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Many slides from Prof. Tim Thomay, Module from IBM qiskit examples



Quantum Computing
• We are now using Jupyter, python, and qiskit to 

demonstrate the most controversial (important, 
profound) quantum experiment, Bell’s inequality 

• The “quantum weirdness” that people become 
enamored with will be explained 

• We’ll walk through a tiny bit of quantum mechanics 
for those who have not seen it before
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HTTPS://XKCD.COM/1861

Incidentally, all will be  
covered in this class 
and the next semester



What is a Quantum Computer

• Is a computer that uses quantum mechanical principles to 
operate 

• In practice that means, non-classical properties such as  
–Superposition 
–Entanglement
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How Do Quantum Computers Work?
• Array of Quantum Gates 
• Adiabatic / Quantum 

Annealing 
• One way Quantum 

Computing 
• Topological Quantum 

Computers 
• Boson Samplers
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D-WAVE SYSTEMS, INC., CC BY 3.0 <HTTPS://
CREATIVECOMMONS.ORG/LICENSES/BY/3.0>, 
VIA WIKIMEDIA COMMONS

NATIONAL INSTITUTE OF STANDARDS 
AND TECHNOLOGY, PUBLIC DOMAIN, VIA 
WIKIMEDIA COMMONS

HTTPS://ARXIV.ORG/PDF/QUANT-PH/0503126.PDFWE DO NOT ANSWER THIS 
QUESTION  

IN THIS CLASS
WILL INSTEAD DISCUSS HOW TO PROGRAM THEM



WHY DO WE CARE?



IBM, 2015



Universal Quantum Computer

• Can solve any quantum algorithm 
• Applications: 

–Nature (physics, chemistry, biology, astronomy, …) 
–Social (Finance, trade, …) 
–Computing

7

(C) GOOGLE, QUANTUM SUPREMACY



Quantum Advantage

• When is a quantum computer solve problems that a 
classical computer cannot solve 
–Cannot solve in time t 
–Cannot solve 

• Google announced QA in 2019 (https://www.youtube.com/
watch?v=-ZNEzzDcllU) 
–3min QC - 10,000 years CC 
–IBM: Our super computer can do it in 2.5 days … 

• University of Science and Technology of China (USTC) 
announced 2020 QA for 10 billion larger Hilbert space as 
Google QC: 200s QC - 2.5 billion years CC
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https://www.youtube.com/watch?v=-ZNEzzDcllU
https://www.youtube.com/watch?v=-ZNEzzDcllU


What is the “weirdness” everyone obsesses about?

• Uncertainty principle:  

• Coherence and Decoherence: 
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You cannot simultaneously 
know the position and 
momentum of a state with 
infinite precision

Systems with fewer 
momentum components 
decohere more slowly



What is the “weirdness” everyone obsesses about?

• Schroedinger’s equation is conservation of energy  
 
 
 
 
with the substitutions:  

• In 1d we get: 
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Will be returning to this later in the semester 
and solving in intricate detail



What is the “weirdness” everyone obsesses about?

• Solutions to the S.E. can be expressed as a sum of 
infinitely many sine and cosine waves (or complex 
exponentials). In time-independent cases,  

• Or in the continuum limit:
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But! This is a Fourier transform! 
(We will also cover FTs in this class)



The Fourier Transform

• Quantum mechanics and the uncertainty principle are “really” 
the same as Fourier transforms: 
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Function

Fourier coefficients
Sine waves 
(Complex exponential)

Can solve for Fourier coefficients

https://en.wikipedia.org/wiki/Uncertainty_principle
http://en.wikipedia.org/wiki/Fourier_transform


The Fourier Transform

• Every function can be expressed as an infinite sum of sine 
waves (or complex exponentials)
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Fourier series are the amplitudes of those sine waves at each frequency



The Fourier Transform

• Example 1: Single frequency
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The Fourier transform of a single frequency is a delta function at that frequency



The Fourier Transform

• Example 2: Gaussian distribution

15https://warwick.ac.uk/fac/sci/mathsys/courses/msc/ma934/resources/notes8.pdf

See derivation here: 

The Fourier transform of a Gaussian with width ~sigma 
is another Gaussian with width ~1/sigma



Uncertainty principle

• In terms of wavefunctions, considering a wave packet that 
is Gaussian in x with width , the momentum distribution 
will have a width  that is inversely proportionate, with a 
minimum of :  

• This is a consequence of wave / particle duality
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Coherence and Decoherence: 

• Coherence is mathematically related to the correlation of 
two time series (or functions) [wiki] 

• Given two time series a(t) and b(t), their correlation is 
defined as 
 
 
 
where the bar over a(t) denotes complex conjugation 
(Note, the autocorrelation is when a=b) 

• If A and B are the Fourier transforms of a and b, from the 
convolution theorem, 
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Where  is the inverse Fourier transform 
and  is point-wise multiplication

Convolving numbers in the time domain is the same as multiplying 
numbers in the frequency domain and taking the inverse F.T.

https://en.wikipedia.org/wiki/Coherence_(physics)
https://en.wikipedia.org/wiki/Cross-correlation
https://en.wikipedia.org/wiki/Convolution_theorem


Coherence and Decoherence

• So given the spectral “density” distributions from the 
Fourier transform, we can define the coherence function as 

• The decoherence time is a time interval, so given a 
frequency band , the decoherence time is also inversely 
proportional to the spread in frequency (bandwidth):
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https://en.wikipedia.org/wiki/Coherence_(physics)


What is the “weirdness” everyone obsesses about?

