1)

i

⌘ µ2
G

m2
b

+M (D,0)
i

⇢3D
m3

b

+M (LS,0)
i

⇢3LS

m3
b

+ ...

Global shape parameters (first moments of the distributions, with various lower 
cuts on El) tell us about mb, mc and the B structure, total rate about |Vcb|
 
OPE parameters describe universal properties of the B meson and of the quarks: they 
are useful in many applications (rare decays, Vub, inclusive nonleptonic,…) 

Reliability of the method depends on our control of higher order effects.  Quark-
hadron duality violation would manifest itself as inconsistency in the fit.

Kinetic scheme provides short distance definition of mb and OPE parameters 
with hard cutoff . Fit includes all corrections , mc 

constraint from sum rules/lattice, and recent  contribution to width.
μkin ∼ 1GeV O(α2

s , αs/m2
b ,1/m3

b)
O(α3

s )



INCLUSIVE SEMILEPTONIC FITS

4

mkin
b mc(2GeV) µ2

⇡ ⇢3D µ2
G(mb) ⇢3LS BRc`⌫ 103|Vcb|

4.573 1.092 0.477 0.185 0.306 -0.130 10.66 42.16

0.012 0.008 0.056 0.031 0.050 0.092 0.15 0.51

1 0.307 -0.141 0.047 0.612 -0.196 -0.064 -0.420

1 0.018 -0.010 -0.162 0.048 0.028 0.061

1 0.735 -0.054 0.067 0.172 0.429

1 -0.157 -0.149 0.091 0.299

1 0.001 0.013 -0.225

1 -0.033 -0.005

1 0.684

1

TABLE I. Results of the updated fit in our default scenario (µc = 2GeV, µb = mkin
b /2). All parameters are in GeV at the

appropriate power and all, except mc, in the kinetic scheme at µ = 1GeV. The first and second rows give central values and
uncertainties, the correlation matrix follows.

of mb and mc have been presented, improving their precision by roughly a factor 2. We use the FLAG 2019 averages
[16] with Nf = 2 + 1 + 1 for mb and mc,

mc(3GeV) = 0.988(7)GeV,

mb(mb) = 4.198(12)GeV, (7)

which correspond to mc(2GeV) = 1.093(8) and mkin
b (1GeV) = 4.565(19)GeV, where for the latter we have used

option B of [3] for the definition of mkin
b . We now repeat the 2014 fit with both these constraints, slightly updating

the theoretical uncertainty estimates. In view of the small impact of the O(1/m4
b , 1/m

5) and O(↵s⇢3D) corrections
discussed in the previous section, we reduce the theoretical uncertainties used in the fit to the moments with respect
to Ref. [4]. In particular, we consider a 20%, instead of a 30%, shift in ⇢3D and ⇢3LS , and reduce to 4 MeV the safety
shift in mc,b. For all of the other settings and for the selection of experimental data we follow Ref. [4].

While the central values of the fit are almost identical to those of 2014, the uncertainty on mkin
b (mc(3GeV))

decreases from 20(12) to 12(7) MeV, and we get |Vcb| = 42.39(32)th(32)exp(25)� 10�3 with �2
min/dof = 0.46. The

very same fit performed with µc = 2GeV and µb = mkin
b /2 gives

|Vcb| = 42.16(30)th(32)exp(25)� 10�3 (8)

with �2
min/dof = 0.47 and we neglect the very small shift due to the O(↵s⇢3D) correction to �sl. This is our new

reference value and in Table I we display the full results of this fit.

Let us now comment on the interplay between the fit to the moments and the use of Eq. (1). First, we observe that
the fit to the moments is based on an O(↵2

s) calculation [19, 31–34], and that the lower precision in the calculation
of the moments with respect to the width inevitably a↵ects the determination of |Vcb|. This is clearly visible in
Eq. (6), where the theoretical component of the error is larger than the residual theory error associated with the
width. However, only a small part of that uncertainty is related to the purely perturbative corrections, which are
relatively suppressed in many semileptonic moments but quite sizeable in �sl, as we have seen above. In other words,
an O(↵3

s) calculation of the moments is unlikely to improve the precision of the fit significantly, and the inclusion of
O(↵3

s) corrections only in �sl is perfectly justified. On the other hand, an O(↵s/m3
b) calculation of the moments can

have an important impact on the |Vcb| determination. This is because the semileptonic moments, and the hadronic
central moments in particular, are highly sensitive to the OPE parameters. Since the power correction related to ⇢3D
amounts to about 3% percent in Eq. (1), an O(↵s) shift on ⇢3D induced by perturbative corrections to the moments
can have a significant impact in the determination of |Vcb|. Our estimates of the theoretical uncertainties take this
into account. We also note that a fit without theoretical errors is a very poor fit (�2/dof ⇠ 2) with |Vcb| decreased
by slightly less than 1�.

An important problem of the semileptonic fit is the sensitivity to the ansatz employed for the correlation among the
theoretical uncertainties associated with the various observables [24]. We have studied the dependence of the result

Bordone, Capdevila, PG, 2107.00604

Bordone, Capdevila, PG, 2107.00604

Higher power corrections see a proliferation of parameters but Wilson 
coefficients are known at LO. We use the Lowest Lying State Saturation 
Approximation (Mannel,Turczyk,Uraltsev 1009.4622) as loose constraint or priors 
(60% gaussian uncertainty, dimensional estimate for vanishing matrix elements) in a 
fit including higher powers. 

|Vcb | = 42.00(53) × 10−3 Update of 1606.06174
similar results in 1S scheme Bauer et al.
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