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Abstract: The regenerative refrigeration is an important reverse work-heat conversion cycle with a theoretical 

coefficient of performance (COP) identical to the Carnot efficiency. Practical regenerative refrigerators are 

capable of working down to 4 K and largely fulfill the refrigeration requirement of modern technologies in many 

fields, especially for space applications. However, the enthalpy flow associated with the pressure dependence, 

abbreviated as pressure-induced enthalpy flow, brought about by real gas effects degrades the theoretical COP of 

the refrigerator to below about 30% of the Carnot efficiency at the temperatures of below the critical point. This 

paper reviews the long history of exploring the real gas effects which dates back to the 1970s and continues to 

now. Important explorations of uncovering the loss mechanism and reducing such losses are summarized. The 

theories that are in accordance with experimental results and simulation results are expounded. We further carry 

out analyses on the expansion components, including the pulse tube and the clearance gap. Several inferences are 

made in order to explore the long-lasting puzzles about real gas effects. It is emphasized that the underlying cause 

of the loss in the regenerator is an indirect effect of the real gas properties. Further study about carrying out a 

direct verification of the theory is proposed. 

Keywords: real gas effects, regenerative refrigerators, loss mechanism, reduction methods 

1. Introduction 

The refrigerator is one kind of reverse work-heat 
conversion machine that removes heat from a 
low-temperature reservoir. Regenerative refrigerators are 
widely used for cryogenic applications because of the 
advantages of high reliability [1], compactness [1], high 
efficiency [2] and low temperature oscillation [3], which 
make them very appealing for small-scale and mid-scale 

applications [4], especially for space applications [5]. 
In principle, the regenerative refrigerator is possible to 

achieve a low temperature even close to absolute zero 
with the highest possible efficiency, i.e. Carnot 
coefficient of performance (COP) [6]. The precondition 
is a set of lossless hardware as well as working with an 
ideal gas. However, there will be some losses if working 
with a real gas because of real gas effects. The specific 
enthalpy of an ideal gas is only a function of temperature,  
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Nomenclature   

AC alternative-current flow Subscripts 

COP coefficient of performance 0 mean (pressure) 

cp specific heat capacity/J·kg–1·K–1 c cold end 

DC direct-current flow cond conduction 

pH  time-averaged pressure-induced enthalpy flow/W DC direct-current flow 

TH  time-averaged heat-associated enthalpy flow/W ex exit flow 

kT coefficient between TH  and temperature gradient g gas 

m  mass flux/kg·s–1 gen (entropy) generation 

Pr pressure ratio gross gross (refrigeration power) 

PTR pulse tube refrigerator  h hot end 

p pressure/MPa i index 

pV  PV power/acoustic power/W in inflow 

Q  heat flow or refrigeration power/W max maximum 

lossQ  heat loss in the pulse tube/W  min minimum 

rCOP relative Carnot COP n number of grid 

S  time-averaged entropy flow/W·K–1 net net (refrigeration power) 

T temperature/K prec precooling 

t time/s PT pulse tube 

U internal energy/W R regenerator 

v specific volume/m3·kg–1 r reduced 

x position/mm T temperature related 

Z compressibility factor tot total amount 

Greek letters x unfixed position 

β volume expansivity/K–1   

ε attenuation coefficient of heat load   

 
while that of a real gas is a function of both temperature 
and pressure. The real gas effects on the regenerative 
refrigerator are mainly about the pressure-induced 
enthalpy flow, which stems from the two factors of 
molecular volume and the molecule interaction in real 
gases. Actually the COP is very low when the 
refrigeration temperature is close to or below the critical 
point. It is worth a comprehensive review of both 
theoretical and experimental studies about real gas effects 
on regenerative refrigerators. 

1.1 Working mechanism of regenerative refrigerators 

There are two types of regenerative refrigerators 
according to the driving system, one is Gifford- 
McMahon (GM) type with valves and the other is the 
valveless Stirling type [7]. The former type includes the 
GM refrigerator and the GM-type pulse tube refrigerator 
(PTR), and the later type includes the Stirling refrigerator 
and the Stirling-type PTR.  

The working mechanism of the regenerator and the 
phase shifter are the same for both types, but the driving 
system is quite different. There is a significant 
irreversibility in the valves of the GM type, while the 
ideal Stirling-type compressor is lossless, so the 
Stirling-type refrigerator is preferred for a theoretical 
analyzing. A sketch of a Stirling refrigerator and a 
Stirling-type PTR is shown in Fig. 1. 

The Stirling refrigerator generally applies a regenerator 
and pistons at the hot end and cold end [7]. The piston at 
the hot end provides an input power in an alternating 
pressure-volume form (i.e. PV power). The ideal 
regenerator transports such a PV power over the 
temperature gradient from the hot end to the cold end in a 
process without a flow-friction loss or a loss related to 
limited heat transfer and limited matrix heat capacity. 
The heat of the gas is temporarily stored in the matrix 
with no temperature difference. The PV power at the cold 
end is recovered with a piston (or specified as  
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Fig. 1  Schematics of two typical regenerative refrigerators, a Stirling refrigerator (a) and a pulse tube refrigerator with an inetance 
tube as the phase shifter (b) 

 
“expander”), so that a refrigeration power is generated. 
The PTR works without a piston at the cold end, but 
there is a pulse tube that transports the PV power from 
the cold end to the hot end through that hollow tube 
(pulse tube). The PV power is dissipated in the phase 
shifter [7] or recovered to the compressor with a 
mass-spring feedback mechanism [8]. Such a recovery 
method is able to improve the COP of the refrigerator. 

1.2 Parameters related to real gas effects and 
corresponding losses 

The model of an ideal gas means that all collisions 
between atoms or molecules are perfectly elastic, and the 
size of the molecules and the force between molecules 
are omitted [9]. 

The model of a real gas takes into account the two 
important factors of the molecular-occupied volume and 
the interaction between molecules [9]. The volume of the 
molecule reduces its free space and increases the 
collision frequency of molecules, while the force 
between molecules decreases the impact force, so the 
corresponding state parameters will change. The 
compressibility factor (noted as Z) and the volume 
expansivity (noted as β) are such typical parameters.  

Fig. 2 shows the compressibility factor of three kinds 
of gases [10, 11], 4He, 3He, and H2, versus the reduced 
temperature (the temperature normalized by the critical 
temperature) under various reduced pressures (the 
pressure normalized by the critical pressure). These gases 
behave quite similarly when those state parameters are 
normalized. They actually show the general 
thermodynamic principles of gases. The compressibility 
factor gradually shifts from unity when the reduced 
temperature is smaller than about 4. It gradually gets 
smaller and then it rises with an accelerating rate. Note 
that the compressibility factor of an ideal gas keeps unity. 
The volume expansivity of an ideal gas is equal to the 
reciprocal of the temperature, so the combined parameter 
(1–Tβ) keeps zero at any temperature. This parameter 
(1–Tβ) of a real gas is related to the compressibility 

factor [12], and it gradually shifts from zero when the 
reduced temperature is smaller than about 4; it gradually 
gets smaller and then rises, eventually up to unity, as 
shown in Fig. 3.  

 

 
 

Fig. 2  Dependence of the compressibility factor on the 
reduced temperature for various gases. The solid, 
dash, and dot lines represent 4He, 3He, and H2 [10, 
11]. The black, red, blue, and cyan lines represent a 
reduced pressure of 0.5, 1.0, 2.0, and 4.0, 
respectively. 

 

 
 

Fig. 3  Dependence of the combined parameter (1–Tβ) on the 
reduced temperature for various gases. The solid, dash, 
and dot lines represent 4He, 3He, and H2 [10, 11]. The 
black, red, blue, and cyan lines represent a reduced 
pressure of 0.5, 1.0, 2.0, and 4.0, respectively. 
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The pressure-induced enthalpy flow is proportional to 
the PV power with a coefficient of (1–Tβ) [13, 14], and 
the PV power of a real gas is a function of the combined 
parameter (ZT) [13]. So the pressure-induced enthalpy 

flow pH  in a lossless regenerator [14] can be 

expressed as:  

 h h
h

(1 )pH T ZT pV Z T          (1) 

where pV  is the PV power. 

As will be discussed in Section 2, the pressure- 
induced enthalpy flow is the key points that how the real 
gas effects influence the energy balance in the 
regenerative refrigerator. Eventually, losses are generated. 
The losses brought about by real gas effects are generally 
abbreviated as real gas losses. 

We have carried out calculations for several practical 
regenerators with the renowned numerical code of 
REGEG3.3 [15], which shows that the real gas loss 
accounts for around 70% of the total availability of the 
refrigerator if 4He is used as the refrigeration fluid [13], 
as shown in Fig. 4. This loss is still larger than 60% even 
when the rarer isotope gas 3He is charged. However, this 
loss is quite small (around 1%) when the temperature 
gets as high as 80 K or above. This is the dominant 
reason why the refrigeration efficiency deteriorates 
dramatically from about 20% (rCOP) at around 80 K to 
about 1% (rCOP) at around 4 K [3].  

 

 
 

Fig. 4  Calculated loss distribution of regenerators working at 
various temperature ranges. The last one applies 3He as 
the working fluid, and the others use 4He. The pink, 
cyan, blue, red, black bars represent the relative 
entropy of the pressure drop, the net refrigeration power, 
the conduction heat loss, regenerator inefficiency 

( TH ), and real-gas loss ( pH ), respectively. 

1.3 Historical progress summary 

The study of the real gas effects on the regenerative 

refrigerators has lasted a long history. In this review, we 
would like to summarize the development of the real gas 
effects into three periods, including: (1) Early theoretical 
analyses mainly in the 1980s; (2) Experimental 
researches since the 1990s; (3) Modern theoretical 
analyses since the 2000s. A brief description of these 
researches is listed below. 