• Uncertainty principle:  

• Coherence and Decoherence: 
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You cannot simultaneously 
know the position and 
momentum of a state with 
infinite precision

Systems with fewer 
momentum components 
decohere more slowly

Both are mathematical consequences of the 
wave nature of matter and follow from the 

Fourier decomposition



What is the “weirdness” everyone obsesses about?

• In addition to position and momentum (or time and 
frequency), ANY operators that do not have trivial 
commutation will have the same behavior. 

• Components of spin and angular momentum (Jx, Jy, Jz, or 
J and Jz) 
–Probably familiar from previous physics classes 

• Mass and flavor eigenstates 
–Probably NOT familiar
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Quantum States

• Before we go to quantum computing, it is helpful to 
introduce the concept of a quantum “state” that you may 
not be familiar with 

• Quantum state: a set of specified quantum numbers 
• Use “bra-ket” notation: 

– This is technically a vector in Hilbert space 

• Operators ( ) can be applied to quantum states on the left 
or the right (similar to a matrix in Hilbert space)
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bra

ket

Also known as a “matrix element”



Quantum States

• Concretely, let’s consider quantum spin of fermions 
(spin-1/2 particles) 

• In the base representation, there are two states  
–notations include up and down, or + and -, or +1/2 and 

-1/2 (all equivalent): 

• Sometimes the last one also denotes the total spin like:  

• This is therefore really a two-component vector, we will 
write like:
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Quantum States

• The operators for spin in the x,y,z directions use the Pauli 
matrices:  
 
 
 

• And then the spin operators are 
 
 

• These are NOT measurable simultaneously and also obey 
the uncertainty principle 

• Can also measure along an arbitrary direction aside from 
x,y,z (more in a few slides)
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Quantum States
• Another demonstration of a quantum state is the “flavor” of 

a particle versus its mass 
• 6 quarks  

–Up / down 
–Charm / strange 
–Top / bottom 

• 6 leptons 
–Electron / electron neutrino 
–Muon / muon neutrino 
–Tau / tau neutrino 

• 4 force carries:  
–E+M: photon 
–Weak interaction: W+Z 
–Strong interaction: gluon 24



Quantum States

• The composition of hadrons is a group of quarks (usually 2 
or 3) 
–up/down/strange SU(3):
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2 quarks in meson 3 quarks in baryon



Weirdness with the Weak interaction

• The weak interaction couples 2 
objects in an SU(2) “doublet” 
that works similarly to spin 
–u+d, + e?
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?



Weirdness with the Weak interaction

• The weak interaction couples 2 
objects in an SU(2) “doublet” 
that works similarly to spin 
–u+d, + e? 

• Nope. 
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Weirdness with the Weak interaction

• The eigenstates of the weak 
interaction are not the same as 
the particles themselves (“mass 
eigenstates”) so there is a 
quantum-mechanical mixing 
that occurs between states 

• Quarks: CKM matrix 
• Neutrinos: PNMS matrix 

• Both quarks and neutrinos will 
mix and oscillate back and forth!
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https://en.wikipedia.org/wiki/Cabibbo%E2%80%93Kobayashi%E2%80%93Maskawa_matrix
https://en.wikipedia.org/wiki/Pontecorvo%E2%80%93Maki%E2%80%93Nakagawa%E2%80%93Sakata_matrix


Coherent states in the weak interaction

• Famous example:  mixing and  mixing 
• Spectacular measurement by the LHCb experiment to 

measure the oscillation frequency 
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Coherent state Coherent state

https://arxiv.org/pdf/2104.04421.pdf


Coherent states in the weak interaction

• Absolutely gorgeous demonstration of long-distance 
coherence oscillating back and forth! 

• Because the number of states is very small (~2) the 
decoherence time is very long
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Computing with Coherent States

• The keys to quantum computing are to set up appropriate 
coherent states that are 
–Stable enough 
–Correctly readable 

• Active area of research (also here at UB in the CM group!)
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https://arts-sciences.buffalo.edu/physics/research/condensed-matter-physics.html


EPR paradox

• Named after Einstein, Podolsky, Rosen 
• “spukhafte Fernwirkung”, spooky interaction 

at a distance 

• How can we figure out if Quantum 
Mechanics is right, or we just don’t know 
everything?
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Gedankenexperiment

• 2 particles in an entangled state 
–Spin / mass / etc
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Gedankenexperiment

• 2 particles in an entangled state 
–Spin / mass / etc 

• They travel apart
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Gedankenexperiment

• 2 particles in an entangled state 
–Spin / mass / etc 

• They travel apart
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One is measured by “Alice” One is measured by “Bob”



Gedankenexperiment

• 2 particles in an entangled state 
–Spin / mass / etc 

• They travel apart
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One is measured by “Alice” One is measured by “Bob”

But this picture is wrong!



Gedankenexperiment

• 2 particles in an entangled state 
–Spin / mass / etc
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Don’t know which is “up” and which is “down” to begin with. 
That’s not even a sensible question, they’re both in a 

superposition of  up and down



Gedankenexperiment

• 2 particles in an entangled state 
–Spin / mass / etc
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Don’t know which is “up” and which is “down” to begin with. 
That’s not even a sensible question, they’re both in a 

superposition of  up and down

In fact can even oscillate with well-defined probabilities!



