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Strong coupling determinations
36 9. Quantum Chromodynamics

world average, we first combine six pre-averages, excluding the lattice result, using a ‰
2 averaging

method. This gives
–s(M2

Z) = 0.1176 ± 0.0011 , (without lattice) . (9.24)

This result is fully compatible with the lattice pre-average Eq. (9.23) and has a comparable error.
In order to be conservative, we combine these two numbers using an unweighted average and take
as an uncertainty the average between these two uncertainties. This gives our final world average
value

–s(M2
Z) = 0.1179 ± 0.0010 . (9.25)

�s(MZ
2) = 0.1179 ± 0.0010
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Figure 9.5: Summary of measurements of –s as a function of the energy scale Q. The respective
degree of QCD perturbation theory used in the extraction of –s is indicated in brackets (NLO:
next-to-leading order; NNLO: next-to-next-to-leading order; NNLO+res.: NNLO matched to a
resummed calculation; N3LO: next-to-NNLO).

This world average value is in very good agreement with the last version of this Review, which
was –s(M2

Z
) = 0.1181 ± 0.0011, with only a slightly lower central value and decreased overall
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• Extraction of      from inclusive    decays one of the 
most precise determinations of QCD coupling 

• Weighted integrals over exp. spectral functions tested 
against theory predictions 

Introduction

Extraction of ↵s from inclusive ⌧ decays one of the most precise
determinations of the QCD coupling
Weighted integrals over experimental spectral functions tested against
theory predictions
Experimentally accessible ⌧ hadronic spectral functions can be
theoretically parametrized as

R(W )

V/A(s0) ⇠
h
�treeW + �(0)W (s0) +

X

d�4

�(d)W,V/A(s0) + �(DV)

W,V/A(s0)
i

�! �(0)W (s0) depends on prescription for setting ren. scale µ
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Figure 2: ALEPH spectral functions for the V , A and V + A channels [20].
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and �s0 is the bin width of the bin centered at s0 �
�s0
2
.

In Figure 2 we show the updated spectral functions measured by the ALEPH collabo-
ration [20]. Together with the experimental data points, the figure shows the naive parton-
model expectations (horizontal green lines) and the massless perturbative QCD predictions,
using ↵s(m2

⌧ ) = 0.329 (blue lines). This comparison shows beautifully, how the data ap-
proach the QCD predictions at the highest available energy bins, without any obvious need
for non-perturbative corrections at s = m2

⌧ . Resonance structures are clearly visible at
lower values of the hadronic invariant mass, specially the prominent ⇢(2⇡) and a1(3⇡) peaks,
but as s increases the opening of higher-multiplicity hadronic thresholds results in much
smoother inclusive distributions, as expected from quark-hadron duality considerations [71].
The flattening of the spectral distribution is specially good in the most inclusive channel,
V + A, where perturbative QCD seems to work even at s ⇠ 1.2 GeV2, a surprisingly low
value. The onset of the asymptotic perturbative QCD behaviour appears obviously later in
the semi-inclusive V and A distributions. In the vector case perturbative QCD seems to
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Massless correlation function:

FOPT v CIPT

General form of theoretical moments entering the analysis
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Theoretical moments based on vector correlation function
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Use Finite Energy Sum Rule (FESR) to relate experiment and theory

s0
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Re s

(Cauchy’s theorem)

(Only consider vector correlator)

Experiment Theory

Introduction

Extraction of ↵s from inclusive ⌧ decays one of the most precise
determinations of the QCD coupling
Weighted integrals over experimental spectral functions tested against
theory predictions
Experimentally accessible ⌧ hadronic spectral functions can be
theoretically parametrized as

R(W )

V/A(s0) ⇠
h
�treeW + �(0)W (s0) +

X

d�4

�(d)W,V/A(s0) + �(DV)

W,V/A(s0)
i

�! �(0)W (s0) depends on prescription for setting ren. scale µ

30.05.2022 M. A. Benitez-Rathgeb - University of Vienna Master thesis presentation, Zurich 3 / 19

Miguel Benitez-Rathgeb 21.07.2022

R(w)
V+A(s0) ⇠ 12⇡2

Z s0

0

ds

s0
w(s/s0)⇢V+A(s) (1)

⇢(s) =
1

⇡
Im[⇧(s+ i✏)] (2)

w(x) = (1� x)2(1 + 2x)

R(w)
V+A(m

2
⌧ ) ' �(⌧ ! ⌫⌧ + hadrons)

1

s0

s0Z

0

ds w(s)⇢(s) = � 1

2⇡i

I

|s|=s0

ds w(s)⇧(s)

Page 1

Miguel Benitez-Rathgeb 21.07.2022

R(w)
V+A(s0) ⇠ 12⇡2

Z s0

0

ds

s0
w(s/s0)⇢V+A(s) (1)