(1) Some researchers had realized the seriousness of 
real gas losses since the 1970s. The pressure-induced 
enthalpy flow and the heat-associated enthalpy flow had 
been pointed out, although the terms had not been clearly 
defined. Expressions of the refrigeration power and the 
COP were given. The losses were considered to be 
intrinsic, and thus they were impossible to decrease. 

(2) Technology of regenerative refrigerators improved 
and 4 K was achieved with the GM-type PTR in the 
laboratory in the 1990s. Abundant experimental tests 
have been carried out since then. Temperature profiles of 
the regenerator and the pulse tube have been measured. 
Experiments about the intermediate refrigeration power, 
DC flow, and liquefaction have been carried out. 
Significant improvements of the refrigeration power or 
liquefaction rate have been achieved. Reduction methods 
of real gas losses have been pointed out. 

(3) Modern theoretical analyses have been carried out 
based on the enthalpy theory of the oscillating flow as 
well as the physical properties of gases. Abundant 
experimental results accumulated since the 1990s provide 
a basis for the theoretical analyses, and many kinds of 
numerical software are able to provide an abundance of 
digital materials. A work of identifying the main factors 
and building a theoretical model from a macroscopic 
perspective has been accomplished, so the loss terms and 
their mechanism have been explored. Key parameters of 
the pressure-induced enthalpy flow and the 
heat-associated enthalpy flow have been clearly defined 
and expressed based on the gas properties. The 
theoretical COP and the ultimate temperature have been 
expressed. The reduction methods of real gas losses have 
been systematically explored. 

We have summarized the main researches of these 
three periods in Table 1, which would be clear to show 
the progresses. 

Early theoretical researches will be firstly introduced 
in the following section. Experimental researches and 
modern theoretical analyses will be reviewed in the main 
parts, according to various topics. 

1.4 Early theoretical research about real gas effects 

People started to notice the real gas effects as the 
regenerative refrigeration develops in history. As we 
know, the regenerative refrigerator was first put into 
application in 1874 [6], and the refrigeration temperature 
went down to liquid-nitrogen temperature in Philips 
Company in 1946 [6]. An even lower temperature of 7 K 
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Table 1  Main researches and feathers of the three periods about real gas effects 

Period Year Progress on loss mechanism Progress on loss reduction Main methods Achieved Tc
      

Early  
theoretical 
research 

1970s to early 
1990s 

Realize real gas losses,  
give complex expression  

of heat losses, COP 

None, cannot reduce 
 “intrinsic” losses 

Theoretical analyses with 
equations of state, simple 

numerical simulation 
About 7 K 

      

Experimental 
research 

1990s up to now 

Measure COP, ultimate Tc, 
temperature profiles of 

Reg (regenerator) and PT 
(pulse tube)  

Measure intermediate 
refrigeration power, DC 
flow, liquefaction rate 

Experiment 
Below 4.2 K, 

1.27 K 

      

Modern 
theoretical 
analyses 

2000s up to now 

Determine loss terms and loss
mechanism in Reg and PT, 
give general expression of 

TH , pH , COP 

Derive theory of various 
methods to reduce losses in 

Reg and PT, possible to  
increase COP by times 

General theoretical 
analyses, complex 

numerical simulation 
Below 4.2 K

 
was obtained by use of multiple expansion [6]. The 
obstacle of obtaining the liquid-helium temperature was 
considered to be the thermal saturation of the regenerator 
matrix [6]. The classical analysis of the regenerative 
refrigeration was the Schmidt model [16] and the 
Finkelstein adiabatic model [17], which both assumed an 
ideal working fluid. Those models predicted the 
performance with fairly good accuracy. It was not 
considered to be necessary to take the real gas effects 
into account in those models. 

There were researchers in the 1970s who considered 
the “commonly neglected” real gas behavior and pointed 
out that this behavior could be important [18]. Later, it 
was pointed out that the real gas effects reduce the 
refrigeration capacity of Stirling refrigerators [19].  

Since the 1980s, scholars in the fields of cryogenic 
physics and cryogenic engineering have started to 
analyze this topic through numerical calculations [20–22] 
and analytic solutions [20, 23–25] and have revealed a 
number of mechanisms of the real gas effects both in the 
regeneration process and in the expansion process. 
Generally the van der Waals equation of state or 
improved three-parameter equations of state was used to 
obtain an analytical expression of the refrigeration 
capacity [20].  

The real gas effects on the regenerators have been 
studied. The ideal regenerative condition was analyzed 
based on those equations of state, and the “excess heat” 
(generally regarded as the “heat-associated enthalpy 
flow”) is obtained due to the heat imbalance in a 
regenerative process [24]. This inherent non-ideal 
regenerative “excess heat” was found to form either a 
low-temperature heat load or a high-temperature heat 
load depending on it is positive or negative. 

The heat-associated enthalpy flow is the enthalpy flow 
associated with the imperfect heat transfer and limited 
matrix heat capacity in the regenerator [14], and 
nowadays it is determined with this equation: 

,g g
1

dT pH mc T t


               (2) 

where τ is the period time of the oscillation flow; m  is 
the mass flow rate; cp,g is the specific heat capacity of the 
gas; Tg is the instantaneous temperature of the gas. 

The pressure difference between the period that the 
gas enters the expansion chamber and the period that it 
leaves causes a heat imbalance, which is called “missing 
enthalpy” (i.e. “pressure-induced enthalpy flow”), thus it 
brings about a heat loss at the cold end [22]. It was 
expressed as:  

dp
p

v
H m v T p

T

        
           (3) 

Note that this expression is essentially the same as the 
one used today.  

The theoretical COP of such cycles has been 
expressed, and it was deduced that the COP cannot reach 
the Carnot COP [22, 24, 25]. 

However, the regenerative process of the early Stirling 
cycle as well as the Villemere cycle, was simplified as an 
isometric process [24–26] in the 1980s, and the theory on 
the oscillating-flow energy flow is lacking. What’s more, 
the problem of real gas effects did not attract much 
attention because the refrigeration temperature was not 
very low (< 10 K) at that time. 

When the modern thermoacoustic theory was applied 
to analyze the regenerator, it was found that in or during 
the envelope of the microcycle that each parcel run 
constitutes two limit lines. The pressure of each line 
keeps constant [27]. In addition, it was assumed that each 
part of the regenerator shares the same average pressure 
in order to analyze the internal mechanism of the 
regenerator [7], which has been verified through 
experimental measurements.  

Note that the van der Waals equation of state (and 
improved equation) has seldom been used to calculate 
this issue since the late 1990s. The reasons are mainly that 
the calculation with equations is very complex and the 
accuracy is low. Due to the nonlinearity of the gas 
properties at the temperatures close to or below the critical 
point, complex equations with more than ten parameters 
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were often used, which sets an obstacle to analytical 
solutions [18]. Furthermore, the van der Waals equation 
of state and its improved equations have a relatively large 
error. For example, the density error at 10 K and 1.5 MPa 
reaches 49% when using the van der Waals equation of 
state [20]. Therefore, the real gas properties are more 
accurate to describe with the compressibility factor and 
volume expansivity. The popularity of computers makes 
it more convenient to invoke a physical property database 
through programs, as done in REGEN [15], Sage [28], 
and other programs [29, 30]. 

In this paper, we will expound the mechanism of the 
real gas effects on important parts of regenerative 
refrigerators and methods of reducing these real gas 
losses, mainly based on the studies in the second and 
third periods of history.  

2. Mechanism Exploration of Real Gas Effects 

Since the 1990s, a regenerator temperature profile that 
is far from linear at liquid-helium temperatures has been 
observed [31–34], as shown in Fig. 5. This phenomenon 
has aroused great interests in the real gas effects. A round 
of exploring the mechanism underneath this phenomenon 
began since that time. 

 

 
 

Fig. 5  Measured temperature profile of regenerator matrix for 
different cold-end temperature in the second-stage 
regenerator of a GM refrigerator [34]. The label “A–E” 
refers to the number of the temperature sensors 
(equally arranged). The dash lines refer to the cases of 
a hot-end temperature (Th) of 27.0 K and a cold-end 
temperature (Tc) of 14.0 K. The solid lines refer to a Th 
of 20.4 K and a Tc of 5.1 K. 

 
The regenerator is the focus of most researches about 

real gas effects, while the real gas effects on the 
expansion process are also significant. The main 
components of the expansion process include the pulse 

tube in a pulse tube refrigerator and the clearance gap 
between the expander and the cylinder in a Stirling 
refrigerator or GM refrigerator. Note that the expansion 
space isn’t influenced much by real gas effects because 
its temperature is largely homogeneous, and it is not 
discussed here. The details about the regenerator, the 
pulse tube, and the clearance gap are analyzed in the 
following. 

It is reasonable to classify the researches into two 
classes: one is mechanism explorations of real gas effects, 
and the other is method studies of reducing real gas 
losses. The research areas related to mechanism 
explorations include the loss terms in the regenerator, the 
theoretical COP, the ultimate refrigeration temperature, 
and the effects on the pulse tube.  

2.1 Loss terms in the regenerator 

Determining the loss terms is the key point of 
exploring the real gas effects on the regenerator. A 
theoretical method that focuses on the energy balance in 
the regenerator for analyzing this phenomenon was 
proposed [35]. The first law of thermodynamics 

demanded that the energy flow in the regenerator ( totQ ), 

which includes the heat conduction condQ  and the 

pressure-induced enthalpy flow pH , should keep 

constant. It was expressed as:  

tot cond pQ Q H               (4) 

An assumption of a perfect thermal contact between 
the gas and the matrix and a large heat capacity of the 
matrix was made, which means that the heat-associated 
enthalpy flow is zero. In this case, the heat conduction 
was considered to be an essential role in achieving the 
energy balance of the regenerator [35, 36].  

