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TOPOLOGICAL TERM IN THE EINSTEIN EQUATION

3

Rosen’s bi-connection theory [e.g. Rosen (1980), General relativity with a background metric]
The theory is composed of:

‣ The physical Lorentzian structure  and its Riemann curvature tensor (g, 4∇) Rμ
αβγ

‣ A reference, non-dynamical, connection  and its reference Riemann curvature tensor 4 ∇̄ R̄μ
αβγ

Modified Einstein’s equation:

                ;                 Rμν − R̄μν = κT*μν + Λgμν gμν ∇μR̄να−
1
2

gμν ∇αR̄μν = 0
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https://ui.adsabs.harvard.edu/abs/1980FoPh...10..673R/abstract
https://ui.adsabs.harvard.edu/abs/1980FoPh...10..673R/abstract


TOPOLOGICAL TERM IN THE EINSTEIN EQUATION

3

Rosen’s bi-connection theory [e.g. Rosen (1980), General relativity with a background metric]
The theory is composed of:

‣ The physical Lorentzian structure  and its Riemann curvature tensor (g, 4∇) Rμ
αβγ

‣ A reference, non-dynamical, connection  and its reference Riemann curvature tensor 4 ∇̄ R̄μ
αβγ

Modified Einstein’s equation:
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My choice of reference metric: the reference connection determines the spacetime topology
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ℳ̃ = ℝ × ℝ3 𝕊3 ℍ3 others
R̄μν 0 diag(0; 2h̄ij) − diag(0; 2h̄ij) ≠ 0

(  Rosen’s choice of reference connection: related to a de Sitter metric :    )ḡμν R̄μν ∝ ḡμν
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Summary: Requiring compatibility between the relativistic and the non-relativistic regime in
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Summary: Having a well-posed and first order action of gravitation, for any topology.
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Ω≠K = 1, ∀ ΩK
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CONSEQUENCE FOR THE ROLE OF SPATIAL CURVATURE

8

1. Exact homogeneous and isotropic solution:

    CDM:                                   Bi-connection: Λ {
Ω≠K + ΩK = 1,
q = Ωm/2 + Ωrad − ΩΛ {

Ω≠K = 1, ∀ ΩK

q = Ωm/2 + Ωrad − ΩΛ

2. Weak field limit: for 

      CDM:              Bi-connection:  

—> Dynamical and geometrical effects of spatial curvature    —> Mainly geometrical effects of spatial curvature.

Π = 0 = Πi

Λ

(Δ + 3K) Ψ = 4πGa2δρΔ,
(Δ + 2K) Qi = − 16πGa2qi,
f′ ′ ij + 2ℋf′ ij + (2K−Δ) fij = 8πGa2Πij,
. . .

ΔΨ = 4πGa2δρΔ,
(Δ − 2K) Qi = − 16πGa2qi,
f′ ′ ij + 2ℋf′ ij + (6K−Δ) fij = 8πGa2Πij,
. . .
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Ω≠K + ΩK = 1,
q = Ωm/2 + Ωrad − ΩΛ {

Ω≠K = 1, ∀ ΩK
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2. Weak field limit: for 

      CDM:              Bi-connection:  

—> Dynamical and geometrical effects of spatial curvature    —> Mainly geometrical effects of spatial curvature.

Π = 0 = Πi

Λ

(Δ + 3K) Ψ = 4πGa2δρΔ,
(Δ + 2K) Qi = − 16πGa2qi,
f′ ′ ij + 2ℋf′ ij + (2K−Δ) fij = 8πGa2Πij,
. . .

ΔΨ = 4πGa2δρΔ,
(Δ − 2K) Qi = − 16πGa2qi,
f′ ′ ij + 2ℋf′ ij + (6K−Δ) fij = 8πGa2Πij,
. . .

Question: What is the value of  from observations with this new model?ΩK

Strengths of this cosmological model:
 1. Origin of the modifications not related to cosmology or tensions of CDM.

2. Has the same number of free-parameters than the CDM model.           .
       .

Λ
Λ
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A possibility:

‣ A positive curvature ( ) gives a better fit of the CMB power spectrum alone.