⇢(s) =
1

⇡
Im[⇧(s+ i✏)] (2)

w(x) = (1� x)2(1 + 2x)

R(w)
V+A(m

2
⌧ ) ' �(⌧ ! ⌫⌧ + hadrons)

1

s0

s0Z

0

ds w(s)⇢(s) = �
1

2⇡i

I

|s|=s0

ds w(s)⇧(s)

⇧(0)(s) ⇠
1X

n=0

⇣↵s

⇡

⌘n
n+1X

k=0

cn,k ln
k

✓
�s

µ2

◆

⇧OPE
⇠

1X

d=4

hOdi

sd/2

c0,1 = c1,1 = 1, c2,1 = 1.640

c3,1 = 6.371

c4,1 = 49.076

c5,1 = 280± 140

Page 1

Miguel Benitez-Rathgeb 21.07.2022

R(w)
V+A(s0) ⇠ 12⇡2

Z s0

0

ds

s0
w(s/s0)⇢V+A(s) (1)

⇢(s) =
1

⇡
Im[⇧(s+ i✏)] (2)

w(x) = (1� x)2(1 + 2x)

R(w)
V+A(m

2
⌧ ) ' �(⌧ ! ⌫⌧ + hadrons)

1

s0

s0Z

0

ds w(s)⇢(s) = �
1

2⇡i

I

|s|=s0

ds w(s)⇧(s)

⇧(0)(s) ⇠
1X

n=0

⇣↵s

⇡

⌘n
n+1X

k=0

cn,k ln
k

✓
�s

µ2

◆

⇧OPE
⇠

1X

d=4

hOdi

sd/2

c0,1 = c1,1 = 1, c2,1 = 1.640

c3,1 = 6.371

c4,1 = 49.076

c5,1 = 280± 140

Page 1

Perturbative contribution:

OPE contribution:

(Coefficients known up to           )

Gorishnii, Kataev, Larin, ‘91 Surguladze&Samuel, ‘91
Baikov, Chetyrkin, Kühn, ‘08

Beneke, Jamin, ‘08 Boito, Masjuan, Oliani, ‘18 Caprini‚ ‘19

Hadronic tau decays: Theory 

Shifman, Vainshtein, Zakharov, ‘78
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FOPT and CIPT
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Fixed-Order Pt. Th. (FOPT): Fixed ren. scale                                                          (           )

Contour-Improved Pt. Th. (CIPT): Running ren. scale
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One of the dominant sources of theoretical uncertainty: prescription for setting ren. scale,  
FOPT/CIPT predictions not compatible

CIPT consistently higher than FOPT Pich et al. ‘16 Boito et al. ‘21
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Figure 4: Dependence FOPT and CIPT expansions for �(0)W (m2
⌧ , R

2) in the RF GC scheme
for the default renormalization scale choice ⇠ = 1 with respect to changes of the IR sub-
traction scale in the range 0.7m⌧  R  0.9m⌧ for different weight functions W (x) and
↵s(m2

⌧ ) = 0.315. The orders beyond 5 are obtained from the multi-renormalon Borel model.

the variations of the scale R constitute an important diagnostic tool concerning the relia-
bility and perturbative convergence of the RF GC scheme and should be accounted for in
estimations of the perturbative uncertainty in the context of phenomenological analyses.
While it is formally clear from the construction that the R-dependence decreases when
the truncation order is increased, it is phenomenologically interesting to assess, how the
remaining R-scale variation compares to the common renormalization scale variations of
the strong coupling. In Fig. 4 we compare the FOPT (red color) and CIPT (blue color)
expansion series in the RF scheme for ⇠ = 1 and for the three spectral function moments
with W⌧ (x) = (1 � x)3(1 + x), W (x) = (1 � x)3 and W (x) = 2(1 � x) already discussed
in Fig. 3, again for s0 = m

2
⌧ for ↵s(m2

⌧ ) = 0.315. The connected colored dots represent the
truncated series values for the default IR subtraction scale R = 0.8m⌧ and are identical to
those in Fig. 3. The shaded colored bands show the order-dependent variations arising from
0.7m⌧  R  0.9m⌧ . We see that for the GCS moments (upper left and lower panels) the
R scale variation for the FOPT expansion is almost invisible. This is because for the FOPT
expansion the subtractions arising in the renormalon-free scheme are strongly suppressed.
The GCS moments in the CIPT expansion, on the other hand, exhibit a visible R depen-
dence, which, however, decreases strongly with order as it should. In comparison with the
renormalization scale variations displayed in the right panels of Fig. 3, the R variation is,

– 39 –
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Ng = 1

Ng = 0.64

c` ⇠ r(4,0)` ā`Q ⇠ Ng
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Motivation for a new scheme 
Hoang, Regner ‘20 ‘21 

Conclusions from Hoang, Regner: 
1. CIPT/FOPT have different IR sensitivity  NP corrections differ 