Gedankenexperiment

• How to see this? Is there a difference, 
if the states were determined the whole 
time (via a hidden variable, “element of 
reality”) 

• Or if the states are only determined at 
the time of measurement 

• Gedankenexperiment: 
–Measure in different axis bases
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Alice measures z-spin

Bob measures x-spin

These are incompatible observables, so QM predicts that “collapse” 
in z component does not affect x component!



Gedankenexperiment

• So there is a difference if Alice measures in z basis and 
Bob measures in x basis 

• Bob’s (Alice’s) state will not be determined in Quantum 
Mechanics, however it would be if there is a hidden 
variable, in particular if the decision in which basis the 
measurement will happened is done after the two particles 
are separated. 

• Great, but how to do the real experiment?

40



Bell’s inequality
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Bell’s inequality (CHSH version)

• Bell suggested to not use orthogonal but any kind of basis 
to do the measurements 
– We’ll use Clauser, Horne, Shimony, and Holt (CHSH) version 

• Eg: 
–Alice measures in z basis, Bob in z basis 
–Alice measures in z basis, Bob in z + pi/6 basis 
–Alice measures in z basis, Bob in z + 2(pi/6) basis 

• Einstein: “das is einfach” (that’s easy) 
–Independent from the basis we can calculate: 

• that if Alice measures in A and a basis 
• And Bob in B and b basis 

• Since: A,a,B,b can only yield ±1, so (B-b) and (B+b) can only be 0 
or ±2 and thus A(B-b) and a(B+b) can only be ±2 and thus above 
inequality must be true for any case
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hCHSHi = hABi � hAbi+ haBi+ habi  2



Hands on

• https://quantum-computing.ibm.com/jupyter/user/qiskit-
textbook/content/ch-demos/chsh.ipynb 

• https://qiskit.org/documentation/apidoc/tools_jupyter.html?
highlight=get_provider
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https://quantum-computing.ibm.com/jupyter/user/qiskit-textbook/content/ch-demos/chsh.ipynb
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Closing Bell Loopholes

• Many Loopholes were suggested 
–Detection loophole (QC disproves that) 
–Locality loophole (QC still has that) 
–Freedom of Choice Loophole (https://arxiv.org/pdf/

1805.04431.pdf) 
–… 

• All are closed in the meantime (https://physics.aps.org/
articles/v8/123)
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“Quantum Entanglement Documentary 
Atomic Physics and Reality”, John 
Archibald Wheeler, John Stewart Bell, 
Alain Aspect, David Bohm, et.al. (1985) 
https://www.youtube.com/watch?
v=SEjte11wPeI

https://arxiv.org/pdf/1805.04431.pdf
https://arxiv.org/pdf/1805.04431.pdf
https://physics.aps.org/articles/v8/123
https://physics.aps.org/articles/v8/123


What have we learned?
• … how to run our first “real” python 

program that actually solves a physics 
question  

• … that we can run code on a  QC that 
proofs Einstein wrong 

• … how to read and understand code 
written by someone else 

• … what is Realism and Nonlocality; in 
particular, a physical theory is: 
– real, if: the properties exist independent 

of a measurement (just disproved that 
for QM, bad choice of words here …) 

– nonlocal, if: two measurements apart 
from each other in space are correlated 
(nonlocal: Newton, Maxwell, QM, local: 
relativity)
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MISSMJ, CC BY-SA 3.0 <HTTPS://CREATIVECOMMONS.ORG/LICENSES/
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Quantum Computing Frameworks

• Qiskit (IBM) - we are using that 
• Tensorflow Quantum / CIRQ (Google) 
• Strawberry fields (Photonic quantum computing) 
• Q# (Q sharp) (Microsoft) 
• QuTiP (Quantum Toolbox in Python) 

• So that’s a lot of programming languages? No, ALL of 
them can be used with python!

46



Example: 1+1

• Let’s compute something with a quantum computer. 
• You probably do not know how a classical computer does 

this either so we cover that on the way. 
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Information storage (memory)
• We have to represent information. We do this in a (Qu)bit q0 

• Let’s define (we do that slightly differently later): 

• Now, we have the first problem since we “know” 1+1=2 (q0+q1) 
and we have no 2! 

• Let’s get another Qubit q for storing the “overflow”  

• And represent 2 as the sum of q2 and q3
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Operations (Gates)

• But how do we operate on information? 
• Gates: eg  

–NOT /  

–But this only acts on one Qubit  
–Reversible
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Input Output

q0 q0

|0> |1>

|1> |0>



Operations (Gates)

• Multi bit gates 
• eg 

–XOR  

–Not reversible
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Input Output

q0 q1 q2 (sum 
bit)

0 0 0

0 1 1

1 0 1

1 1 0



Operations (Gates)

• Multi Qubit gates 
• eg 

–CNOT   

–reversible XOR
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Input Output

q0 q1 q0 q1+q0

0 0 0 0

0 1 0 1

1 0 1 1

1 1 1 0



Operations (Gates)

• Classic gate 
• eg 

–AND  
–Non reversible
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Input Output

q0 q1 q3 (carry 
bit)

0 0 0

0 1 0

1 0 0

1 1 1



Operations (Gates)

• Multi Qubit gates 
• eg 

–TOFFOLI  
–CCNOT gate 
–Reversible
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Input Output

q0 q1 q3 q0 q1 q3 

(ancillar0 0 0 0 0 0
0 0 1 0 0 1
0 1 0 0 1 0
0 1 1 0 1 1
1 0 0 1 0 0
1 0 1 1 0 1
1 1 0 1 1 1
1 1 1 1 1 0



