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configuration consists of quark jets; but for jet production
at hadron colliders, the Born configuration involves two in-
coming and two outgoing jets and many flavour channels
are possible: qq→ qq, qq̄→ gg, gg→ gg, etc. The ability
to assign flavours to the jets is especially useful when com-
bining fixed-order predictions with all-order calculations
(be it for parton showers as in [7] or for analytical resum-
mations [8–10]). This is because all-order calculations are
carried out for a fixed Born configuration, with a single
flavour channel at a time, while fixed-order calculations im-
plicitly sum over all flavour channels and can at best be
split up a posteriori to match onto the individual flavour
channels of the all-order calculation.

As a concrete example, consider the calculation of
higher-order corrections to the process qq̄→ qq̄, Fig. 1a.
An all-order calculation treats the addition of any num-
ber of soft/collinear gluons and extra qq̄ pairs implicitly,
leaving the underlying 2→ 2 flavours unchanged. When
trying to supplement this with results of a fixed-order
calculation one encounters the problem that higher-order
contributions cannot be uniquely assigned to any given
2→ 2 flavour channel – the O (αs) corrections to qq̄→ qq̄
include e.g. a qq̄→ qq̄→ qq̄g piece, but a fixed-order calcu-
lation gives only the squared sum of all qq̄→ qq̄g diagrams,
among them qq̄→ qq̄→ qq̄g and qq̄→ gg→ qq̄g, illustrated
in Fig. 1b and c respectively. There can exist no unambigu-
ous procedure for separating the qq̄→ qq̄g contribution
into its different underlying channels, both because the dif-
ferent channels are not individually gauge invariant and
because they interfere when squaring the amplitude.

One therefore needs a prescription to assign qq̄→ qq̄g
either to the qq̄→ qq̄ or the qq̄→ gg underlying Born 2→ 2
process (or else to declare it irreducibly 2→ 3-like), it only
being in the qq̄→ qq̄ case that one needs to put it together
with the qq̄→ qq̄ all-order calculation. This reclassification
of a 2→ 3 event as a 2→ 2 event is similar conceptually
to what is done in a normal jet algorithm, except that not
only should the momenta of the resulting 2→ 2 config-
uration be infrared and collinear safe, but so should the
flavours. Accordingly we call it a jet-flavour algorithm.

An obvious approach to defining jet flavours at the per-
turbative level would be to start with an existing jet algo-
rithm, such as the kt-clustering [11–13] or cone [14] algo-
rithm, that defines jets such that each particle belongs to at
most one jet. One can then determine the net flavour con-
tent of each of the jets, as the total number of quarks minus
antiquarks for each quark flavour. Jets with no net flavour
are identified as gluon jets, those with (minus) one unit of
net flavour are (anti) quark jets, while those with more than

Fig. 1. a Specific qq̄→ qq̄ flavour channel for a 2→ 2 parton
scattering process; b higher-order diagram that can be seen as
a correction to a; c higher-order diagram that can be seen as
a correction to the process qq̄→ gg, but with the same final-
state partons as b

one unit of flavour (or both a flavour and a different anti-
flavour) cannot be identified with a single QCD parton.

Applied to the kt or cone algorithms, this procedure
yields a jet flavour that is infrared (IR) safe at (rela-
tive) order αs discussed in our example above. However at
(relative) order α2

s a large-angle soft gluon can split into
a widely separated soft qq̄ pair and the q and q̄ may end up
being clustered into different jets, “polluting” the flavour
of those jets; see Fig. 2. Because this happens for arbi-
trarily soft gluons branching to quarks, the resulting jet
flavours are infrared unsafe from order α2

s onwards. We are
not aware of this problem having been discussed previously
in the literature, though there do exist statements that are
suggestive of IR safety issues when discussing flavour [15].

In Sect. 2 we shall discuss IR flavour unsafety with re-
spect to the kt (or “Durham”) algorithm in e+e− [11].
There we shall recall that the kt closeness measure is spe-
cifically related to the divergences of QCD matrix elements
when producing soft and collinear gluons. However there
are no divergences for the production of soft quarks and, as
we shall see, it is the use for quarks of a distance measure
designed for gluons that leads to the infrared unsafety of
jet flavour in the kt algorithm. By taking into account the
absence of a soft-quark divergence when designing the jet-
clustering distance measure, one can eliminate the infrared
divergence of the jet flavour.