2. CIPT inconsistent with standard OPE in presence of IR renormalons in  (or ) 

3. Effect dominated by GC renormalon 

⇒

Π D

Asymptotic separation  Discrepancy of CIPT to FOPT at asymptotically large orders≡
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for an                 IR renormalon

Starting Point of this work:  

CIPT can be (largely) cured when the GC renormalon is subtracted  

Analogy: quark pole mass  short-distance mass (MSR, PS, RS,1S)→
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Renormalon-Free Gluon Condensate Scheme 

Original OPE approach (‘ ’ OPE):MS

MBR, Boito, Hoang, Jamin, JHEP 07 (2022) 016 

Barred quantities  -scheme coupling (Boito, Jamin, Miravtllas, ‘16)≡ C
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hḠ2

i

s2
+ . . .

hḠ2
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GC renormalon contribution Cancellation of renormalon numerically 

GC renormalon in QCD

RF GC scheme
CG OPE correction
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adopting an Adler function renormalon model based on ref. [2] that provides a concrete
value for the GC renormalon norm and an estimate for the orders beyond. The results
demonstrate the practical effectiveness of the new scheme. A summary and a conclusion
are given in section 6. A number of relevant formulae that did not find their way into the
main body of the paper are given in appendix A.

2 Notation, strong coupling and renormalon calculus

2.1 Theoretical setup
The theoretical description of hadronic τ decay spectral functions receives contributions
from all basic two-point correlation functions: vector/axialvector and scalar/pseudoscalar.
The latter scalar/pseudoscalar contributions only arise suppressed by at least two powers of
light-quark masses, and hence are very small. Furthermore, because of chiral symmetry, in
the chiral limit, for the dominant vector/axialvector contribution, the purely perturbative
parts are identical. Therefore, in this work, it will be sufficient to concentrate our discus-
sion and analysis on the vector correlation function, and its corresponding contribution to
hadronic tau decay spectra and moments.

In momentum space, the vector correlation function Πµν(p) is defined as

Πµν(p) ≡ i

ˆ
dx eipx 〈Ω|T{jµ(x) jν(0)†}|Ω〉 , (2.1)

where |Ω〉 denotes the physical QCD vacuum state. For hadronic τ decays, only two flavor
non-diagonal currents with light quarks contribute,

jµ(x) = : ū(x)γµd(x) : , (2.2)

and the current where the down quark is replaced by a strange quark. The correlator
Πµν(p) admits the Lorentz decomposition

Πµν(p) = (pµpν − gµνp
2)Π(1+0)(p2) + gµν p

2 Π(0)(p2) , (2.3)

where the superscripts denote the components corresponding to angular momentum J = 1
(transversal) and J = 0 (longitudinal) in the hadronic rest frame. The correlator Π(0)(s)
with s ≡ p2 is related to the scalar/pseudoscalar correlators, and vanishes in the limit of
massless quarks. For simplicity, in the following, we will write Π(s) ≡ Π(1+0)(s), and we
frequently refer to it as the vacuum polarization function.

Π(s) itself is not a physical quantity in the sense that it contains a renormalization
scale and scheme dependent subtraction constant. This subtraction constant can either be
removed by taking the imaginary part, which corresponds to the spectral function ρ(s), or
by taking a derivative with respect to s, which leads to the (reduced) Adler function D(s):

ρ(s) ≡ 1
π
ImΠ(s+ i0) , 1

4π2
[
1 +D(s)

]
≡ − s

d
ds Π(s) . (2.4)

The Adler function D(s) for a general complex s satisfies a homogeneous RGE, and
hence the logarithms, which appear at every order in perturbation theory, can be summed
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` ā`R

↵s(µ
2)

µ

B[D̂RF](u) ⇠ Ng

Z 1

0
du

"
e
� u

āQ
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ā`Q

order ↵n
s O(↵4

s) O(↵5
s)

Page 3

RF GC scheme
CG OPE correction

�DOPE

4,0 (�Q2) =
1

Q4

2⇡2

3

h
1 + c̄(1)

4,0 āQ
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Renormalon-Free Gluon Condensate Scheme 

Define IR-subtracted scheme for GC

IR factorization scale

Leads to modified GC contribution

Ambiguity free!