Half adder

• If we combine an XOR (CNOT) and an AND (Tofoli) gate 
we can implement addition.
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q0 q1 q2 
sum

q3 
carry

0 0 0 0
0 1 1 0
1 0 1 0
1 1 0 1

XOR

AND



What have we learned?
• … how to program a quantum computer! Yeah! Although for a 

classical example … 
• … a QC is not fundamentally more complicated than a classical 

computer 
• … that a QC probably shouldn’t be used for classical computation 
• … how to prepare and measure a quantum state 
• … that we have to do a measurement! 
• … that to add 2 Qubits we need actually 4 Qubits to store all 

information 
• … that we need three Quantum gates (2xCNOT and 1xToffoli) to do 

one add operation 
• … that this circuit is called a “half adder”
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Example: Mach-Zehnder Interferometer 
• Let’s take an easy optics example 
• A MZ Interferometer consists of 2 

equal Beamsplitters (BS) 
• In the 1st BS the light is split equally 
• In the 2nd BS the light is combined 

again 
• Ignoring any phase shifts at 

interfaces it depends on the 
difference of optical path length how 
much light we detect at the two 
outputs of the 2. BS 

• If the path difference is just half the 
wavelength we get constructive 
interference at one output and 
destructive at the other
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Example: Mach-Zehnder Interferometer 
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Another kind of state

• Let’s have a laser pointer and a beam splitter 
• Reversible
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Superposition
• Let’s call that state a 

super position: 
• And introduce an 

operator (gate) H for 
the BS so that:
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• If we add the second 
beamsplitter we can write that as 
the sum: 

• And we can write for the BS 
operation (Hadamard gate)
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Computational basis

• We can write an arbitrary quantum state      as a 
superposition of the basis vectors: 

• With that we can use the H gate to transform the 
measurement basis for our measurement from 
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with ↵, � 2 C2, and |↵|2 + |�|2 = 1

<latexit sha1_base64="1e6KYFTPvqDcRTYWh0d/tWjVutA="></latexit>

|0i , |1i ! |+i , |�i



What have we learned?

• … how to implement a quantum circuit on a QC 
• … how to model a physics experiment on a QC 
• … how to generate a superposition 
• … that a superposition is not rolling dice 
• … how to transform the measurement basis
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Phase Shifter

• The phase shifter is an operation 
that adds a phase shift lambda 

• On QC there usually many special 
gates with a specific value of phi 
used, eg: 
–Pauli Z pi: 

–S (SWAP) pi/2: 

–T pi/4:
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<latexit sha1_base64="Ll1wToE/Wa5K3KQ+Ol/h3/newe0="></latexit>

Z =


1 0
0 ei⇡

�
=


1 0
0 �1

�

S =


1 0
0 ei

⇡
2

�
=


1 0
0 i

�
=

p
Z

T =


1 0
0 ei

⇡
4

�
=

p
S =

4
p
Z

<latexit sha1_base64="huj3oaFwBju9/0hTLwbO81Gild0="></latexit>✓
1 0
0 ei'

◆
<latexit sha1_base64="yFvvhrvzchg+gaHZwl/LJNKmAl0=">AAACMXicbVDLSgMxFM34rPVVdekmWBRXZUZEXRbddFnBtkKnljvpbRvMZIYkI5Rpf8mNfyJuulDErT9h+sBH64HA4Zx7uTkniAXXxnWHzsLi0vLKamYtu76xubWd29mt6ihRDCssEpG6DUCj4BIrhhuBt7FCCAOBteD+auTXHlBpHskb04uxEUJH8jZnYKzUzJX6rq9AdgTSIz+EWJuI/ki+n+17cz7epdx/ABV3+eDbbubybsEdg84Tb0ryZIpyM/fstyKWhCgNE6B13XNj00hBGc4EDrJ+ojEGdg8drFsqIUTdSMeJB/TQKi3ajpR90tCx+nsjhVDrXhjYyRBMV896I/E/r56Y9kUj5TJODEo2OdROBLWxR/XRFlfIjOhZAkxx+1fKuqCAGVty1pbgzUaeJ9WTgndWOL0+zRcvp3VkyD45IMfEI+ekSEqkTCqEkUfyQl7Jm/PkDJ1352MyuuBMd/bIHzifX/TOqiI=</latexit>

|0i 7! |0i
|1i 7! ei'|1i



Example: Phase detector (Ramsey circuit)

• Let’s find a computation (circuit) that can tell us the phase 
shift of an phase shifting element in a branch of the MZ 
interferometer 

B.   
C.   

• Which gives us  

• And thus the difference 
• Gives us the real part of phi
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<latexit sha1_base64="/NVP0sEJHJPZWbu2Pzc7PdxoDOw="></latexit>

| i = 1p
2
(|0i+ ej'|1i)

<latexit sha1_base64="hYGnGGAIAXutZ6h/XqVmg+oUcl0="></latexit>

| i = 1
2 [(1 + ej')|0i+ (1� ej')|1i]

<latexit sha1_base64="iLs8vKS0Px7dtKRWvBcYUH9PbxE="></latexit>

p0 = 1
2 [1 + cos(')], p1 = 1

2 [1� cos(')]