The essence of the modification to the kt distance is
that instead of the min(E2

i , E
2
j ) factor that appears usu-

ally, one needs to use max(E2
i , E

2
j ) when the softer of i, j

is a quark. In Sect. 3 we will examine how this can be
extended to processes with incoming hadrons. There the
added difficulty is the need for a particle-beam distance
measure. Traditionally this involves only one dimensionful
scale, related to the squared transverse momentum k2

ti of
the particle. There is a sense in which this can be under-
stood as min(k2

ti, k
2
tB), where k2

tB is some transverse scale
associated with the beam that is larger than all k2

ti and
so could up to now be ignored. In order to obtain a sensi-
ble jet-flavour algorithm we shall however need to consider
also max(k2

ti, k
2
tB) and therefore in Sect. 3 we shall investi-

gate how to construct sensible “beam scales”.
As well as explaining how to build jet algorithms that

provide an infrared-safe jet flavour, we shall also examine
how they fare in practice. In e+e− it will be possible to
carry out tests both with an NLO code (which explicitly
reveals the IR unsafety of flavour in traditional jet algo-

Fig. 2. A large-angle soft gluon splitting to a large-angle soft
qq̄ pair (k3, k4) with the q and q̄ then clustered into different
jets (k1, k2)
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configuration consists of quark jets; but for jet production
at hadron colliders, the Born configuration involves two in-
coming and two outgoing jets and many flavour channels
are possible: qq→ qq, qq̄→ gg, gg→ gg, etc. The ability
to assign flavours to the jets is especially useful when com-
bining fixed-order predictions with all-order calculations
(be it for parton showers as in [7] or for analytical resum-
mations [8–10]). This is because all-order calculations are
carried out for a fixed Born configuration, with a single
flavour channel at a time, while fixed-order calculations im-
plicitly sum over all flavour channels and can at best be
split up a posteriori to match onto the individual flavour
channels of the all-order calculation.

As a concrete example, consider the calculation of
higher-order corrections to the process qq̄→ qq̄, Fig. 1a.
An all-order calculation treats the addition of any num-
ber of soft/collinear gluons and extra qq̄ pairs implicitly,
leaving the underlying 2→ 2 flavours unchanged. When
trying to supplement this with results of a fixed-order
calculation one encounters the problem that higher-order
contributions cannot be uniquely assigned to any given
2→ 2 flavour channel – the O (αs) corrections to qq̄→ qq̄
include e.g. a qq̄→ qq̄→ qq̄g piece, but a fixed-order calcu-
lation gives only the squared sum of all qq̄→ qq̄g diagrams,
among them qq̄→ qq̄→ qq̄g and qq̄→ gg→ qq̄g, illustrated
in Fig. 1b and c respectively. There can exist no unambigu-
ous procedure for separating the qq̄→ qq̄g contribution
into its different underlying channels, both because the dif-
ferent channels are not individually gauge invariant and
because they interfere when squaring the amplitude.

One therefore needs a prescription to assign qq̄→ qq̄g
either to the qq̄→ qq̄ or the qq̄→ gg underlying Born 2→ 2
process (or else to declare it irreducibly 2→ 3-like), it only
being in the qq̄→ qq̄ case that one needs to put it together
with the qq̄→ qq̄ all-order calculation. This reclassification
of a 2→ 3 event as a 2→ 2 event is similar conceptually
to what is done in a normal jet algorithm, except that not
only should the momenta of the resulting 2→ 2 config-
uration be infrared and collinear safe, but so should the
flavours. Accordingly we call it a jet-flavour algorithm.

An obvious approach to defining jet flavours at the per-
turbative level would be to start with an existing jet algo-
rithm, such as the kt-clustering [11–13] or cone [14] algo-
rithm, that defines jets such that each particle belongs to at
most one jet. One can then determine the net flavour con-
tent of each of the jets, as the total number of quarks minus
antiquarks for each quark flavour. Jets with no net flavour
are identified as gluon jets, those with (minus) one unit of
net flavour are (anti) quark jets, while those with more than

Fig. 1. a Specific qq̄→ qq̄ flavour channel for a 2→ 2 parton
scattering process; b higher-order diagram that can be seen as
a correction to a; c higher-order diagram that can be seen as
a correction to the process qq̄→ gg, but with the same final-
state partons as b

one unit of flavour (or both a flavour and a different anti-
flavour) cannot be identified with a single QCD parton.

Applied to the kt or cone algorithms, this procedure
yields a jet flavour that is infrared (IR) safe at (rela-
tive) order αs discussed in our example above. However at
(relative) order α2

s a large-angle soft gluon can split into
a widely separated soft qq̄ pair and the q and q̄ may end up
being clustered into different jets, “polluting” the flavour
of those jets; see Fig. 2. Because this happens for arbi-
trarily soft gluons branching to quarks, the resulting jet
flavours are infrared unsafe from order α2

s onwards. We are
not aware of this problem having been discussed previously
in the literature, though there do exist statements that are
suggestive of IR safety issues when discussing flavour [15].