The temperature profile of the regenerator between a 
range of 300 K and 2.2 K was determined with this 
analysis [35]. The temperature gradient is almost zero 
within a large portion of the regenerator near the cold end, 
which is inconsistent with the measurement [31, 32], as 
shown in Fig. 5. 

A numerical simulation of the temperature profile [29, 
37] was made prior to the thermodynamic derivation 
discussed above [35] (shown in Fig. 6), and it is in good 
consistent with the experiment measurements [31, 34], 
shown in Fig. 5. The simulation took account of real gas 
properties (i.e. real gas effects were considered), limited 
heat transfer rate, limited heat capacity, and heat 
conduction, so this simulation should be closer to a 
practical case since not many assumptions were made. 
There was no conclusion about which factor shapes the 
temperature profile, but the temperature profile in various 
phases provided detailed information.  
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The idea of using the first law of thermodynamics [35] 
was used [14] to analyze the regenerator section between 
two heat exchangers at steady state [7]; that is to say, 
there is no heat exchange with external systems in this 
regenerator section. The explicit terms that make up the 
total heat flow were found to be the three terms, i.e. the 

heat conduction condQ , including that of gas, matrix and 

wall, the heat-associated enthalpy flow TH , and the 

pressure-induced enthalpy flow pH . The total heat 

flow should be kept constant and was expressed as:  

 condd d 0p TH + H +Q x =        (5) 

The heat-associated enthalpy flow was not assumed 
[14] to be zero all along the regenerator, because the 
calculated local temperature variation in one cycle 
abnormally gets as large as 8 K, as shown in Fig. 6. 
However, the heat-associated enthalpy flow is possible to 
reach the minimum value of zero at some points. 

 

 
 

Fig. 6  Temperature distribution of the regenerative material at 
different times (noted as the phase angle of the 
pressure wave θ) during one cycle [29]  

 

The possible value of the heat conduction and the 
heat-associated enthalpy flow was calculated, so as to 
determine the main term that keeps the energy balance.  

The pressure-induced enthalpy flow is related to the 
parameter (1–Tβ) together with the compressibility factor, 
as expressed in Eq. (1). The pressure-induced enthalpy 
flow dominates the energy imbalance because it varies 
drastically with the temperature. This value can be larger 
than the PV power at the cold end, as found in these 
publicly reported cases [38–40]. Here shows one 
example of an ideal regenerator that works at a 
temperature range of 4.2 K to 20 K. The theoretical value 
of the heat-associated enthalpy flow plus the heat 
conduction increases from the minimum value of close to 
zero to the maximum value of 2.75 times of the PV 

power at the cold end, as shown in Fig. 7. 
The magnitude of heat conduction was found [14] to 

be about tens of milliwatt, which is only one-tenth or 
even one-hundredth of the magnitude of the variation of 
the pressure-induced enthalpy flow in these publicly 
reported cases [38–40]. 

Meanwhile, the heat-associated enthalpy flow was 
found [14] to have a magnitude that is comparable with 
the pressure-induced enthalpy flow. It was calculated 
based on the definition of the heat-associated enthalpy 
flow. 

 

 
 

Fig. 7  Example of the distribution of the nondimensional 
energy flow terms (normalized by the PV power at the 
cold end) in the regenerator. The black, blue and red 
line represents for the pressure-induced enthalpy flow, 
the total heat flow and a sum of the heat-associated 
enthalpy flow and the heat conduction, respectively. A 
typical case of 4He at a pressure of 1.0 MPa is selected 
as the example. The hot-end and cold-end temperature 
is equal to 20 K and 4.2 K, respectively. 

 
This means that the heat-associated enthalpy flow 

should be the main factor, while the heat conduction 
should be a minor factor. The heat conduction can even 
be neglected, so as to simply the deduction. 

But why the temperature gradient is much related to 
the heat-associated enthalpy flow? A scrupulous 
derivation [14] showed that there is a proportional 
relationship between these two parameters. 

This relationship provided a theoretical basis for 
analyzing the nonlinear temperature profile of the 
regenerator. The differential equation [14] that 
determines the temperature profile was expressed as:  

 
  2

h
2

h

d 1 d
0

d d
T

pV T ZT T
k =

ZT x x

   


    (6) 

And the coefficient between the heat-associated 
enthalpy flow and the temperature gradient is a complex 
combination of the internal parameters of gas and matrix 
[14], which was expressed as:   
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 

   

0.651.3 2/3
m m ht h g h

1.3 0.650.3 0.3 0.6
m m 2 reg

1
1 cos

0.5946
1π 1 cos

p, p,

T

p,

ρ c + h / d c d Pr δ pV
τ

k =
ρ c a μ d Zv (φ θ)

τ

 

 

  
  

   
 


                  (7) 

 
where a2, dh, Pr, ϕ, and μ are nondimensional parameters 
related to matrix porosity, the hydraulic diameter of the 
matrix, the Prandtl number, matrix porosity, and the 
dynamic viscosity, respectively. What’s more, δ, φ, and θ 
are the phase difference between the mass flow and the 
temperature, the phase of the mass flow, and the phase of 
the pressure, respectively. 

The calculated temperature profiles at various 
cold-end temperatures are shown in Fig. 8. It is clear that 
these profiles are reasonably close to the measured ones 
[34], as shown in Fig. 5, although the calculation was 
based on a theoretical regenerator where there is no flow 
resistance and the coefficient kT was assumed to be 
constant in that temperature range.  

We would conclude that these analyses uncovered 
both the loss terms and the peculiar temperature profile 
in the regenerator with reasonable explanations. 

 

 
 

Fig. 8  Calculated temperature profiles of the regenerator [14]. 
The gas is 4He. The pressure is 0.92 MPa and the 
hot-end temperature is fixed as 20 K. The black, red, 
blue, and cyan line represents a cold-end temperature 
of 4.2 K, 5 K, 5.5 K, and 6 K, respectively. 

2.2 Determination of the COP 

How large the theoretical COP is important for the 
cognition of real gas effects and also for estimating the 
performance of practical hardware. 

Some researchers have realized that the 
pressure-induced enthalpy flow at the cold end should 
not be used to calculate the COP [13, 41], because the 
COP will exceed the Carnot COP in some temperature 
range where the pressure-induced enthalpy flow is 
negative. The pressure-induced enthalpy flow was the 
maximum one of that at the cold end and the hot end [13, 
41], as shown: 

 c h
max ,p p pH H H           (8) 

The COP of a PTR that the expansion work is 
dissipated was expressed as:  

 
 

c c

h

COP
pZT H pV

=
ZT

  
        (9) 

The explanation that the hot-blow stream should be 
warmer than the cold-blow stream is reasonable [13]. It is 
a pity that the loss related to the temperature difference 
was not analyzed, and thus the physical meaning of the 
heat-associated enthalpy flow was not clear enough. 
What’s more, it is a violation of physical law that to 
directly use the hot-end pressure-induced enthalpy 

flow  hpH when analyzing the cold-end performance.  

In order to solve that issue, the following equations 
were deduced [42]. The local pressure-induced enthalpy 
flow at the cold end was used for calculating the 
refrigeration power. 

The heat conduction that is in very small magnitude 
was neglected, and the maximum net refrigeration power 
available at the cold end of the regenerator could be 
expressed as:  

 c c cc
+p TQ pV H H            (10) 

The heat-associated enthalpy flow at the cold end was 
determined with this equation: 

c max cT p pH H H             (11) 

because the heat-associated enthalpy flow equals to zero 
at the point where the pressure-induced enthalpy flow 
reaches its maximum of that regenerator section.  

Therefore, the net refrigeration power was expressed 
as: 

c c maxpQ pV H              (12) 

It is clear that the net refrigeration power at the cold 
end is reduced by the magnitude of the maximum 
pressure-induced enthalpy flow in that regenerator.  

Regarding an ideal regenerative refrigerator, there 
should be an ideal isothermal compression and an ideal 
isothermal expansion at the hot end and cold end of the 
regenerator [7], respectively, so the COP of regenerator 
was expressed as:  

   
   

c

h c

max 1
COP

ZT T ZT
=

ZT ZT

   


      (13) 

The relative Carnot COP (rCOP) for 4He and 3He at 
the pressure range of 0.5 MPa to 2.5 MPa was calculated 
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and was plotted in Fig. 9 [42]. It showed that the COP is 
always smaller than the Carnot COP. It was found that 
the theoretical COP for 4He between a temperature below 
about 5 K and 20 K increases with the pressure. For 
example, the theoretical COP at 2.5 MPa is 50% higher 
than that at 1 MPa. That is different from a common idea 
that the pressure should be about 1 MPa [13, 43, 44] 
when the refrigeration temperature is around 4 K. The 
main reason is that the compressibility factor below 
about 5 K decreases sharply when the pressure decreases 
(as shown in Fig. 2), while the compressibility factor at 
the hot end (20 K, Tr=3.85 for 4He) is close to unity at 
various pressures. The maximum value of the combined 
factor (1–βT)ZT in that temperature range increases 
quickly with the pressure. In this case, the denominator 
of the expression of the COP decreases as the pressure 
increases, and the numerator increases, so the COP 
increases steadily with the pressure.  