<latexit sha1_base64="ZLMVpyZGyJXzmnIY11yCxWOZ6GM=">AAACBHicbZDLSgMxFIYz9Vbrreqym9AiVMQyI6JuhEE3LivYC3SGIZOmbWgmE5JMYShduPEJfAc3LhRx60O469uYXhba+kPg4z/ncHL+UDCqtG2PrczK6tr6RnYzt7W9s7uX3z+oqziRmNRwzGLZDJEijHJS01Qz0hSSoChkpBH2byf1xoBIRWP+oFNB/Ah1Oe1QjLSxgnyhDa+hCOxTETiGPByrsjdAUvTocZAv2RV7KrgMzhxKbtE7eR67aTXIf3vtGCcR4RozpFTLsYX2h0hqihkZ5bxEEYFwH3VJyyBHEVH+cHrECB4Zpw07sTSPazh1f08MUaRUGoWmM0K6pxZrE/O/WivRnSt/SLlINOF4tqiTMKhjOEkEtqkkWLPUAMKSmr9C3EMSYW1yy5kQnMWTl6F+VnEuKuf3Tsm9ATNlQQEUQRk44BK44A5UQQ1g8AhewBt4t56sV+vD+py1Zqz5zCH4I+vrB6LJmTA=</latexit>

d = p0 � p1 = cos(')
<latexit sha1_base64="F/a9vVExSs2eiqqqbqtgSOi3xrE=">AAACBHicbVDLSsNAFJ3UV62vqMtugkVwVRIp6kYounFZxT4gjWUyvWnHTh7MTIolZOHGX3HjQhG3foQ7/8ZJm4W2HrhwOOde7r3HjRgV0jS/tcLS8srqWnG9tLG5tb2j7+61RBhzAk0SspB3XCyA0QCakkoGnYgD9l0GbXd0mfntMXBBw+BWTiJwfDwIqEcJlkrq6eWH866P5ZD7yQ2kNtwl990x5tGQpk5Pr5hVcwpjkVg5qaAcjZ7+1e2HJPYhkIRhIWzLjKSTYC4pYZCWurGACJMRHoCtaIB9EE4yfSI1DpXSN7yQqwqkMVV/TyTYF2Liu6ozO1jMe5n4n2fH0jtzEhpEsYSAzBZ5MTNkaGSJGH3KgUg2UQQTTtWtBhlijolUuZVUCNb8y4ukdVy1Tqq161qlfpHHUURldICOkIVOUR1doQZqIoIe0TN6RW/ak/aivWsfs9aCls/soz/QPn8AuxGYzg==</latexit>

x = Re[ej']



• For the imaginary part we need a second quantum circuit 

• The S gate shift the imaginary plane onto the real plane so 
we can measure it 

• Using atan2 (2-argument arctan: https://en.wikipedia.org/
wiki/Atan2) we can calculate phi
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<latexit sha1_base64="GQOIkvVjed1fKDnWlrjXc6dc8jM=">AAAB+HicbVBNS8NAEJ34WetHox69LBahXkoiRb0IRS8eK9gPaELZbLbt0s0m7G4KNfSXePGgiFd/ijf/jds2B219MPB4b4aZeUHCmdKO822trW9sbm0Xdoq7e/sHJfvwqKXiVBLaJDGPZSfAinImaFMzzWknkRRHAaftYHQ389tjKhWLxaOeJNSP8ECwPiNYG6lnl8IbTzFR8cZYJkN23rPLTtWZA60SNydlyNHo2V9eGJM0okITjpXquk6i/QxLzQin06KXKppgMsID2jVU4IgqP5sfPkVnRglRP5amhEZz9fdEhiOlJlFgOiOsh2rZm4n/ed1U96/9jIkk1VSQxaJ+ypGO0SwFFDJJieYTQzCRzNyKyBBLTLTJqmhCcJdfXiWti6p7Wa091Mr12zyOApzAKVTAhSuowz00oAkEUniGV3iznqwX6936WLSuWfnMMfyB9fkDKk+SyA==</latexit>

d = sin(')
<latexit sha1_base64="VALVgdUfWOS3gXzfzFTBOuXFeuI=">AAACBXicbVDLSsNAFJ3UV62vqEtdDBbBVUmkqBuh6EZ3FewDmlgm00k7diYJM5NCCNm48VfcuFDErf/gzr9xUrPQ1gMXDufcy733eBGjUlnWl1FaWFxaXimvVtbWNza3zO2dtgxjgUkLhywUXQ9JwmhAWooqRrqRIIh7jHS88WXudyZESBoGtyqJiMvRMKA+xUhpqW/uJ+cOR2okeHrNsx65S++dCRLRiGYu7JtVq2ZNAeeJXZAqKNDsm5/OIMQxJ4HCDEnZs61IuSkSimJGsooTSxIhPEZD0tM0QJxIN51+kcFDrQygHwpdgYJT9fdEiriUCfd0Z36xnPVy8T+vFyv/zE1pEMWKBPhnkR8zqEKYRwIHVBCsWKIJwoLqWyEeIYGw0sFVdAj27MvzpH1cs09q9Zt6tXFRxFEGe+AAHAEbnIIGuAJN0AIYPIAn8AJejUfj2Xgz3n9aS0Yxswv+wPj4BhvlmPg=</latexit>

y = Im[ej']

https://en.wikipedia.org/wiki/Atan2
https://en.wikipedia.org/wiki/Atan2


What have we learned?