In Sect. 2 we shall discuss IR flavour unsafety with re-
spect to the kt (or “Durham”) algorithm in e+e− [11].
There we shall recall that the kt closeness measure is spe-
cifically related to the divergences of QCD matrix elements
when producing soft and collinear gluons. However there
are no divergences for the production of soft quarks and, as
we shall see, it is the use for quarks of a distance measure
designed for gluons that leads to the infrared unsafety of
jet flavour in the kt algorithm. By taking into account the
absence of a soft-quark divergence when designing the jet-
clustering distance measure, one can eliminate the infrared
divergence of the jet flavour.

The essence of the modification to the kt distance is
that instead of the min(E2

i , E
2
j ) factor that appears usu-

ally, one needs to use max(E2
i , E

2
j ) when the softer of i, j

is a quark. In Sect. 3 we will examine how this can be
extended to processes with incoming hadrons. There the
added difficulty is the need for a particle-beam distance
measure. Traditionally this involves only one dimensionful
scale, related to the squared transverse momentum k2

ti of
the particle. There is a sense in which this can be under-
stood as min(k2

ti, k
2
tB), where k2

tB is some transverse scale
associated with the beam that is larger than all k2

ti and
so could up to now be ignored. In order to obtain a sensi-
ble jet-flavour algorithm we shall however need to consider
also max(k2

ti, k
2
tB) and therefore in Sect. 3 we shall investi-

gate how to construct sensible “beam scales”.
As well as explaining how to build jet algorithms that

provide an infrared-safe jet flavour, we shall also examine
how they fare in practice. In e+e− it will be possible to
carry out tests both with an NLO code (which explicitly
reveals the IR unsafety of flavour in traditional jet algo-

Fig. 2. A large-angle soft gluon splitting to a large-angle soft
qq̄ pair (k3, k4) with the q and q̄ then clustered into different
jets (k1, k2)
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configuration consists of quark jets; but for jet production
at hadron colliders, the Born configuration involves two in-
coming and two outgoing jets and many flavour channels
are possible: qq→ qq, qq̄→ gg, gg→ gg, etc. The ability
to assign flavours to the jets is especially useful when com-
bining fixed-order predictions with all-order calculations
(be it for parton showers as in [7] or for analytical resum-
mations [8–10]). This is because all-order calculations are
carried out for a fixed Born configuration, with a single
flavour channel at a time, while fixed-order calculations im-
plicitly sum over all flavour channels and can at best be
split up a posteriori to match onto the individual flavour
channels of the all-order calculation.

As a concrete example, consider the calculation of
higher-order corrections to the process qq̄→ qq̄, Fig. 1a.
An all-order calculation treats the addition of any num-
ber of soft/collinear gluons and extra qq̄ pairs implicitly,
leaving the underlying 2→ 2 flavours unchanged. When
trying to supplement this with results of a fixed-order
calculation one encounters the problem that higher-order
contributions cannot be uniquely assigned to any given
2→ 2 flavour channel – the O (αs) corrections to qq̄→ qq̄
include e.g. a qq̄→ qq̄→ qq̄g piece, but a fixed-order calcu-
lation gives only the squared sum of all qq̄→ qq̄g diagrams,
among them qq̄→ qq̄→ qq̄g and qq̄→ gg→ qq̄g, illustrated
in Fig. 1b and c respectively. There can exist no unambigu-
ous procedure for separating the qq̄→ qq̄g contribution
into its different underlying channels, both because the dif-
ferent channels are not individually gauge invariant and
because they interfere when squaring the amplitude.

One therefore needs a prescription to assign qq̄→ qq̄g
either to the qq̄→ qq̄ or the qq̄→ gg underlying Born 2→ 2
process (or else to declare it irreducibly 2→ 3-like), it only
being in the qq̄→ qq̄ case that one needs to put it together
with the qq̄→ qq̄ all-order calculation. This reclassification
of a 2→ 3 event as a 2→ 2 event is similar conceptually
to what is done in a normal jet algorithm, except that not
only should the momenta of the resulting 2→ 2 config-
uration be infrared and collinear safe, but so should the
flavours. Accordingly we call it a jet-flavour algorithm.