It was emphasized that the COP of PTRs is larger than 
that of working with an ideal gas in some temperature 
ranges [13, 41], as shown in Fig. 10. The cold-end 
temperature is in the range of around 10 K to 20 K where 
the pressure-induced enthalpy flow is negative all around 
that temperature range. Here we give an explanation. It is 
because the unrecovered expansion work in the 
refrigerator working with a real gas is smaller than that 
working with an ideal gas. Note that the refrigeration 
power for a real gas is larger than that of an ideal gas, 
which is beneficial to enhance the refrigeration density. 
However, the COP is still smaller than that working with 
an ideal gas (i.e. Carnot COP) if the expansion work is 
taken into account [42], so it is not against the second 
law of thermodynamics. 

 

 
 

Fig. 9  Dependence of the relative COP of the refrigerator 
cycle on the cold-end temperature [42]. The hot-end 
temperature is set to be 20 K; the cold-end 
temperature goes down to 2.2 K and 1.0 K for 4He and 
3He, respectively. The black, red, blue, cyan, and 
magenta lines represent a pressure of 0.5 MPa, 1.0 
MPa, 1.5 MPa, 2.0 MPa and 2.5 MPa, respectively. 

 
 

Fig. 10  Ratio of theoretical COP working with a real gas to 
that working with an ideal gas for a perfect last stage 
of a regenerative refrigerator without a recovery of 
the expansion work [13]. The hot-end temperature is 
set to be 20 K, and the cold-end temperature goes 
down to 3 K and 2 K for 4He and 3He, respectively. 
The black, red, green, blue, and purple lines represent 
a pressure of 0.3 MPa, 0.5 MPa, 1.0 MPa, 1.5 MPa, 
and 2.0 MPa, respectively. 

2.3 Loss mechanism in the regenerator 

The rCOP gets down to below about 30% when the 
refrigeration temperature is below the critical point [13, 
42], as shown in Fig. 9, where the pressure-induced 
enthalpy flow accounts for more than 50% of the local 
PV power. It is generally regarded that the 
pressure-induced enthalpy flow brings about the loss 
itself.   

We will clarify in this paper that this loss stems from 
the entropy generation related to the heat-associated 
enthalpy flow rather than the pressure-induced enthalpy 
flow itself, and the entropy generation is distributed 
throughout the regenerator.  

The entropy flow in the regenerator has been derived 
based on the definition of the entropy and it is related to 
the properties of real gas effects [45], which is expressed 
as  

 
  max

hh

1
(1 )

S
T ZT ZT

TpV ZT
  



    (14) 

where S  is the time-averaged entropy flow. 

The characteristic entropy generation at any 
temperature interval is expressed as   

 
 gen

max2
hh

d1 1 d
(1 )

d d

S Z
T ZT

T TpV ZT T
  



  (15) 

The entropy flow in the regenerator is generally 
negative, while the entropy generation is always 
nonnegative. For example, the distribution of entropy 
generation per unit temperature at a typical temperature 
range from 4.2 K to 20 K and at a reduced pressure of 4.0 
(0.91 MPa) is shown in Fig. 11. The entropy generation 
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at the peak point of the pressure-induced enthalpy flow, 
which is at the cold end for this case, is equal to the 
minimum value of zero. The entropy generation reaches 
its maximum value at the bottom point of the 
pressure-induced enthalpy flow, i.e. the peak point of the 
heat-associated enthalpy flow.  

However, the entropy generation at a certain 
temperature is not stationary, even though the 
pressure-induced enthalpy flow is a constant. If the 
refrigeration cycle is limited to a smaller range, the 
entropy generation will decrease accordingly. For 
example, at a temperature range of 8 K to 10 K and 12 K 
to 16 K, the peak entropy generation rate is 13% and 
27% of that at the temperature range of 4.2 K to 20 K, 
respectively. It is clear that the entropy generation at 
these small temperature ranges is significantly reduced, 
as shown in Fig. 11. Furthermore, if the cold-end 
temperature and the hot-end temperature in the 
refrigeration cycle are indefinitely close to each other, the 
entropy generation will decrease indefinitely, and the 
heat-associated enthalpy flow will also become infinitely 
small (close to zero), no matter how large the 
pressure-induced enthalpy flow is.   

 

 
 

Fig. 11  The characteristic entropy generation along the 
regenerator temperature profiles under typical 
operating conditions. 4He at a reduced pressure of 
4.0 (0.91 MPa) is taken as the example. The black, 
red, and blue line represents a working temperature 
range of 4.2 K to 20 K, 8 K to 11 K, and 12 K to 16 
K, respectively. 

 
Consequently, the COP of the refrigeration cycle 

increases as the temperature range gets reduced, which is 
easily calculated with previous equation of the COP. The 
rCOP at the temperature range of 8 K to 11 K and 12 K 
to 16 K reaches 92.9% and 93.8%, respectively. 
Furthermore, if the temperature range of the refrigeration 
cycle gets close to 0.1 K, the rCOP is above 98%, even at 
a temperature range of 4 K to 4.1 K where the real gas 
effects are extremely serious. If the temperature range in 
the refrigeration cycle is indefinitely small, the rCOP will 

get indefinitely close to 100%. This demonstrates that the 
serious real gas effects themselves do not directly mean 
any loss. This means that even though the absolute value 
of the pressure-induced enthalpy flow is quite large, it 
will not bring about a heat-associated enthalpy flow.  

In fact, it is the variation of the real gas effects (i.e. the 
variation of pressure-induced enthalpy flow) at the 
temperature range of the regenerator that brings about the 
heat-associated enthalpy flow, and such a heat-associated 
enthalpy flow brings about an entropy generation (i.e. 
heat loss). We will conclude that real gas effects 
indirectly give rise to the heat loss in the regenerator, 
which is renewed from the previous cognition. 

2.4 Ultimate temperature of the regenerative 
refrigeration  

There will be no refrigeration effect if the volume 
expansivity equals to zero [9, 46, 47]. This principle 
applies to any refrigeration system that relies on an 
adiabatic expansion to generate a refrigeration power. 
Zero volume expansivity means that the pressure-induced 
enthalpy flow equals to the local PV power, when the 
temperature is around a reduced temperature of 0.5, as 
shown in Fig. 3. 

This point determines the ultimate temperature that the 
working gas is capable to achieve. Pursuing the lowest 
temperature has been a splendid work when the 
regenerative refrigerator was able to achieve 4.2 K in the 
middle 1990s [33]. The theory has provided an important 
guide for this. 

The zero point of volume expansivity decreases 
slowly as the pressure increases for 4He, which is close to 
the lambda line of 4He, as shown in Fig. 12. The 
experimental study got a minimum temperature of 2.13 K 
with a PTR [48], which is 0.19 K above the lambda line 
of 4He at that average pressure of 1.95 MPa. Actually, it 

 

 
 

Fig. 12  The locus in pressure-temperature space where the 
cooling power of an ideal PTR is zero for 4He and 
3He working fluids. Also shown is the lambda line of 
4He [47] 
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is only 0.13 K above the zero point of the volume 
expansivity, which shows an excellent experiment work 
of those authors. Although 4He regains the ability to 
expand when the temperature gets lower than 1 K, the 
coefficient is too small to take its effects in practice [47]. 
There was a suggestion [49] that using a compression 
process instead of an expansion process to gain a 
refrigeration effect when the temperature is below 2 K, 
where 4He actually becomes a superfluid. It was shown 
that a temperature drop of about 0.1 K is achieved with a 
pressure ratio of about 2. However, this cycle is difficult 
to put into practice, and there have been no reported 
experimental results ever since then. 

The zero point of volume expansivity of 3He gets 
down to 1 K, which is a significant advantage at this 
temperature range. Two laboratories in Europe charged 
the precious 3He instead of 4He in their GM-type PTRs, 
and got a temperature of below 2 K [50]. The record is 
1.27 K when the mean pressure is 0.92 MPa [50], and it 
is only 0.32 K above the theoretical limit. Note that the 
zero point even extends to as low as 0.5 K when the 
pressure is as low as 0.1 MPa, as shown in Fig. 12. 
Experiments on Stirling-type PTR working with 3He 
were reported [51, 52]. A maximum improvement of 0.9 
K of the no-load refrigeration temperature was measured 
[51], comparing with that working with 4He. Recent 
experimental study has achieved a lowest temperature of 
3.47 K with 4He [53], which is close to the lowest 
temperature of 3.0 K achieved with a Stirling-type 
refrigerator working with 3He [54]. 

The expansion limit of the dilute 3He in the fixed 4He 
background is the phase separation of the mixture 
because the chemical potential varies as the concentration 
proceeds [47]. There seems to be no temperature limit 
when using such a mixture as a working fluid, if the 
concentration gets well-adjusted [47]. Experimental 
measurements have achieved a lowest temperature of 
0.168 K [55], and it was calculated that a refrigeration 
power of 40 µW at 0.1 K can be obtained [56]. Note that 
they applied a recuperator instead of a regenerator, and 
there are no fundamental differences of energy flow 
between regenerative and recuperative heat exchangers 
when only time-averaged behavior is considered [57]. 
However, the refrigeration power density is very small, 
which sets an obstacle to put such sub-kelvin 
refrigerators into practice applications. 

2.5 Real gas effects on the pulse tube  

There are relatively few studies on the real gas effects 
on the pulse tube or on the clearance gap. For example, 
the expansion efficiency of the pulse tube is usually 
estimated with an empirical value of 80%, which is based 
on a limited number of measurement at liquid-nitrogen 
temperatures [7, 58], while the expansion efficiency at 
lower temperatures has not been measured so far.  

The ideal pulse tube is considered to be in an adiabatic 
process with sufficient flow strengthening and no heat 
exchange between the fluid and the wall. According to 
the first law of thermodynamics, the enthalpy flow in the 
pulse tube is equal to the PV power [7]. Since the flow 
resistance in the pulse tube is negligible, both the 
enthalpy flow and the PV power remain constant along 
the length. Given this, we can conclude that an ideal 
pulse tube is able to work with a real gas, because there 
is no violation of the energy-balance principle. In contrast, 
an ideal regenerator without any heat loss cannot work 
with a real gas [14, 35]. 