• … how to do a non-classical computation 
• … how to calculate a quantum property on a QC 
• … do a quantum tomography experiment 
• … that there is a global phase we cannot (and don’t need 

to) measure
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Boson Sampling

• Array of Beamsplitters (Mach-Zehnder) 
• Indistinguishable photons at input 
• Single photon counters at output 
• Computes the determinant of a matrix (CC “hard P”) 
• Problems: 

–For large matrices (>50) non-computable 
–What does a QC compute?

67(C) HTTPS://WWW.NATURE.COM/ARTICLES/NPHOTON.2015.153

<latexit sha1_base64="11K0LuB1yGtq/sPnIC4g1DBRlCI="></latexit>

perm

0

@
a b c
d e f
g h i

1

A = aei+ bfg + cdh+ ceg + bdi+ afh



Quantum Gates
• Hadamard Gate: 

–Superposition of a single qubit 
–  

• Pauli X gate (NOT gate) 

• Pauli Y gate
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RXTREME, CC BY-SA 4.0 <HTTPS://CREATIVECOMMONS.ORG/LICENSES/BY-SA/4.0>, VIA WIKIMEDIA COMMONS

<latexit sha1_base64="NCT1aIodWqzl5/KelaLg0fvPYLE="></latexit>

|0i ! |0i+ |1ip
2

|1i ! |0i � |1ip
2

<latexit sha1_base64="uUgCvBb59mHIG69GtQJbPrx49DA="></latexit>

H =
1p
2


1 1
1 �1

�

<latexit sha1_base64="sdl2jVyHmkR/k0anpurlpF3LkvA=">AAACAnicbZDLSsNAFIZPvNZ6i7oSN4NFcFUSEXVTKLqJuwr2Am1aJpNJO3RyYWYilFDc+CpuXCji1qdw59s4bbPQ1h8GPv5zDmfO7yWcSWVZ38bS8srq2npho7i5tb2za+7tN2ScCkLrJOaxaHlYUs4iWldMcdpKBMWhx2nTG95M6s0HKiSLo3s1Sqgb4n7EAkaw0lbPPHScbsfH/T4VFaeb5Th2Krc9s2SVranQItg5lCBXrWd+dfyYpCGNFOFYyrZtJcrNsFCMcDoudlJJE0yGuE/bGiMcUulm0xPG6EQ7PgpioV+k0NT9PZHhUMpR6OnOEKuBnK9NzP9q7VQFV27GoiRVNCKzRUHKkYrRJA/kM0GJ4iMNmAim/4rIAAtMlE6tqEOw509ehMZZ2b4oW3fnpep1HkcBjuAYTsGGS6iCAzWoA4FHeIZXeDOejBfj3fiYtS4Z+cwB/JHx+QNpjZbN</latexit>

HH
† = H

†
H = I

<latexit sha1_base64="J1fvKJ+vsQ/kndFhcctA2Ks0vy8=">AAACE3icbVC7TsMwFHV4lvAKMLJYVEiIoXIQAqaqgoWxSPQhtVHluE5r1XEi2wFVaf+BhV9hYQAhVhY2/gY3zVBajmT5+Jx7dX2PH3OmNEI/1tLyyuraemHD3tza3tl19vbrKkokoTUS8Ug2fawoZ4LWNNOcNmNJcehz2vAHNxO/8UClYpG418OYeiHuCRYwgrWROs7pCJVhW7JeX2Mpo0c4cs27bWfXrIzKHaeISigDXCRuToogR7XjfLe7EUlCKjThWKmWi2LtpVhqRjgd2+1E0RiTAe7RlqECh1R5abbTGB4bpQuDSJojNMzU2Y4Uh0oNQ99Uhlj31bw3Ef/zWokOrryUiTjRVJDpoCDhUEdwEhDsMkmJ5kNDMJHM/BWSPpaYaBOjbUJw51deJPWzkntRQnfnxcp1HkcBHIIjcAJccAkq4BZUQQ0Q8ARewBt4t56tV+vD+pyWLll5zwH4A+vrF32inKo=</latexit>

|0 >! |1 >

|1 >! |0 >

<latexit sha1_base64="I3U3YkiD5HYC4TitAus3OEZqGig=">AAACGXicbVDLSgMxFM34rPU16tJNsFhclRkRdSMU3bisYB/QGUomc9uGZjJDkhHL0N9w46+4caGIS135N6btINp6IOHknHvJvSdIOFPacb6shcWl5ZXVwlpxfWNza9ve2W2oOJUU6jTmsWwFRAFnAuqaaQ6tRAKJAg7NYHA19pt3IBWLxa0eJuBHpCdYl1GijdSxnRa+wF4APSayICJasvsRdnAZu9jzzFU2Dw9E+GN27JJTcSbA88TNSQnlqHXsDy+MaRqB0JQTpdquk2g/I1IzymFU9FIFCaED0oO2oYJEoPxsstkIHxolxN1YmiM0nqi/OzISKTWMAlNp5uurWW8s/ue1U9099zMmklSDoNOPuinHOsbjmHDIJFDNh4YQKpmZFdM+kYRqE2bRhODOrjxPGscV97Ti3JyUqpd5HAW0jw7QEXLRGaqia1RDdUTRA3pCL+jVerSerTfrfVq6YOU9e+gPrM9vP42d/Q==</latexit>

X =


0 1
1 0

�



Quantum Gates

• Phase shift Gates: 

• Special cases of phi: 