More convenient to work with scale invariant GC

IR scale
to be expanded (coherently)  

in perturbation theory

Diogo Boito

Renormalon Free Gluon Condensate Scheme 33

General structure of the gluon condensate (GC) pole is known in QCD at NLO

Analogous relations also hold for any other scheme to define the strong coupling including
the C-scheme. Its one-loop Wilson coefficient correction is known and with the results of
Ref. [45] its contribution to the Euclidean Adler function’s OPE series reads

�D
OPE

4,0 (�Q
2) =

1

Q4

2⇡2

3

h
1 + c̄

(1)

4,0 āQ

i
hḠ

2
i , (2.33)

with

c̄
(1)

4,0 =
4

�0

✓
CA

2
�

CF

4
�

�1

4�0

◆
, (2.34)

where CA = 3, CF = 4/3. For nf = 3 we have c̄
(1)

4,0 = �22/81. The term in the Euclidean
Adler function’s Borel function (with respect to the expansion in powers of ↵̄s(Q2)) that
corresponds to the GC OPE correction has the form

B4,0(u) =
h
1 + c̄

(1)

4,0 āQ

i
N4,0

(2� u)1+4b̂1
. (2.35)

For the purpose of this work we adopt the exact form of Eqs. (2.33) and (2.35) in the
C-scheme, i.e. in the Wilson coefficient we truncate all terms at O(↵2

s) and beyond. When
switching to the MS-scheme, however, we keep all resulting higher-order terms that are
generated by the term c̄

(1)

4,0 āQ.
In this work we refer to the non-analytic structure of B4,0(u), its associated asymptotic

power series of Eq. (2.29) and the corresponding OPE correction �D
OPE
4,0 (�Q

2) collectively
as the ‘GC renormalon’. Our notation also applies when a general complex-valued momen-
tum transfer s is considered instead of Q2. A very important phenomenological aspect of
the GC renormalon is that for spectral function moments with polynomial weight functions
W (x) that do not contain a quadratic term x

2 (corresponding to the absence of a linear
term x in w(x)), the GC renormalon is strongly suppressed. For the GC OPE correction
�
(4)

W (s0) this suppression can be easily seen from the form of the GC corrections to the Adler
function for complex-valued momentum transfer s.

�D
OPE

4,0 (s) =
1

s2

2⇡2

3

h
1 + c̄

(1)

4,0 ā(�s)
i
hḠ

2
i . (2.36)

Accounting only for the tree-level Wilson coefficient, i.e. neglecting the one-loop correction
proportional to c̄

(1)

4,0, due to the residue theorem
¸

ds
s

sm

s2 = 0 for an integer m 6= 2, the
GC OPE correction �

(4)

W (s0) vanishes identically for a weight function W (x) that does not
contain a quadratic term x

2. So for spectral function moments of this kind the GC OPE
correction can contribute only through the s-dependence of the O(↵s) correction of the
Wilson coefficient. Since this dependence on s is only logarithmic, the net effect of the GC
OPE correction is tiny and negligibly small for practical applications. The total hadronic tau
decay rate, which is obtained from the kinematic weight function W⌧ (x) = 1�2x+2x3�x

4,
belongs to this kind of spectral function moments. In our work we call moments based on
weight functions without a quadratic term GC suppressed (GCS) spectral function moments.
In contrast, for spectral function moments with polynomial weight functions W (x) that
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Euclidean Adler function D(�Q
2) the order-dependent compensating contribution of the

GC related to the series terms in Eq. (2.29) for d = 4, � = 0 and ↵ = 0 is made explicit
and that the GC correction in the new scheme still has the form shown in Eq. (2.33). We
can then write down the relation between the original order-dependent GC hḠ

2
i
(n) in the

MS scheme and our new renormalon-free and order-independent GC hG
2
i(R):

hḠ
2
i
(n)

⌘ hG
2
i(R2) � R

4

nX

`=1

Ng r
(4,0)
` ā

`
R , (3.1)

where Ng is the universal GC renormalon norm which is related to the GC renormalon
norm of the Adler function as defined in Eq. (2.35) by the relation

Ng =
3

2⇡2
N4,0 (3.2)

The coefficients r(4,0)` are obtained from Eq. (2.30). We remind the reader that the series on
the RHS is a power series in the C-scheme strong coupling ↵̄s(R2). The explicit expression
for r

(4,0)
` reads

r
(4,0)
` =

⇣1
2

⌘`+4b̂1 �(`+ 4b̂1)

�(1 + 4b̂1)
. (3.3)

The GC in this renormalon-free scheme is by construction scale-dependent and we refer
to this (quadratic) scale generically as R

2 since it does need to be equal to Q
2. From a

conceptual point of view R plays the role of an IR factorization scale which may be naturally
chosen to be smaller than the relevant dynamical scale of the observable of interest, which
is Q for D(�Q

2). We discuss the role of R in more detail in Sec. 3.2. Since here we are
considering the Euclidean Adler function, it is reasonable to consider R2 as well as hG2

i(R2)

as real-valued, but this is not strictly mandatory. The purpose of this renormalon-free GC
is to reshuffle the series on the RHS of Eq. (3.1) back into the perturbative series for the
Euclidean Adler function D̂(�Q

2) so that it can explicitly eliminate the effects of the GC
renormalon from the original series in the MS OPE scheme of Eq. (2.23). The resulting
subtraction series depends on the norm N4,0 =

2⇡2

3
Ng and is generated by the inverse Borel

transform

�D̂4,0(�Q
2
, R

2) = �

h
1 + c̄

(1)

4,0 āQ

i ˆ 1

0

du


R

4

Q4

N4,0

(2� u)1+4b̂1

�

Taylor

e
� u

āR , (3.4)

where the series in āR must still be consistently expanded in āQ and truncated at the same
order as the original unsubtracted series, so that the GC renormalon cancels properly.