However, there is a heat transfer between the gas and 
the wall in a practical pulse tube, causing a heat loss 

( lossQ ) and resulting in a degradation of enthalpy flow 

( H ) further. The energy equation inside the pulse tube 

is expressed as follows: 

losspV H Q               (16) 

According to the definition of the expansion efficiency 
of the pulse tube, i.e. the ratio of the enthalpy flow to the 
PV power at the cold end, the heat exchange between the 
gas and the wall obviously reduces the efficiency of the 
pulse tube. 

It has long been ambiguous whether the enthalpy flow 
includes the pressure-induced enthalpy flow or not. We 
would say that, since both the temperature and the 
pressure varies as the gas flows through the tube, the 
pressure-induced enthalpy flow always exists only if 
there is a PV power and the working fluid is of a real gas, 
according to its definition.   

Similar to the situation in the regenerator, the 
heat-associated enthalpy flow in the pulse tube is also 
adjusted as the variation of the pressure-induced enthalpy 
flow, as shown in Fig. 13. Note that the heat-associated 
enthalpy flow is directly related to the heat loss in the 
pulse tube, because the temperature amplitude of the gas 
results in a heat transfer between the gas and the wall. 

The pressure-induced enthalpy flow of 4He is close to 
the PV power at the liquid-helium temperature, and then 
the heat-associated enthalpy flow gets small. In this case, 
the heat loss decreases, and the expansion efficiency of 
the pulse tube increases. The pressure-induced enthalpy 
flow is negative when the temperature is between about 
10 K and 30 K, and the heat-associated enthalpy flow is 
possible to exceed the PV power, so the heat loss 
increases and the expansion efficiency of the pulse tube 
decreases. For example, at a typical temperature range of 
4 K to 20 K for an average pressure of 1.0 MPa, the 
heat-associated enthalpy flow at the cold end is only 20% 
of the PV power, comparing to twice the PV power at 
about 9 K, as shown in Fig. 13. Obviously, the heat loss 
at these two places is significantly different.  

Note that the connection between the heat exchanger 
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and the adiabatic part leads to a heat loss at both the cold 
and hot ends of the pulse tube, and there is a possible jet 
loss due to insufficient flow strengthening in hardware. 
These factors increase the complexity of the problem of 
determining the expansion efficiency. However, these 
studies are still very limited, with only a few numerical 
simulations [59, 60]. 

The temperature profile of the pulse tube is strongly 
influenced by the heat-associated enthalpy flow, and it is 
found to be far from linear when the real gas effects are 
significant, just like that in the regenerator. It was found 
that about 95% of the temperature variation happens in 
the 40% of the whole length that near the hot end. This 
was carried out through an experimental measurement 
[33, 61] and a numerical analysis [29, 61], in a case of 
the GM-type PTR working down to 4 K, as shown in Fig. 
14. This means that the heat exchange happens most near  

 

 
 

Fig. 13  Variation of the energy flow terms against the reduced 
temperature in an ideal pulse tube. The cold-end and 
hot-end temperature is 4 K and 20 K. The pressure is 
1 MPa. The black, red, and blue line represents the 
nondimensional terms (divided by the PV power) of 
the pressure-induced enthalpy flow, the 
heat-associated enthalpy flow, and the PV power, 
respectively. 

 

 
 

Fig. 14  Numerical simulation and experimental measurement 
of the temperature profile of a pulse tube in a 
GM-type PTR [29] 

the hot end of the pulse tube. Note that there was possible 
a DC flow in the PTR, because a double inlet worked as 
the phase shifter [29, 33]. 

3. Method Studies of Reducing Real Gas Losses 

Although the real gas losses are serious, they have 
been long regarded as an “intrinsic” loss and cannot be 
reduced [13, 18, 25, 35, 36]. The reason is mainly that it 
is the physical properties of the gas that determine the 
variation of pressure-induced enthalpy flow and there is 
no method to alter the properties. 

Fortunately, there have been sporadic studies on 
reducing real gas losses, even though some researchers 
didn’t even realize this. The regenerator at liquid-helium 
temperatures was found to provide an intermediate 
refrigeration power at an intermediate temperature 
between the cold-end temperature and hot-end 
temperature [62–64], which was extracted in the middle 
section of a regenerator, leading to little or no 
degradation on the refrigeration performance at the cold 
end (at about 4 K). The intermediate refrigeration power 
was ever called “excess cooling power” [64] or “free 
cooling power” [63], which shows its characteristic. The 
energy flow in the regenerator has been theoretically 
analyzed [64], and it was clearly demonstrated that the 
enthalpy flow at the upper part of the regenerator is 
reduced when an intermediate refrigeration power is 
applied [64], shown as a drop from 4.12 W down to 1 W 
in Fig. 15. In other words, the “enthalpy loss” somehow 
turns into the intermediate refrigeration power in that 
theoretical model [64]. 

 

 
 

Fig. 15  Theoretical comparison of the energy flow in a perfect 
second-stage regenerator that without and with an 
inter-heat exchanger [64]. The notations of Qexcess, Q1, 
and Q2 refer to the refrigeration power of the 
intermediate part, the first stage and the second stage, 
respectively. The notations of H1, H2, H2L and H2R refer 
to the enthalpy flow of the first stage, the second stage 
(without the inter-heat exchanger), the left part and 
the right part of the inter-heat exchanger, respectively. 
The work at the cold end is set as a constant. 
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The experiments have shown a variable intermediate 
refrigeration power at that variable intermediate 
temperature [63], as shown in Fig. 16. For example, 0.5 
W at 5.9 K or 1.25 W at 7.9 K was measured, as shown 
in Fig. 17, which is comparable with or even larger than 
the refrigeration power at the cold end of the second stage. 

These analyses and experiments have illustrated that 
the real gas losses are able to reduce. It is a pity that there 
were only limited experimental measurements and 
numerical analyses. The physical mechanism of these 
methods has been expounded with a theoretical 
derivation in the year later [65], as described below. The 
research about applying a DC flow in the regenerator and 
the expansion components will be further described. 

 

 
 

Fig. 16  Figure of the experimental setup of a two-stage PTR 
and tested results [63]. Two intermediate heat 
exchangers were anchored in the middle of the 
regenerator.  

 

 
 

Fig. 17  Measured intermediate refrigeration power in a 
two-stage PTR. The red, dash blue, and solid blue 
line represents the second-stage, first-stage, and 
intermediate refrigeration temperature. The 
horizontal axis represents the intermediate 
refrigeration power. There is 0.5 W heat load on the 
second stage, but no load on the first stage [63].  

3.1 Theory of heat input or removal in the regenerator 

The regenerator was assumed to be one-dimensional, 
frictionless, and without axial conduction. Furthermore, 
there could be an infinite heat-transfer rate and infinite 
matrix heat capacity at any point whenever it is possible 
[14, 65]. These assumptions should avoid any 
disturbance of practical factors such as heat-transfer 
limitation or flow friction. The regenerator is possible to 

be lossless in an ideal case.  
A differential heat input or removal was carried out all 

along the regenerator [65], as illustrated in Fig. 18. Such 
a heat input or removal is fully related to the real gas 
properties, as expressed here: 

 
 h

h

δ d 11

δ d

Q pV T ZT

T ZT T

  
 

    (17) 

This equation defines the distributed intermediate 
refrigeration power or intermediate heat input. If the 
coefficient of the pressure-induced enthalpy flow at the 
local point is smaller than that at a colder point, it is a 
heat input; and in the other case where the coefficient at 
the local point is larger than that at a colder point, it is a 
heat removal, as shown in Fig. 18. 

 
 

Fig. 18  Illustration of the heat input or removal theory in an 
ideal regenerator. A typical case of 4He at a reduced 
pressure of 4.0 is selected as the example. The blue 
and red lines represent for the pressure-induced 
enthalpy flow and the total heat flow, respectively. 
The dash red lines represent the total heat flow above 
the point that the heat input or removal is applied. 
The difference of the red line and blue line equals to 
the integration of the local differential heat input or 
removal. The cyan dash line represents the separation 
of the region where heat input should be applied and 
the region for the heat removal. 

 
The heat-associated enthalpy flow brought about by 

the pressure-induced enthalpy flow was then further 
converted into the available energy by assuming 
numerous numbers of microcycles between the hot-end 
temperature and the local temperature [65]. In this way, 
all heat loss was recovered, and a COP was obtained in 
an ideal case, which was expressed as:  

 
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  (18) 

The numerous numbers of microcycles can also be 
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built between the cold-end temperature and the local 
temperature, so all heat loss is converted into the 

refrigeration power at the cold end, requiring some input 
power, and the COP is expressed in another form: 
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By calculating cases working with 4He and 3He [65], it 
demonstrated that the Carnot efficiency could be 
obtained with this method, at any pressure or at any 
temperature.  

This distribution method was then further simplified 
by exerting such a heat input or removal at discrete 

regenerator locations [65], which was solved by an 
integration: 
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The COP of the discrete method was expressed as:  
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Although there is some finite heat loss, still 90% of 
the Carnot efficiency was obtained, when a heat input of 
7 discrete regenerator locations, which were 
equidistribution of temperature, was applied in some 
certain temperature range both for 4He and 3He [65], as 
shown in Fig. 19. The improvement with a single 
location is still significant, which added to 41% of the 
Carnot efficiency.  