• Pauli Z pi: 
• S (swap) pi/2: 
• T pi/4:
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RXTREME, CC BY-SA 4.0 <HTTPS://CREATIVECOMMONS.ORG/LICENSES/BY-SA/4.0>, VIA WIKIMEDIA COMMONS

<latexit sha1_base64="TERs4OwlCaCSodGL0cIeJW9F7bI=">AAACLHicbVDLSgMxFM3UVx1foy7dBIvgqsyIqMtiNy4r2Ad0asmkt21oJjMkGaFM+0Fu/BVBXFjErd9h2g5SWw8EDufcy805QcyZ0q47sXJr6xubW/lte2d3b//AOTyqqSiRFKo04pFsBEQBZwKqmmkOjVgCCQMO9WBQnvr1J5CKReJBD2NohaQnWJdRoo3Udsoj15dE9DhgPySx0hFeUHx75C3b8JgyP+6z8a/Vdgpu0Z0BrxIvIwWUodJ23vxORJMQhKacKNX03Fi3UiI1oxzGtp8oiAkdkB40DRUkBNVKZ2HH+MwoHdyNpHlC45m6uJGSUKlhGJjJkOi+Wvam4n9eM9Hdm1bKRJxoEHR+qJtwbDJPm8MdJoFqPjSEUMnMXzHtE0moNv3apgRvOfIqqV0Uvauie39ZKN1mdeTRCTpF58hD16iE7lAFVRFFz+gVfaCJ9WK9W5/W13w0Z2U7x+gPrO8fZL6oVw==</latexit>

|0i 7! |0i
|1i 7! ei�|1i

<latexit sha1_base64="UJ8v06+wCBbw2krWdkv1A7cSpIA=">AAACJ3icbVDLSgNBEJz1GeNr1aOXxqB4Crsi6kURvXiMYqKQXcPspJMMzs4uM7NiWPI3XvwVL4KK6NE/cfJAfDXMUFRV090VpYJr43nvztj4xOTUdGGmODs3v7DoLi3XdJIphlWWiERdRlSj4BKrhhuBl6lCGkcCL6Lr475+cYNK80Sem26KYUzbkrc4o8ZSDffgrBGkHQ77EETY5jKPYmoUv+2BDxvgQRDYbwPwKufQN/YgQNn8cjXcklf2BgV/gT8CJTKqSsN9CpoJy2KUhgmqdd33UhPmVBnOBPaKQaYxpeyatrFuoaQx6jAf3NmDdcs0oZUo+6SBAfu9I6ex1t04sk67X0f/1vrkf1o9M629MOcyzQxKNhzUygSYBPqhQZMrZEZ0LaBMcbsrsA5VlBkbbdGG4P8++S+obZX9nbJ3ul06PBrFUSCrZI1sEp/skkNyQiqkShi5Iw/kmbw4986j8+q8Da1jzqhnhfwo5+MT6gOkLw==</latexit>

R� =


1 0
0 ei�

�

<latexit sha1_base64="Ll1wToE/Wa5K3KQ+Ol/h3/newe0="></latexit>

Z =


1 0
0 ei⇡

�
=


1 0
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�

S =


1 0
0 ei

⇡
2

�
=


1 0
0 i

�
=
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0 ei
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=

p
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p
Z



Quantum Gates

• Control Gates (at least 2 qubits, multi 
control - one target) 
– CNOT (CX): 

– In Hadamard basis: 

– 2 qubit basis:
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RXTREME, CC BY-SA 4.0 <HTTPS://CREATIVECOMMONS.ORG/LICENSES/BY-SA/4.0>, VIA WIKIMEDIA COMMONS

<latexit sha1_base64="z3hbHoUVOnHYagPpfCTdiUPL0R8="></latexit>

CNOT =

2

664

1 0 0 0

0 1 0 0

0 0 0 1

0 0 1 0

3
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<latexit sha1_base64="TEHpha3vZ7xzPsWZNsUE4AInw04="></latexit>

|+i = 1p
2
(|0i+ |1i)

|�i = 1p
2
(|0i � |1i)

<latexit sha1_base64="/zh6MtXMO8O4SkOXe9Z+CEtqHRQ="></latexit>

|++i = |+i ⌦ |+i = 1

2
(|0i+ |1i)⌦ (|0i+ |1i) = 1

2
(|00i+ |01i+ |10i+ |11i)



Quantum Gates

• CNOT in Hadamard basis 

• Equivalence of control and target bit 
• Bell State (entangled state) 

• A measurement in any basis will 
always give a 50:50 chance of each 
state. If A is measured B is given
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RXTREME, CC BY-SA 4.0 <HTTPS://CREATIVECOMMONS.ORG/LICENSES/BY-SA/4.0>, VIA WIKIMEDIA COMMONS