To see that this subtraction indeed works, let us consider the sum of the GC renormalon
contribution of the original series and the subtraction in Eq. (3.4),

�D̂4,0(�Q
2
, R

2) =
h
1 + c̄

(1)

4,0 āQ

i
N4,0

ˆ 1

0

du


e
� u

āQ

(2� u)1+4b̂1
�

R
4

Q4

e
� u

āR

(2� u)1+4b̂1

�
.(3.5)

It is straightforward to show that the ambiguity due to the cuts cancels in the difference of
the two terms and that the net series (consistently expanded in āQ) is convergent.9 Since

9The factor R4/Q4 multiplying the second term in the brackets on the RHS of Eq. (3.5) is essential for
the cancellation of the ambiguity.
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singularity to the 
perturbative series
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grounds from QCD

GC matrix element. What we need is a closed function that obeys the same R-evolution
equation. Interestingly, such a function can be obtained from the Borel sum of the subtrac-
tion series in Eq. (3.1) defined by

c̄0(R
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4 PV
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āR
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āR

⌘ i
for Im[R2] = 0

,

where for completeness we have also displayed the result for complex R
2. Note that the

expression for the general complex-valued strong coupling reduces to the expressions of
the real-valued one in the limit Im[āR] ! 0. The R

2-derivative of c̄0(R2) gives exactly
the expression on the RHS of Eq. (3.8) divided by Ng for any complex R

2 for which the
strong coupling ↵s(R2) is analytic. With this definition it is in principle possible to even
consider complex values for R

2. However, in the following we only discuss real-valued R
2.

As a consequence, the subtraction series in Eq. (3.1) is intrinsically real-valued as well and
should in principle be strongly suppressed for the GCS spectral function moment, in the
same way as the GC OPE correction. This is an essential aspect in the analysis carried out
in Sec. 3.3.

The Borel sum in Eq. (3.9) is a priori not unique due to the cut along the positive
real axis, and we have adopted the common principal value prescription (PV), which is
the average of deforming the contour above and below the real u-axis. The prescription is,
however, not in any way essential since the choice of the function c̄0(R2) is simply defining
the scheme of our scale-invariant and renormalon-free GC. In fact, any other choice for
c̄0(R2) (related to adding a constant on the RHS of Eq. (3.9)) would be equally feasible,
as long as it satisfies the same R-evolution equation. We define our final scale-invariant
renormalon-free GC matrix element hG

2
i
RF by the relation

hG
2
i(R2) ⌘ hG

2
i
RF +Ng c̄0(R

2) . (3.10)

Our particular choice for the function c̄0(R2) has the nice feature that it implements the
renormalon-free Borel sum scheme as we show explicitly in Sec. 3.2. This means that hG2

i
RF

is closely related to the scheme definitions implemented in Refs. [17, 18, 32–35].
We stress again that neither the exact form of the subtraction series in Eq. (3.1) nor

the function c̄0(R2) are in principle unique. The subtraction series merely needs to have the
same asymptotic large order behavior as the one shown in Eq. (2.29) but may have additional
convergent contributions.10 The function c̄0(R2) has mainly been introduced for practical
convenience. We have adopted a choice for c̄0(R2) such that it agrees with the Borel sum
of the subtraction series as defined in Eq. (3.9) for any value of Ng. As a consequence

10Here we use the naming ‘convergent series’ to signify that the series has a finite radius of convergence.
We use naming ’a series converges to a value’ to signify that the series converges to the value when the
expansion parameter is smaller than the radius of convergence.
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2
i
(n) in the

MS scheme and our new renormalon-free and order-independent GC hG
2
i(R):

hḠ
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should in principle be strongly suppressed for the GCS spectral function moment, in the
same way as the GC OPE correction. This is an essential aspect in the analysis carried out
in Sec. 3.3.