 

 
 

Fig. 19  The relative Carnot COP taking into account the 
“intermediate refrigeration power” [65]. The reduced 
pressure is 4.0; the hot-end temperature (reduced 
temperature) is 1.73 for 4He and 1.96 for 3He, and 
the cold-end temperature (reduced temperature) is 
0.42 for 4He and 0.30 for 3He. The solid line and 
solid points represent for 4He, and the dash line and 
hollow points represent for 3He. The black lines are 
the distributed cases. The red, blue, and cyan points 
represent for the discrete cases of 1 location, 3 
locations, and 7 locations (equidistribution of 
temperature), respectively.   

 
 

Fig. 20  The characteristic entropy flow in a regenerator taking 
into account the intermediate refrigeration power. The 
black and magenta line represents the original case 
(without heat input) and the distributed case. The red, 
blue, and cyan line represents for the discrete cases of 
1 location, 3 locations, and 7 locations 
(equidistribution of temperature), respectively. 

 
Here we analyze the entropy flow in the regenerator 

when various heat inputs were applied, as shown in Fig. 
20. The entropy flow should be negative in this 
isothermal component according to the thermodynamics 
of oscillation flow [7]. The larger the absolute value of 
the entropy flow, the larger potential of the refrigeration 
power. It shows that the absolute value of the entropy 
flow gets larger when the heat input method was applied. 
The entropy flow decreases to a value equaling to that of 
the distributed method at the point of discrete heat input. 
With more points of the discrete method, the entropy 
flow gets closer to that of the distributed method. Note 
that there is no entropy generation at the point of discrete 
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heat input and also in the whole range of the distributed 
method. 

It is reasonable to conclude that the intermediate 
refrigeration power [62–64] belongs to a simplified 
method of extracting a refrigerator power at discrete 
regenerator locations in a practical regenerator [65], as 
shown in Fig. 16. The more points of extracting such a 
refrigerator power, the larger improvement of the total 
refrigeration power. Note that there is a radial heat 
resistance in such a practical regenerator, and the 
regenerator efficiency is also limited, so the intermediate 
refrigeration power is smaller than the theoretical value. 

It has been observed in experiments that the 
intermediate refrigeration power decreases the 
refrigeration power at the upper stage [62, 63], as shown 
in Fig. 17. It was also analyzed that the refrigeration 
power at the upper stage (50 K) drops from 4.12 W down 
to 1 W [64], as shown in Fig. 15. Here we uncover the 
internal mechanism that was simply illustrated in the 
previous study [64] by applying the heat input or removal 
theory across stages.  

There are generally two types of staging methods for 
regenerative refrigerators, which are named as thermal 
coupling [66] and gas coupling [67]. They both have an 
energy interaction between stages, while there is a mass 
flow interaction in the gas-coupling method. However, 
the function of the upper stage provides both 
refrigeration power of present stage and part of precooled 
regenerator for its lower stage in the gas-coupling 
method, so the regenerator at the upper stage can be 
separated into two parts, from the view point of energy 
flow [67]. The energy analysis on the thermal-coupling 
method is adaptable to that of the gas-coupling method. 
An illustration of this analysis is shown in Fig. 21. 

The precooling power for the lower stage is actually 
one kind of heat removal because the total heat flow 
decreases, while the refrigeration power is one kind of 
heat input, if the energy balance of one regenerator in its 
whole length is analyzed through the cold end to the hot  

 

 
 

Fig. 21  Illustration of the heat input or removal theory across 
stages. The lower-stage regenerator (Reglow) is 
precooled by the upper-stage regenerator (Regup) with 
a thermal coupling. The red arrows represent various 
heat flows.   

end. The total heat flow is varied by means of integration 
of heat input and also the integration of heat removal, if 
the energy equation is expressed with a discrete method:    

tot,c tot,h input, removal,i iQ Q Q Q            (22) 

This means that the variation of the heat removal is 
equal to the variation of the heat input, and in the case, 
the total heat flows at the two ends are fixed. Especially, 
there is only one point of heat removal, i.e. the 
precooling between stages, and the energy equation is 
expressed as: 

prec input,iQ Q               (23) 

Here the total heat flow at the cold end and at the 
upper stage is fixed, since the cold-end and upper-stage 
temperature keeps constant in this case.  

The net refrigeration power at the upper stage is equal 
to the gross refrigeration power minus the precooling 
power, expressed as:  

net,up gross,up precQ Q Q             (24) 

Combining these equations, we have: 

net,up input,iQ Q              (25) 

It is clear that the loss of the net refrigeration power at 
the upper stage is equal to the sum of the heat input, i.e. 
the intermediate refrigeration power.  

However, the loss of the net refrigeration power in 
practical regenerators is generally larger than that of the 
intermediate refrigeration power [62]. The main reason is 
that the average temperature of the regenerator gets 
increased as the intermediate refrigeration power is 
applied, and the viscosity coefficient increases, and thus 
the flow-friction loss aggravates [66].  

3.2 DC flow method in the regenerator 

The DC flow method is possible to reduce real gas 
losses in the regenerator. This method is related to the 
heat input or removal method because the sensible heat 
capacity of the DC gas functions as a distributed heat 
input. 

There are actually two kinds of DC flow in the 
regenerator: one that flows inside the regenerator is 
named as the internal DC flow, and the other that flows 
outside the regenerator is named as the external DC flow, 
as shown in Fig. 22. A special circular internal DC flow 
(Fig. 22(a)) is generated in a circular path through the 
regenerator and pulse tube in the PTR. The typical 
internal DC flow and external DC flow that pass through 
the hot end to the cold end of the regenerator are shown 
in Fig. 22(b) and Fig. 22(c), respectively. The energy 
equations for these two kinds of DC flow are actually the 
same. The main difference is that the external DC flow 
generally works with a significant radial heat resistance 
in practice, which is assumed to be zero in theoretical 
analyses. 
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Fig. 22  Schematics of three kinds of DC flow that superimposed on the regenerator, a circular internal DC flow (a), an internal DC 
flow (b), and an external DC flow (c) (Adopted from [45] with permission from Elsevier).  

 
The external DC flow is generally the gas to be 

liquefied, especially the helium gas. It was found that the 
liquefaction rate can be improved by precooling the gas 
outside the regenerator of 4 K PTR [68], which increased 
from 1.4 L/d to 4.8 L/d. The experimental setup is shown 
in Fig. 23. The numerical calculations demonstrated that 
the improvement of the liquefaction is caused by aid of 
the inefficiency of the regenerator [68].  

 

 
 

Fig. 23  Schematic of a two-stage PTR that precools the 
incoming tube outside the second-stage regenerator 
[68]  

 
The real gas losses in the regenerator of the GM 

refrigerator are comparable with that of the GM-type 
PTR, but the radial conduction resistance at the gap is 
much larger because of the clearance gap [68]. Recent 
modifications, by removing low-conductivity layers and 
covering a plate over the outer wall to form a 
heat-convection passage, take effects and enable an 
improvement of liquefaction of 23.7% for 4He [69]. 

The circular internal DC flow is widely applied in a 
doubled-inlet type PTR [70], as shown in Fig. 23. The 
performance has been improved significantly with an 
optimum internal DC flow flowing in a direction from 

the hot end of the regenerator to the cold end. 
Experiments showed that the DC flow improved the COP 
by 24% at 4.2 K [71], or the no-load temperature was 
decreased significantly down to 3.1 K for a GM-type 
PTR [32]. The refrigeration temperature was decreased 
by an order of 5 K at the temperature around 20 K in a 
Stirling-type PTR [72]. It was concluded that the DC 
flow brings about losses and should be zero when the 
refrigeration temperature gets down to as low as 24 K 
[73]. The value of the DC flow is very difficult to 
measure and it was generally described with the opening 
of the valve and monitored by measuring the temperature 
gradient of the pulse tube [32, 71, 74]. 

The DC flow has ever been precisely measured in 
recent years. It was done by measuring the pressure 
variation in a constant-volume reservoir, where the DC 
flow was induced through the refrigeration components 
[60, 75], as shown in Fig. 24. The amount of the DC flow 
was controlled precisely by controlling the valve before 
the DC reservoir. The refrigeration power was improved 
by over 1.5 times at 25 K when the DC flow was 
measured to be 2.1 mg/s [75], as shown in Fig. 25.  

Note that when the DC flow was applied though both 
the regenerator and pulse tube in these experiments, the 
effects on these two components are actually synthetic. 
This makes it difficult to distinguish which component 
exerts the effects on the refrigeration performance [60, 
76]. 

 

 
 

Fig. 24  DC flow measurement system in a PTR [75] 
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Fig. 25  Measured refrigeration temperature with various 
refrigeration power against the DC flow in a 
two-stage PTR [75]. The termWe2 means the input 
electrical power of the compressor for the second 
stage. 

 
The working mechanism of the DC flow on the 

regenerator was explored in a theoretical model [45]. The 
assumption of the regenerator in this theoretical model is 
the same as that of the heat input or removal method, as 
discussed in Section 3.1 [45].  

The energy balance of the regenerator with the DC 
flow was described with this equation: 

c
tot cond DC dxT

p T pT
Q H H Q m c T           (26) 

Here the terms pH , TH  and condQ  are 

functions of temperature (Tx), while the total heat flow 

totQ  keeps constant. A schematic of this relationship is 

shown in Fig. 26. 
In order to determine the maximum value of the DC 

flow that fulfills the energy balance at any location along 
the regenerator, a possible maximum DC flow in the 
temperature range between the cold-end temperature (Tc) 
and a variable higher temperature (Tx) was firstly solved 
[45], which means that the heat-associated enthalpy flow 
reaches a minimum value of zero at these two ends. So 
the energy balance is expressed as: 

   
c c c

DC, , d 1x x

x

T T

pT T T T
m c T T pV           (27) 

Secondly, the minimum value of the DC flow in that 
temperature range was determined by finding the 
minimum one in that group of DC flow [45], as shown 
that:  

   DC,min DC c hmin , ,m m T T T         (28) 

The DC flow recovers the distributed intermediate 
refrigeration power in the whole temperature range, 
which was converted to the refrigeration power at the 
cold end with microcycles. The COP of the regenerator 
that takes the DC flow into account was expressed as:  

     

     

c

c

DC,min ch
c c

h

DC,min ch
h c

h

d

COP=

d

x

x

T

pT

T

pT

m ZT T
T ZT c T

TpV

m ZT T T
ZT ZT c T

TpV


 
 
 
 
    
 
 











(29) 

It was found that the converted cold refrigeration power 
increases the rCOP from an order of 1% to 10% for cases 
of 4He and 3He [45], as shown in Fig. 27. This shows the 
significant improvement of the DC flow method. 