<latexit sha1_base64="GdSWV6F78w8AxTyk2BGcLRmKGjk="></latexit>

|++i ! CNOT ! |++i
|+�i ! CNOT ! |��i
|�+i ! CNOT ! |�+i
|��i ! CNOT ! |+�i

<latexit sha1_base64="GfZrNPySEGCv6+9QBAtBldYqoqs="></latexit>

q0 :
1p
2
(|0i+ |1i)A

q1 : |0iB
CNOT

<latexit sha1_base64="IHsq9EeXl2dlW1owkBSOQvGzIEA=">AAACIHicbVDLSgMxFM34rPVVdekmWISKUGZE1GXRjcsK9gGdUjJppg3NZMbkjlKm8ylu/BU3LhTRnX6NaTsLbT1w4eSce8m9x4sE12DbX9bC4tLyympuLb++sbm1XdjZreswVpTVaChC1fSIZoJLVgMOgjUjxUjgCdbwBldjv3HPlOahvIVhxNoB6Unuc0rASJ3Cuat4rw9EqfABu74iNHHSxNV3CpKTNC2NbNtVRPYEw8d45DjZ46hTKNplewI8T5yMFFGGaqfw6XZDGgdMAhVE65ZjR9BOiAJOBUvzbqxZROiA9FjLUEkCptvJ5MAUHxqli/1QmZKAJ+rviYQEWg8Dz3QGBPp61huL/3mtGPyLdsJlFAOTdPqRHwsMIR6nhbtcMQpiaAihiptdMe0TkxKYTPMmBGf25HlSPyk7Z2X75rRYucziyKF9dIBKyEHnqIKuURXVEEWP6Bm9ojfryXqx3q2PaeuClc3soT+wvn8AiPyjJA==</latexit>

! 1p
2
(|00i+ |11i)



Quantum Gates

• CCNOT Gate (Toffoli Gate) 
–Reversible (like X) 
–Not universal for QC 

• SWAP 
• Ising Gate (X,Y,Z) (only ion 

trap QCs)
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<latexit sha1_base64="t8ETMIz85w2r1kjx/lT5FvWBVWc="></latexit>

ZZ� =

2

664

ei�/2 0 0 0
0 e�i�/2 0 0
0 0 e�i�/2 0
0 0 0 ei�/2

3

775



Quantum Gates

• Decompositions 

• Square root gates eg:
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RXTREME, CC BY-SA 4.0 <HTTPS://CREATIVECOMMONS.ORG/LICENSES/BY-SA/4.0>, VIA WIKIMEDIA COMMONS

<latexit sha1_base64="z2Ty2a9RMWgVGuo2Uy7F8LVHt6Q=">AAACHnicbVDLSsNAFJ3UV42vqEs3g0VwVRLxtSkU3XRZwbZpm1Am00k7dPJwZiKU0C9x46+4caGI4Er/xmkTwVYvDJzHvdy5x4sZFdI0v7TC0vLK6lpxXd/Y3NreMXb3miJKOCYNHLGI2x4ShNGQNCSVjNgxJyjwGGl5o+up37onXNAovJXjmLgBGoTUpxhJJfWMs1rFdsQdl7ANHUevVdoZszPWmfN+SKdnlMyyOSv4F1g5KIG86j3jw+lHOAlIKDFDQnQtM5ZuirikmJGJ7iSCxAiP0IB0FQxRQISbzs6bwCOl9KEfcfVCCWfq74kUBUKMA091BkgOxaI3Ff/zuon0L92UhnEiSYizRX7CoIzgNCvYp5xgycYKIMyp+ivEQ8QRlipRXYVgLZ78FzRPytZ52bw5LVWv8jiK4AAcgmNggQtQBTVQBw2AwQN4Ai/gVXvUnrU37T1rLWj5zD6YK+3zG0nXn3w=</latexit>

H = X

p
Y

H = Y

p
X

H = Z

p
Y

H =
p
Y Z

<latexit sha1_base64="5/UapM1pFV8XC27sYMFBr6m5yFw="></latexit>

|0i ! (1 + i)|0i+ (1� i)|1i
2

|1i ! (1� i)|0i+ (1 + i)|1i
2

<latexit sha1_base64="AaF3WE4Ca4CVKoGZVpMESK83ng0=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cK9gPaUDbbTbt0s0l3J0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGdzO/9cS1EbF6xEnC/YgOlAgFo2ilVteMNZJ2r1xxq+4cZJV4OalAjnqv/NXtxyyNuEImqTEdz03Qz6hGwSSflrqp4QllIzrgHUsVjbjxs/m5U3JmlT4JY21LIZmrvycyGhkziQLbGVEcmmVvJv7ndVIMb/xMqCRFrthiUZhKgjGZ/U76QnOGcmIJZVrYWwkbUk0Z2oRKNgRv+eVV0ryoeldV9+GyUrvN4yjCCZzCOXhwDTW4hzo0gMEInuEV3pzEeXHenY9Fa8HJZ47hD5zPHw/Bj2M=</latexit>p
X

<latexit sha1_base64="aO8XU/7jPWRqkBNZCBC53yJZQvA="></latexit> p
X =

p
NOT =

1

2


1 + i 1� i
1� i 1 + i

�

X = (

p
NOT)

2
=


0 1

1 0

�



Physical gates

• All single acting Qubits can be written as 

• For the IBM QC all single Qubit operations will be 
decompiled as U1(0,0,lambda), U2(pi/2,phi,lambda) and 
U(3) operations 

• For the IBM QC the only two Qubit operation is the CNOT 
gate. For all others it has to be decomposed in CNOT and 
single Qubit operations
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U(✓,�,�) =


cos(✓/2) � exp(i�) sin(✓/2)

exp(i�) sin(✓/2) exp(i�+ i�) cos(✓/2)

�



Quantum Decoherence

• Cannot be explained by a single measurement - needs statistics 
(QBism) 

• Sources 
– quantum gates 
– lattice vibrations (phonons) 
– Scattering 
– background nuclear spin 
– Cosmic radiation (high energy) 
– Cosmic background radiation 

• Solutions 
– Error correction 
– Cooling (30mK) limited resources of He3 
– Isotope pure materials 
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