The Borel sum in Eq. (3.9) is a priori not unique due to the cut along the positive
real axis, and we have adopted the common principal value prescription (PV), which is
the average of deforming the contour above and below the real u-axis. The prescription is,
however, not in any way essential since the choice of the function c̄0(R2) is simply defining
the scheme of our scale-invariant and renormalon-free GC. In fact, any other choice for
c̄0(R2) (related to adding a constant on the RHS of Eq. (3.9)) would be equally feasible,
as long as it satisfies the same R-evolution equation. We define our final scale-invariant
renormalon-free GC matrix element hG

2
i
RF by the relation

hG
2
i(R2) ⌘ hG

2
i
RF +Ng c̄0(R

2) . (3.10)

Our particular choice for the function c̄0(R2) has the nice feature that it implements the
renormalon-free Borel sum scheme as we show explicitly in Sec. 3.2. This means that hG2

i
RF

is closely related to the scheme definitions implemented in Refs. [17, 18, 32–35].
We stress again that neither the exact form of the subtraction series in Eq. (3.1) nor

the function c̄0(R2) are in principle unique. The subtraction series merely needs to have the
same asymptotic large order behavior as the one shown in Eq. (2.29) but may have additional
convergent contributions.10 The function c̄0(R2) has mainly been introduced for practical
convenience. We have adopted a choice for c̄0(R2) such that it agrees with the Borel sum
of the subtraction series as defined in Eq. (3.9) for any value of Ng. As a consequence

10Here we use the naming ‘convergent series’ to signify that the series has a finite radius of convergence.
We use naming ’a series converges to a value’ to signify that the series converges to the value when the
expansion parameter is smaller than the radius of convergence.

– 20 –
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should in principle be strongly suppressed for the GCS spectral function moment, in the
same way as the GC OPE correction. This is an essential aspect in the analysis carried out
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The Borel sum in Eq. (3.9) is a priori not unique due to the cut along the positive
real axis, and we have adopted the common principal value prescription (PV), which is
the average of deforming the contour above and below the real u-axis. The prescription is,
however, not in any way essential since the choice of the function c̄0(R2) is simply defining
the scheme of our scale-invariant and renormalon-free GC. In fact, any other choice for
c̄0(R2) (related to adding a constant on the RHS of Eq. (3.9)) would be equally feasible,
as long as it satisfies the same R-evolution equation. We define our final scale-invariant
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Our particular choice for the function c̄0(R2) has the nice feature that it implements the
renormalon-free Borel sum scheme as we show explicitly in Sec. 3.2. This means that hG2
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is closely related to the scheme definitions implemented in Refs. [17, 18, 32–35].
We stress again that neither the exact form of the subtraction series in Eq. (3.1) nor

the function c̄0(R2) are in principle unique. The subtraction series merely needs to have the
same asymptotic large order behavior as the one shown in Eq. (2.29) but may have additional
convergent contributions.10 The function c̄0(R2) has mainly been introduced for practical
convenience. We have adopted a choice for c̄0(R2) such that it agrees with the Borel sum
of the subtraction series as defined in Eq. (3.9) for any value of Ng. As a consequence

10Here we use the naming ‘convergent series’ to signify that the series has a finite radius of convergence.
We use naming ’a series converges to a value’ to signify that the series converges to the value when the
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scale invariant

Its more convenient to work with scale invariant GC

Borel sum unchanged, for any value of 
the norm. Minimal scheme.

"tree level” (unexpanded) 
contribution

Infrared-subtracted scheme for the GC condensate (“short distance scheme”)

Euclidean Adler function D(�Q
2) the order-dependent compensating contribution of the

GC related to the series terms in Eq. (2.29) for d = 4, � = 0 and ↵ = 0 is made explicit
and that the GC correction in the new scheme still has the form shown in Eq. (2.33). We
can then write down the relation between the original order-dependent GC hḠ

2
i
(n) in the

MS scheme and our new renormalon-free and order-independent GC hG
2
i(R):

hḠ
2
i
(n)

⌘ hG
2
i(R2) � R

4

nX

`=1

Ng r
(4,0)
` ā

`
R , (3.1)

where Ng is the universal GC renormalon norm which is related to the GC renormalon
norm of the Adler function as defined in Eq. (2.35) by the relation

Ng =
3

2⇡2
N4,0 (3.2)

The coefficients r(4,0)` are obtained from Eq. (2.30). We remind the reader that the series on
the RHS is a power series in the C-scheme strong coupling ↵̄s(R2). The explicit expression
for r

(4,0)
` reads

r
(4,0)
` =

⇣1
2

⌘`+4b̂1 �(`+ 4b̂1)

�(1 + 4b̂1)
. (3.3)

The GC in this renormalon-free scheme is by construction scale-dependent and we refer
to this (quadratic) scale generically as R

2 since it does need to be equal to Q
2. From a

conceptual point of view R plays the role of an IR factorization scale which may be naturally
chosen to be smaller than the relevant dynamical scale of the observable of interest, which
is Q for D(�Q

2). We discuss the role of R in more detail in Sec. 3.2. Since here we are
considering the Euclidean Adler function, it is reasonable to consider R2 as well as hG2

i(R2)

as real-valued, but this is not strictly mandatory. The purpose of this renormalon-free GC
is to reshuffle the series on the RHS of Eq. (3.1) back into the perturbative series for the
Euclidean Adler function D̂(�Q

2) so that it can explicitly eliminate the effects of the GC
renormalon from the original series in the MS OPE scheme of Eq. (2.23). The resulting
subtraction series depends on the norm N4,0 =

2⇡2

3
Ng and is generated by the inverse Borel

transform

�D̂4,0(�Q
2
, R

2) = �

h
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(1)

4,0 āQ

i ˆ 1

0

du
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4

Q4

N4,0

(2� u)1+4b̂1

�

Taylor

e
� u

āR , (3.4)

where the series in āR must still be consistently expanded in āQ and truncated at the same
order as the original unsubtracted series, so that the GC renormalon cancels properly.