 

 
 

Fig. 26  Illustration of various energy flow terms in the 
regenerator at the temperatures close to or below the 
critical point [45]. The case of 4He at a reduced 
pressure of 4.0 is taken as the example. The red, blue, 
cyan line represents the total heat flow, the pressure- 
induced enthalpy flow, and the sum of the pressure- 
induced enthalpy flow and the heat-associated 
enthalpy flow, respectively. The subtraction value 
between the cyan line and the blue line represents 
the heat-associated enthalpy flow. The subtraction 
value between the red line and the cyan line 
represents the enthalpy flow of the DC flow gas. 

 

 
 

Fig. 27  The rCOP of 4He and 3He corresponding to various 
reduced pressures [45]. The minimum characteristic 
DC flow is applied and the effects are integrated 
from the cold end. The solid lines represent 4He and 
the dash lines represent 3He. The black, red, blue, and 
cyan lines represent the reduced pressure of 0.5, 1.0, 
2.0, and 4.0, respectively. 
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The entropy flow of the regenerator was further 
analyzed [45]. The entropy flow decreases if the DC flow 
is applied, as shown in Fig. 28. The DC flow cannot 
eliminate all the entropy generation resulted from real 
gas effects, because the distributed enthalpy flow of the 
DC flow does not match the variation of the 
pressure-induced enthalpy flow completely. However, the 
minimum DC flow was found to increase if the hot-end 
and cold-end temperature gets closer, and the entropy 
generation decreases [45]. The entropy generation should 
approach zero as the two-end temperature difference gets 
indefinitely small. 

 

 
 

Fig. 28  Comparison of the characteristic enthalpy flow and 
the characteristic entropy flow in the regenerator 
without DC flow and with DC flow (indicated with 
subscripts of “wo/DC” and “w/DC”) [45]. The 
reduced pressure is set as 4.0. The solid lines 
represent 4He, and the dash lines 3He. The black, red 
lines represent the enthalpy flow without DC flow 
and with DC flow, respectively. The blue, pink lines 
represent the entropy flow without DC flow and with 
DC flow, respectively. 

3.3 Decreasing losses in the pulse tube  

The circular internal DC flow (Fig. 22(a)) in the PTR 
generally flows through the regenerator to the pulse tube 
by way of the cold end, which is noted as a positive 
direction of the DC flow. The DC flow drawn from the 
regenerator has a distributed regeneration power, which 
has an effect on reducing the heat transfer loss in the 
pulse tube. The refrigeration performance is generally 
improved significantly when the cold-end temperature is 
in the range of liquid-helium temperature [32, 71, 76] 
and liquid-hydrogen temperatures [60, 72, 75], where the 
real gas effects are serious.  

The mechanism investigation in public literatures on 
the circular internal DC flow in the PTR is closely related 
to the pulse tube. The explanations for the improvement 
at 4 K PTRs include that the DC flow increases the 
refrigeration capacity of the pulse tube and dissipates 
more of the enthalpy flow at the hot end of the pulse tube 

[76]. It was concluded that the induced DC flow is used 
to compensate the DC flow generated by the double-inlet 
valve [32]. Another explanation was that the DC flow 
varies the temperature gradient both in the pulse tube and 
the regenerator and makes it more reasonable, where the 
refrigeration temperature is around 20 K [60].  

It is a pity that there were not much solid experimental 
data or theoretical data to support those conclusions. 
They cannot explain the difference between the influence 
at the liquid-helium temperatures and that at a higher 
temperature of above 80 K, i.e. the influence of real gas 
effects. What’s more, the temperature profile is a 
reflection of the internal energy relationship but not a 
cause. 

The heat loss in the pulse tube gets decreased by the 
DC flow, with its distributed sensible refrigeration power. 
The heat loss can be simplified to be proportional to the 
temperature gradient in the pulse tube, similar to that at 
the regenerator. When the pressure-induced enthalpy 
flow is negative, the temperature gradient becomes steep, 
and the loss is significant, as shown in Fig. 13. Previous 
experiments showed that the heat loss is reduced when 
the temperature gradient is decreased [77]. Previous 
simulation showed that the temperature profile at the cold 
part in the pulse tube gets closer to be flat as the DC flow 
gets larger, as shown in Fig. 29. This means that the 
temperature gradient in more part of the gas turns to be 
close to zero if more DC flow is exerted. In this case, the 
enthalpy flow of the AC flow gets closer to the PV power 
in the pulse tube, which means that the expansion 
efficiency of the pulse tube approaches 100%. A recent 
simulation on a Vuilleumier-type PTR showed that the 
enthalpy flow of the AC flow (noted as H_AC_PT) gets 
larger as the DC flow increases in the pulse tube, and the 
expansion efficiency also increases [78], as shown in Fig. 
30. 

 

 
 

Fig. 29  Calculated temperature profiles along the pulse tube 
when it is superimposed with various amount of the 
DC flow [76] 
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Fig. 30  Dependence of the enthalpy flows and the expansion 
efficiency on the DC flow in the pulse tube. The 
cold-end temperature is fixed at 15 K [78] 

 
Here we propose an attenuation coefficient noted as 

εPT, which is defined as the increasing value of the 
enthalpy flow of the AC flow at the cold end divided by 
the distributed refrigeration power of the DC flow, shown 
as this equation: 

PT,h

c

PT,c
PT

DC d
T

pT

H

m c T










           (30) 

A pulse tube [75] working in the temperature range 
between a certain point at 20 K to 40 K and 300 K is 
simulated with Sage [28]. It shows that the coefficient is 
about 0.4 when the cold-end temperature is equal to 20 K, 
and it decreases steadily as the DC flow increases, as 
shown in Fig. 31. 

 

 
 

Fig. 31  Attenuation coefficient in the pulse tube (εPT) 
corresponding to various DC flow. The black, red, 
blue, cyan, and magenta lines represent a cold-end 
temperature of 20 K, 25 K, 30 K, 35 K, and 40 K, 
respectively. 

 
What’s more, an intermediate refrigeration power at 

the middle of the pulse tube was found to be significant 
[62]. It was measured to be as large as 0.75 W at 13.3 K 
in a case, comparable with the refrigeration power at the 

cold end (0.7 W at 3.58 K) [62]. It is reasonable to 
speculate that it was related to the distributed 
refrigeration power of the DC flow, where it was 
generated through the double-inlet valve. A sketch of the 
heat transfer process is shown in Fig. 32. It’s only a 
speculation because there was no measurement of the DC 
flow or the internal energy flow. 

 

 
 

Fig. 32  Sketch of the heat transfer process of extracting 
intermediate refrigeration power on the pulse tube 
(Adopted from [62] with permission from Elsevier). 
The Qt, Qh, Ql and Qw refer to the heat flows of the 
intermediate point, the high part, the lower part, and 
the wall.  

 
The theory of attenuation coefficient can also be 

applied to the regenerator [57]. The heat load that is 
brought about by the DC flow decreases the 
heat-associated enthalpy flow of the AC flow in an ideal 
regenerator without any effect on the cold-end 
refrigeration power, if the pressure-induced enthalpy 
flow at the cold end is the maximum in the whole range. 
This was observed in the experiments where an 
intermediate refrigeration power was applied on the 
regenerator [62, 63]. However, the heat-associated 
enthalpy flow of the AC flow at the cold end increases in 
the case that the DC flow gets larger than the minimum 

DC flow  DC,minm  in an ideal regenerator, or in another 

case that it is a practical regenerator, so the refrigeration 
power decreases. Fortunately, not all the enthalpy flow of 
the DC flow becomes the heat load at the cold end 
because of the imperfectness of the regenerator [57, 79]. 
We propose an attenuation coefficient for the regenerator, 
defined as the increasing value of the enthalpy flow of 
the AC flow at the cold end divided by the distributed 
enthalpy flow of the DC flow, noted as εR, shown as:  

R,h

c

R,c
R

DC d
T

pT

H

m c T










.           (31) 

Note that the hot-end temperature of that section 
regenerator TR,h is not necessarily the same as the hot-end 
temperature of the pulse tube TPT,h. 

The attenuation coefficient of a Stirling-type and 
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GM-type regenerators over a DC flow range is simulated 
[80] with the software REGEN3.3 [15], and it is drawn in 
Fig. 33. The attenuation coefficient of GM-type 
regenerators is as small as between 0.1% and 4% when 
the DC flow is smaller than the minimum DC flow and 
the cold-end temperature is not larger than 7 K, in which 
case the pressure-induced enthalpy flow at the cold end is 
the maximum all along the regenerator. This value of the 
attenuation factor is very close to the theoretical analysis 
of an ideal regenerator (which is equal to zero). The 
attenuation coefficient of Stirling-type regenerators at the 
same temperature range is much larger, and it increases 
gradually. Note that the attenuation coefficient of the 
GM-type regenerator also varies gradually when the 
cold-end temperature is equal to or larger than 8 K 
because the pressure-induced enthalpy flow at the cold 
end is not the maximum in the whole regenerator.  

