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□

ϕ

− µ2ϕ = 0

▶ BH domination first, no self gravity

▶ Nonrotating black hole

→ Schwarzschild metric

What is the field profile?
Dependence on µ?

Relation |ϕ|r→∞ to |ϕ|r→rBH?
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ϕ→ e−iωtYl ,mϕ(r), ω = µ, Vl = rBHµ
2r3−l(l+1)r(r−rBH)
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)
+ Vl(r)ϕ = 0

Near horizon limit
(numerically hard)

Far field

Local WKB

Can they be ‘glued’?

Hui ’19 for l = 0
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Global WKB rSgrA∗ ≃ 107km ≃ 1017eV−1

(r−rBH)−iµrBH ←→ 1

r3/4
e−2iµ

√
rBH r

l 0 1 2

µrBH ≳ 0.3 0.7 1.2

|ϕl | ∝ V
−1/4
l (r)

Impose infalling b.c. at horizon
(Nontrivial, see Love numbers,
no hair thms.)

Small µrBH?
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µrBH ≪ 1 accurate unless r
rBH

≲ 1 + (µrBH)
2 or r

rBH
≳ 1/(µrBH)

2

l = 1

O(1) ∼ r l ∼ µ− 3
2
−2l

r3/4
cos(2µ

√
rBH r)



✓ Uniform approximation

✓ Analytic control (causality)

✓ µ dependence

✓ |ϕ∞/ϕhor .|
⌢ Little phenomenology

ω < µ almost allowed. . . needs Im[ω] < 0

→ SOLITON, bound state



✓ Uniform approximation

✓ Analytic control (causality)

✓ µ dependence

✓ |ϕ∞/ϕhor .|
⌢ Little phenomenology

ω < µ almost allowed. . . needs Im[ω] < 0

→ SOLITON, bound state



easier

BH domination

harder

Soliton domination
(self-gravity)

Ms ≃ 109M⊙ ∝ M
1/3
halo

Aim to

▶ Soliton domination

▶ Uniform solution

▶ Causal boundary conditions

▶ GR gravity close to the horizon

▶ No non-relativistic approximation

l = 01, ∇2ΦN = −4πGρ

V → V − 2µ2r4ΦN + (ω2 − µ2)r4

1Instabilities at l > 0, Dmitriev ’21



Sketch: given ΦN , compute ϕ in WKB → compute ρ,ΦN

rBH re rs
rMilkyWay rhalo

rBH ≃ 107km, re ≃ 1013km ≃ 1pc
rs ≃ 1015km, rM.W . ≃ 1017km

rs =
1

µ2GMs
, re = rs

MBH
Ms

, ∆Ms/Ms ≃ 10−4 in 1010y

rBH re rs

r

ρ

~1/r
2



Stability is crucial! It selects small µrBH

GMs ≪ rs → GMs ≪
1

µ2GMs
→ µGMs ≪ 1

−→ µrBH ≪
MBH

Ms
≪ 1

The hierarchy of scales makes boundary conditions
unimportant at large distances

rs ≫ GMs → re ≫ GMs
MBH

Ms
= rBH

For MBH > Ms the known result GMBH rsµ
2 ≃ O(1) gives

µrBH ≪
√

MBH

Ms



Conclusions

No soliton case:

✓ know ρ(r) for spinning DM

!△ boundary conditions have teeth when µrBH ≳ O(1)

Soliton case:

✓ understand ρ(r), even with self-gravity

✓ b.c unimportant in soliton domination

✓ b.c unimportant in BH domination, small µrBH

!△ b.c. have teeth when MBH > Ms and µrBH ≳ O(1)
For SgrA∗: Ms ≲ 107M⊙, µ ≳ 10−17eV