To see that this subtraction indeed works, let us consider the sum of the GC renormalon
contribution of the original series and the subtraction in Eq. (3.4),

�D̂4,0(�Q
2
, R

2) =
h
1 + c̄

(1)

4,0 āQ

i
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ˆ 1

0

du


e
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āQ

(2� u)1+4b̂1
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R
4

Q4

e
� u

āR

(2� u)1+4b̂1

�
.(3.5)

It is straightforward to show that the ambiguity due to the cuts cancels in the difference of
the two terms and that the net series (consistently expanded in āQ) is convergent.9 Since

9The factor R4/Q4 multiplying the second term in the brackets on the RHS of Eq. (3.5) is essential for
the cancellation of the ambiguity.
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IR scale
to be expanded (coherently)  

in perturbation theory

Diogo Boito

Renormalon Free Gluon Condensate Scheme 33

General structure of the gluon condensate (GC) pole is known in QCD at NLO

Analogous relations also hold for any other scheme to define the strong coupling including
the C-scheme. Its one-loop Wilson coefficient correction is known and with the results of
Ref. [45] its contribution to the Euclidean Adler function’s OPE series reads

�D
OPE

4,0 (�Q
2) =

1

Q4

2⇡2
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h
1 + c̄
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4,0 āQ
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hḠ
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i , (2.33)

with
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4,0 =
4
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2
�
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4
�

�1

4�0

◆
, (2.34)

where CA = 3, CF = 4/3. For nf = 3 we have c̄
(1)

4,0 = �22/81. The term in the Euclidean
Adler function’s Borel function (with respect to the expansion in powers of ↵̄s(Q2)) that
corresponds to the GC OPE correction has the form

B4,0(u) =
h
1 + c̄

(1)

4,0 āQ

i
N4,0

(2� u)1+4b̂1
. (2.35)

For the purpose of this work we adopt the exact form of Eqs. (2.33) and (2.35) in the
C-scheme, i.e. in the Wilson coefficient we truncate all terms at O(↵2

s) and beyond. When
switching to the MS-scheme, however, we keep all resulting higher-order terms that are
generated by the term c̄

(1)

4,0 āQ.
In this work we refer to the non-analytic structure of B4,0(u), its associated asymptotic

power series of Eq. (2.29) and the corresponding OPE correction �D
OPE
4,0 (�Q

2) collectively
as the ‘GC renormalon’. Our notation also applies when a general complex-valued momen-
tum transfer s is considered instead of Q2. A very important phenomenological aspect of
the GC renormalon is that for spectral function moments with polynomial weight functions
W (x) that do not contain a quadratic term x

2 (corresponding to the absence of a linear
term x in w(x)), the GC renormalon is strongly suppressed. For the GC OPE correction
�
(4)

W (s0) this suppression can be easily seen from the form of the GC corrections to the Adler
function for complex-valued momentum transfer s.
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4,0 (s) =
1

s2

2⇡2
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h
1 + c̄

(1)

4,0 ā(�s)
i
hḠ

2
i . (2.36)

Accounting only for the tree-level Wilson coefficient, i.e. neglecting the one-loop correction
proportional to c̄

(1)

4,0, due to the residue theorem
¸

ds
s

sm

s2 = 0 for an integer m 6= 2, the
GC OPE correction �

(4)

W (s0) vanishes identically for a weight function W (x) that does not
contain a quadratic term x

2. So for spectral function moments of this kind the GC OPE
correction can contribute only through the s-dependence of the O(↵s) correction of the
Wilson coefficient. Since this dependence on s is only logarithmic, the net effect of the GC
OPE correction is tiny and negligibly small for practical applications. The total hadronic tau
decay rate, which is obtained from the kinematic weight function W⌧ (x) = 1�2x+2x3�x

4,
belongs to this kind of spectral function moments. In our work we call moments based on
weight functions without a quadratic term GC suppressed (GCS) spectral function moments.
In contrast, for spectral function moments with polynomial weight functions W (x) that
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Euclidean Adler function D(�Q
2) the order-dependent compensating contribution of the