 

 
 

Fig. 33  Variation of the attenuation coefficient (εR) versus the 
characteristic DC flow for both the Stirling-type and 
GM-type regenerators [80]. The black, red, blue, cyan, 
and magenta lines represent a cold-end temperature of 
4 K, 5 K, 6 K, 7 K, and 8 K, respectively.  

 
The synthetic effect of the DC flow on the 

refrigeration power of the PTR is expressed as:  

PT,h R,h

c c

c PT,c R,c

PT DC R DCd d
T T

p pT T

Q H H

m c T m c T 

   

  

  

 
   (32) 

Here some minor variations, including the heat 
conduction and the flow resistance that changes with the 
temperature profile, are omitted. It is clear that when the 
regenerator is heat-intercepted and the pulse tube works 
in a large temperature range, which is usually the case for 
4 K GM-type PTRs [32, 39, 71, 76] and two-stage 
Stirling-type PTRs [60, 72, 75], the improvement of the 
refrigeration power with the DC flow is quite significant. 
Note that the heat load of the DC flow will certainly 
decrease the refrigeration power at upper stage(s) or 
increase the precooling load. 

In some cases, the hot ends of the regenerator and the 
pulse tube are connected and isothermal (noted as Th), 
especially for a single-stage PTR [76] or a 4 K 
Stirling-type PTR [40, 81], and the expression can be 
simplified as:   

  h

c
c PT R DC d

T

pT
Q m c T             (33) 

The improvement of the DC in this case is generally 
not remarkable. It was measured that the no-load 
temperature decreased by only 0.1 K to 0.2 K at the 
temperature of around 5 K [81, 82]. Another reason is 
that the attenuation coefficient εR of such regenerators is 
relatively large (around 0.2) because the regenerator 
efficiency of the Stirling type is relatively low, as shown 
in Fig. 33. 

Several inferences are made based on this cognition of 
the attenuation effects on the pulse tube and the 
regenerator: 

(1) The DC flow cannot improve the expansion 
efficiency of an ideal pulse tube. There is no heat transfer 
between the gas and the wall in such an ideal pulse tube, 
and the flow strengthening is perfect. So the expansion 
efficiency is 100% even though the real gas effects are 
serious. Any DC flow will cool down the gas in the pulse 
tube and result in a heat loss at the hot-end heat 
exchanger of the pulse tube.    

(2) The DC flow generally improves the expansion 
efficiency in a practical pulse tube, no matter how serious 
the real gas effects are. The lower the original expansion 
efficiency of the pulse tube (the reasons include a small 
volume, a less efficiency of the flow strengthening and so 
on), the more improvement the DC flow will provide.  

(3) The improvement with the DC flow is limited. The 
upper limit of the expansion efficiency of the pulse tube 
is 100%. Note that the decrease of the attenuation 
coefficient εPT as the DC flow increases is an indication. 
If a larger DC flow is exerted, the efficiency will not 
improve, but the temperature around the hot end will get 
lower, which generally means a waste of cold energy. 

(4) There is an optimum point of improving the 
refrigeration performance with the DC flow method. The 
reason is that the two attenuation coefficients vary in 
contradictory trends. As the DC flow increases from zero, 
the attenuation coefficient of the regenerator increases 
from zero, while that of the pulse tube decreases from a 
relative large value, as shown in Fig. 31 and Fig. 33. The 
attenuation coefficient εR increases sharply after the 
minimum DC flow in a GM-type regenerator (shown in 
Fig. 33) and it soon surpasses the attenuation coefficient 
εPT, so the performance decreases at a speeding-up rate. 

(5) It is possible to further improve the refrigeration 
efficiency if the DC flow induced from the regenerator 
gets divided into two portions: one portion is used for 
precooling the pulse tube, and the other portion is used 
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for providing intermediate refrigeration power for other 
applications. The precondition is that the regenerator is 
efficient and works close to or below the critical point, so 
the minimum DC flow is large and the attenuation 
coefficient εR is small. Meanwhile, the pulse tube is well 
designed and the required precooling power is small.  

3.4 Decreasing losses in the clearance gap 

It is almost a blank about the investigation on how to 
decrease the real gas losses in the clearance gap of the 
Stirling refrigerator or the GM refrigerator. Fortunately, 
the formation of the DC flow in these refrigerators has 
ever been theoretically explored [83], which 
demonstrated that the DC flow generally exists because 
of the density and velocity fluctuations in one cycle. 

Here we carry out a preliminary simulation on a 
two-stage Stirling refrigerator that works down to 15 K 
[84]. An artificial mass flow pump is installed between 
the entrance to the second-stage regenerator and the hot 
end of the clearance gap, so that the DC flow in the loop 
can be controlled, as shown in Fig. 34.  

 

 
 

Fig. 34  Schematic of controlling the DC flow through the 
clearance gap in a two-stage Stirling refrigerator. An 
artificial mass flow pump is connected between the 
entrance to the second-stage regenerator and the hot 
end of the clearance gap. The red elliptical circle 
illustrates the possible DC flow in the loop. 

 
It shows that the DC flow in the clearance gap is 

usually negative when there is no artificial mass flow 
pump, which means that the DC flow flows through the 
hot end of the clearance gap to the regenerator by way of 
the cold end. It is as large as –3.6 μg/s when the 
clearance is 10 μm. Most of the gas in the gap works at a 
high temperature in this case, as shown in Fig. 35. The 
negative DC flow generated in the original clearance gap 
carries a certain amount of enthalpy flow, which 
consumes the net refrigeration power, as shown in Fig. 
36. 

The artificial mass flow pump is able to generate a 
positive DC flow, and the temperature profile of the gas 
in the gap gets lower in this case. Meanwhile, losses in 
the clearance gas, including the shuttle heat loss and heat 
pumping loss, decrease significantly. In this case, the 
refrigeration power increases, as shown in Fig. 36. 

Similar to the PTR, comparison of the attenuation 
coefficients of the regenerator and the clearance gap 
(similar to that of the pulse tube) in the Stirling 
refrigerator is important to gain the refrigeration power, 
especially when the pressure-induced enthalpy flow is 
high. The difficulty is how to realize such a mass flow 
pump in practical refrigerators. 

 

 
 

Fig. 35  Temperature profile of the gas in the clearance gap 
corresponding to various amount of the DC flow 

 

 
 

Fig. 36  Variation of heat losses in the clearance gap and the 
refrigeration power as the DC flow changes. The 
solid lines represent the heat losses, and the dash 
lines represent the refrigeration power. The black, red, 
and blue lines represent a cold-end temperature of 15 
K, 20 K, and 25 K, respectively. 

4. Discussion and Summary 

We have reviewed the long history of exploring real 
gas effects which dates back to the 1970s. Important 
explorations in research areas including the loss terms in 
the regenerator, theoretical COP, ultimate refrigeration 
temperature, and effects on the pulse tube are 
summarized. The physical mechanism of reducing real 
gas losses, including the heat input or removal method 
and the DC flow method has been reviewed. We further 
explore some complicated phenomena related to real gas 
effects. 



CAO Qiang et al.  A Critical Review of Real Gas Effects on the Regenerative Refrigerators 803 

 

4.1 Main cognitions about real gas effects 

It is emphasized in this paper that the main factor 
leading to the real gas losses in the regenerator is the 
heat-associated enthalpy flow, which is used to balance 
the variation of the pressure-induced enthalpy flow, 
resulting in an entropy generation. The real gas effects on 
the pulse tube is mainly the enlargement of the 
heat-associated enthalpy flow in the case when the 
pressure-induced enthalpy flow is negative, and thus the 
heat transfer between the gas and the wall gets enhanced. 

A review of reducing the real gas losses has been 
carried out. The heat input or removal method is possible 
to eliminate all heat losses in the regenerator and to 
achieve a Carnot COP in the regenerator. The DC flow is 
a simplified and feasible method that decreases heat 
losses. The heat loss in the pulse tube or clearance gap 
gets decreased by the DC flow, and thus increases the 
expansion efficiency. 

Here we would conclude that there are only the heat 
input or removal method and the DC flow method that 
can reduce the loss. 

According to the first law of thermodynamics in an 
open oscillating system [7], it is only the terms of heat 
flow, enthalpy flow carried with a mass flow, and 
external work that are able to interact with the internal 
energy of the system. The equation is expressed as:  

ex inex in

d

d

U
Q pV m h m h

t
          (34) 

The energy balance problem caused by real gas effects 
varies with temperature or location. The heat input or 
removal can be added at certain locations and the heat of 
DC flow is spreaded with a fixed distribution, which is 
able to fit that energy variation. However, the external 
work changes the pressure of the whole regenerator and 
adds to the PV power homogeneously all along the 
regenerator, because the pressure always spreads with the 
speed of sound, and it is not feasible. So the external heat 
flow, whether it is transferred or transformed, and the 
external mass flow, are two sole terms that can interact 
with the internal energy of the oscillating flow. 

4.2 Further studies 

Previous measurements on gross parameters such as 
the temperature profile and the refrigeration power have 
well supported the theories that have been reviewed or 
studied in this paper. However, a direct verification of the 
theories about real gas effects requires a direct 
measurement of the parameters in the oscillating flow, 
such as the dynamic temperature, pressure, mass flow in 
the oscillating flow. In this case, the pressure-induced 
enthalpy flow and the heat-associated enthalpy flow can 
be determined based on those dynamic parameters. It 
requires a fast response on measuring those instantaneous 

parameters and an integration of those data in one cycle. 
Actually it is challenging to get accurate data and to 
control the possible accumulated error. 
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