‣ But, it increases the Hubble tension:   from  to  km/s/Mpc: ''Curvature tension''

ΩK ∼ − 0.05

ΔH0 67 ↔ 73 55 ↔ 73

Planck VI (2018)

dA(z) =
1

|ΩK | H0(1 + z)
Sχ ( |ΩK | H0 ∫

z

0

dz′ 

H(z′ ) )

[e.g. Di-Valentino et al. (2020): 1911.02087]

Sχ(x) =
sin x, ΩK < 0
x, ΩK = 0
sinh x, ΩK > 0

https://arxiv.org/abs/1911.02087
https://arxiv.org/abs/1911.02087
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‣ But, it increases the Hubble tension:   from  to  km/s/Mpc: ''Curvature tension''

ΩK ∼ − 0.05

ΔH0 67 ↔ 73 55 ↔ 73

Planck VI (2018)

Question: Could the tension be solved by my cosmological model?
My guess: A priori NO, because the curvature tension is mainly due to geometrical effects of curvature.
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CONSEQUENCE FOR EARLY UNIVERSE
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Two additional gauge invariant variables:

Wave equation sourced by anisotropic stress:

𝒞′ ′ + 2ℋ𝒞′ − Δ𝒞 = − a2κΠ,
𝒞i

′ ′ + 2ℋ𝒞i
′ − 2Δ𝒞i = − a2κΠi .

• ''Spatial velocity'' scalar mode: 
• ''Spatial velocity'' vector mode: 

𝒞
𝒞i

Rμν − R̄μν = κT*μν + Λgμν
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𝒞′ ′ + 2ℋ𝒞′ − Δ𝒞 = − a2κΠ,
𝒞i

′ ′ + 2ℋ𝒞i
′ − 2Δ𝒞i = − a2κΠi .

Ex: scalar mode equations

ΔΨ̃ = a2 κ
2

ρDρ + ℋ (Ψ̃′ − Φ̃′ )
Ψ̃ − Φ̃ = a2κΠ + 𝒞′ ′ + 2ℋ𝒞′ + 3K𝒞

b. . .

• ''Spatial velocity'' scalar mode: 
• ''Spatial velocity'' vector mode: 

𝒞
𝒞i

• Acceleration:    
• Curvature perturbation: 

Φ̃ := Φ − 𝒞′ ′ − ℋ𝒞′ 

Ψ̃ := Ψ + ℋ𝒞′ − K𝒞

Rμν − R̄μν = κT*μν + Λgμν

‣Reference Bardeen potentials:



CONSEQUENCE FOR EARLY UNIVERSE
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Two additional gauge invariant variables:

Wave equation sourced by anisotropic stress:

𝒞′ ′ + 2ℋ𝒞′ − Δ𝒞 = − a2κΠ,
𝒞i

′ ′ + 2ℋ𝒞i
′ − 2Δ𝒞i = − a2κΠi .

Ex: scalar mode equations

ΔΨ̃ = a2 κ
2

ρDρ + ℋ (Ψ̃′ − Φ̃′ )
Ψ̃ − Φ̃ = a2κΠ + 𝒞′ ′ + 2ℋ𝒞′ + 3K𝒞

b. . .

——>    Early Universe analysis required.

• ''Spatial velocity'' scalar mode: 
• ''Spatial velocity'' vector mode: 

𝒞
𝒞i

• Acceleration:    
• Curvature perturbation: 

Φ̃ := Φ − 𝒞′ ′ − ℋ𝒞′ 

Ψ̃ := Ψ + ℋ𝒞′ − K𝒞

Rμν − R̄μν = κT*μν + Λgμν

‣Reference Bardeen potentials:



Rμν−R̄μν = Tμν − T/2gμν + Λgμν

Reference curvature related to 
the spacetime topology

Topological term in the Einstein equation

Motivations:

Non-relativistic limit

First order covariant formalism 

The theory:

11

SEH + GHY = ∫ℳ
|g | 𝒞α

μ[β𝒞β
ν]αgμν

Cosmology:
Expansion blind to the curvature 

Ω≠K = 1, ∀ ΩK

(arXiv: 2212.00675)

(arXiv: 2204.13980)

What is the value of  from observations with this new model?ΩK

https://arxiv.org/abs/2212.00675
https://arxiv.org/abs/2212.00675
https://arxiv.org/abs/2204.13980
https://arxiv.org/abs/2204.13980