An obvious approach to defining jet flavours at the per-
turbative level would be to start with an existing jet algo-
rithm, such as the kt-clustering [11–13] or cone [14] algo-
rithm, that defines jets such that each particle belongs to at
most one jet. One can then determine the net flavour con-
tent of each of the jets, as the total number of quarks minus
antiquarks for each quark flavour. Jets with no net flavour
are identified as gluon jets, those with (minus) one unit of
net flavour are (anti) quark jets, while those with more than

Fig. 1. a Specific qq̄→ qq̄ flavour channel for a 2→ 2 parton
scattering process; b higher-order diagram that can be seen as
a correction to a; c higher-order diagram that can be seen as
a correction to the process qq̄→ gg, but with the same final-
state partons as b

one unit of flavour (or both a flavour and a different anti-
flavour) cannot be identified with a single QCD parton.

Applied to the kt or cone algorithms, this procedure
yields a jet flavour that is infrared (IR) safe at (rela-
tive) order αs discussed in our example above. However at
(relative) order α2

s a large-angle soft gluon can split into
a widely separated soft qq̄ pair and the q and q̄ may end up
being clustered into different jets, “polluting” the flavour
of those jets; see Fig. 2. Because this happens for arbi-
trarily soft gluons branching to quarks, the resulting jet
flavours are infrared unsafe from order α2

s onwards. We are
not aware of this problem having been discussed previously
in the literature, though there do exist statements that are
suggestive of IR safety issues when discussing flavour [15].

In Sect. 2 we shall discuss IR flavour unsafety with re-
spect to the kt (or “Durham”) algorithm in e+e− [11].
There we shall recall that the kt closeness measure is spe-
cifically related to the divergences of QCD matrix elements
when producing soft and collinear gluons. However there
are no divergences for the production of soft quarks and, as
we shall see, it is the use for quarks of a distance measure
designed for gluons that leads to the infrared unsafety of
jet flavour in the kt algorithm. By taking into account the
absence of a soft-quark divergence when designing the jet-
clustering distance measure, one can eliminate the infrared
divergence of the jet flavour.

The essence of the modification to the kt distance is
that instead of the min(E2

i , E
2
j ) factor that appears usu-

ally, one needs to use max(E2
i , E

2
j ) when the softer of i, j

is a quark. In Sect. 3 we will examine how this can be
extended to processes with incoming hadrons. There the
added difficulty is the need for a particle-beam distance
measure. Traditionally this involves only one dimensionful
scale, related to the squared transverse momentum k2

ti of
the particle. There is a sense in which this can be under-
stood as min(k2

ti, k
2
tB), where k2

tB is some transverse scale
associated with the beam that is larger than all k2

ti and
so could up to now be ignored. In order to obtain a sensi-
ble jet-flavour algorithm we shall however need to consider
also max(k2

ti, k
2
tB) and therefore in Sect. 3 we shall investi-

gate how to construct sensible “beam scales”.
As well as explaining how to build jet algorithms that

provide an infrared-safe jet flavour, we shall also examine
how they fare in practice. In e+e− it will be possible to
carry out tests both with an NLO code (which explicitly
reveals the IR unsafety of flavour in traditional jet algo-

Fig. 2. A large-angle soft gluon splitting to a large-angle soft
qq̄ pair (k3, k4) with the q and q̄ then clustered into different
jets (k1, k2)
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DIFFERENTIAL DRELL–YAN @ N3LO [Chen, Gehrmann, Glover, AH, Yang, Zhu ‘21,‘22]4

Fixed order �pp!�⇤(fb)

LO 339.62+34.06
�37.48

NLO 391.25+10.84
�16.62

NNLO 390.09+3.06
�4.11

N3LO 382.08+2.64
�3.09 [14]

N3LO only qcutT = 0.63 GeV qcutT ! 0 fit [14]

qg �15.32(32) �15.34(54) �15.29

qq̄ + qQ̄ +5.06(12) +5.05(12) +4.97

gg +2.17(6) +2.19(6) +2.12

qq + qQ +0.09(13) +0.09(17) +0.17

Total �7.98(36) �8.01(58) �8.03

TABLE I: Inclusive cross sections with up to N3LO
QCD corrections to Drell-Yan production through
a virtual photon. N3LO results are from the qT -
subtraction method and from the analytic calculation
in [14]. Cross sections at central scale of Q = 100 GeV
are presented together with 7-point scale variation.
Numerical integration errors from qT -subtraction are

indicated in brackets.

NNLOJET and SCET predictions involve logarithms up
to ln6(Q/q

cut
T ), which become explicit in the SCET cal-

culation. The NNLOJET calculation produces the same
large logarithms but with opposite sign, as well as power
suppressed logarithms (qcutT )m lnn(Q/q

cut
T ), where m � 2

and n  6. The physical N3LO total cross section con-
tribution must not depend on the unphysical cuto↵ q

cut
T ;

therefore it is important to choose a su�ciently small qcutT
to suppress such power corrections.

Figure 2 demonstrates the dependence on q
cut
T of the

SCET+NNLOJET predictions is negligible for values be-
low 1 GeV. In fact, for all partonic channels except qg,
the cross section predictions become flat and therefore
reliable already at qcutT ⇠ 5 GeV. It is only the qg chan-
nel that requires a much smaller q

cut
T , indicating more

sizeable power corrections than in other channels.

Also shown in Fig. 2 in dashed lines are the inclusive
predictions from [14], decomposed into di↵erent partonic
channels. We observe an excellent agreement at small-qT
region with a detailed comparison given in Table I. We
present total cross sections at small qcutT value (0.63 GeV)
and results from fitting the next-to-leading power sup-
pressed logarithms with q

cut
T extrapolated to zero. This

agreement provides a fully independent confirmation of
the analytic calculation [14], and lends strong support to
the correctness for our qT -subtraction-based calculation.
We observe large cancellations between qg channel (blue)
and qq̄ channel (orange). While the inclusive N3LO cor-
rection is about �8 fb, the qg channel alone can be as
large as �15.3 fb. Similar cancellations between qg and
qq̄ channel can already be observed at NLO and NNLO.
The numerical smallness of the NNLO corrections (and
of its associated scale uncertainty) is due to these cancel-

FIG. 3: Di-lepton rapidity distribution from LO to
N3LO. The colored bands represent theory uncer-
tainties from scale variations. The bottom panel is
the ratio of the N3LO prediction to NNLO, with dif-

ferent cuto↵ q
cut
T .

lations, which may potentially lead to an underestimate
of theory uncertainties at NNLO.
In Fig. 3, we show for the first time the N3LO pre-

dictions for the Drell-Yan di-lepton rapidity distribution,
which constitutes the main new result of this Letter. Pre-
dictions of increasing perturbative orders up to N3LO
are displayed. We estimate the theory uncertainty band
on our predictions by independently varying µR and µF

around 100 GeV with factors of 1/2 and 2 while elimi-
nating the two extreme combinations (7-point scale vari-
ation). With large QCD corrections from LO to NLO,
the NNLO corrections are only modest and come with
scale uncertainties that are significantly reduced [5, 7, 8].
However, as has been observed for the total cross sec-
tion, the smallness of NNLO corrections is due to cancel-
lations between the qg and qq̄ channels. Indeed, Fig. 3
shows clearly that the N3LO correction is large compared
with NNLO, and that the NNLO scale uncertainty band
fails to overlap with N3LO over the full rapidity range.
It should however be noted that the uncertainties from
PDFs, especially from the missing N3LO e↵ects in their
evolution, can be at the percent level [14], which high-
lights the necessity for a consistent PDF evolution and
extraction at N3LO in the future.
In the bottom panel of Fig. 3, we show the ratio of

the N3LO rapidity distribution to the previously known
NNLO result [7, 8]. As can be seen, the corrections are
about �2% of the NNLO results, and are flat over a
large rapidity range. There is minimal overlap between
the scale uncertainty bands only at large y�⇤ . To test the
numerical stability at N3LO, three values of qcutT are ex-
amined in the bottom panel. We observe the qcutT depen-

|yγ* | yW+ yW−

๏ confirm results for     peculiar  NNLO  N3LO  corrections!

๏ not ready for fully-fledged precision phenomenology    speedup possible?

๏  N3LL’ resummation 

σtot ⇝ →

⇝ 100 ×

⊕

[Duhr, Mistlberger et al. ’20,’21]

[Chen, Gehrmann, Glover, AH, Monni, Rottoli, Re, Torrielli '22]
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  ESHEP        (European)                    Denmark (2023)  
  CLASHEP  (Latin-American)           Chile (2023)  
  AEPSHEP  (Asia-Europe-Pacific)     ??? (2024) 

‣ may approach you to act as discussion leader
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๏ COMPUTING   (w/ E. Gianolio, A. Jüttner) 

‣ batch computing                  alhuss.web.cern.ch/lxplus.pdf

‣ high-memory machines    alhuss.web.cern.ch/lxtheory.pdf

‣ Twiki    twiki.cern.ch/twiki/bin/viewauth/TH/WebHome
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