GC related to the series terms in Eq. (2.29) for d = 4, � = 0 and ↵ = 0 is made explicit
and that the GC correction in the new scheme still has the form shown in Eq. (2.33). We
can then write down the relation between the original order-dependent GC hḠ

2
i
(n) in the

MS scheme and our new renormalon-free and order-independent GC hG
2
i(R):
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Ng r
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R , (3.1)

where Ng is the universal GC renormalon norm which is related to the GC renormalon
norm of the Adler function as defined in Eq. (2.35) by the relation

Ng =
3

2⇡2
N4,0 (3.2)

The coefficients r(4,0)` are obtained from Eq. (2.30). We remind the reader that the series on
the RHS is a power series in the C-scheme strong coupling ↵̄s(R2). The explicit expression
for r

(4,0)
` reads

r
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` =

⇣1
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⌘`+4b̂1 �(`+ 4b̂1)

�(1 + 4b̂1)
. (3.3)

The GC in this renormalon-free scheme is by construction scale-dependent and we refer
to this (quadratic) scale generically as R

2 since it does need to be equal to Q
2. From a

conceptual point of view R plays the role of an IR factorization scale which may be naturally
chosen to be smaller than the relevant dynamical scale of the observable of interest, which
is Q for D(�Q

2). We discuss the role of R in more detail in Sec. 3.2. Since here we are
considering the Euclidean Adler function, it is reasonable to consider R2 as well as hG2

i(R2)

as real-valued, but this is not strictly mandatory. The purpose of this renormalon-free GC
is to reshuffle the series on the RHS of Eq. (3.1) back into the perturbative series for the
Euclidean Adler function D̂(�Q

2) so that it can explicitly eliminate the effects of the GC
renormalon from the original series in the MS OPE scheme of Eq. (2.23). The resulting
subtraction series depends on the norm N4,0 =

2⇡2

3
Ng and is generated by the inverse Borel

transform
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i ˆ 1

0

du


R

4

Q4

N4,0

(2� u)1+4b̂1

�

Taylor

e
� u
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where the series in āR must still be consistently expanded in āQ and truncated at the same
order as the original unsubtracted series, so that the GC renormalon cancels properly.

To see that this subtraction indeed works, let us consider the sum of the GC renormalon
contribution of the original series and the subtraction in Eq. (3.4),
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It is straightforward to show that the ambiguity due to the cuts cancels in the difference of
the two terms and that the net series (consistently expanded in āQ) is convergent.9 Since

9The factor R4/Q4 multiplying the second term in the brackets on the RHS of Eq. (3.5) is essential for
the cancellation of the ambiguity.
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coefficients that diverge 
factorially are known

contribution of the GC 
singularity to the 
perturbative series

determined on general 
grounds from QCD

GC matrix element. What we need is a closed function that obeys the same R-evolution
equation. Interestingly, such a function can be obtained from the Borel sum of the subtrac-
tion series in Eq. (3.1) defined by
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where for completeness we have also displayed the result for complex R
2. Note that the

expression for the general complex-valued strong coupling reduces to the expressions of
the real-valued one in the limit Im[āR] ! 0. The R

2-derivative of c̄0(R2) gives exactly
the expression on the RHS of Eq. (3.8) divided by Ng for any complex R

2 for which the
strong coupling ↵s(R2) is analytic. With this definition it is in principle possible to even
consider complex values for R

2. However, in the following we only discuss real-valued R
2.

As a consequence, the subtraction series in Eq. (3.1) is intrinsically real-valued as well and
should in principle be strongly suppressed for the GCS spectral function moment, in the
same way as the GC OPE correction. This is an essential aspect in the analysis carried out
in Sec. 3.3.

The Borel sum in Eq. (3.9) is a priori not unique due to the cut along the positive
real axis, and we have adopted the common principal value prescription (PV), which is
the average of deforming the contour above and below the real u-axis. The prescription is,
however, not in any way essential since the choice of the function c̄0(R2) is simply defining
the scheme of our scale-invariant and renormalon-free GC. In fact, any other choice for
c̄0(R2) (related to adding a constant on the RHS of Eq. (3.9)) would be equally feasible,
as long as it satisfies the same R-evolution equation. We define our final scale-invariant
renormalon-free GC matrix element hG

2
i
RF by the relation

hG
2
i(R2) ⌘ hG

2
i
RF +Ng c̄0(R

2) . (3.10)

Our particular choice for the function c̄0(R2) has the nice feature that it implements the
renormalon-free Borel sum scheme as we show explicitly in Sec. 3.2. This means that hG2

i
RF

is closely related to the scheme definitions implemented in Refs. [17, 18, 32–35].
We stress again that neither the exact form of the subtraction series in Eq. (3.1) nor

the function c̄0(R2) are in principle unique. The subtraction series merely needs to have the
same asymptotic large order behavior as the one shown in Eq. (2.29) but may have additional
convergent contributions.10 The function c̄0(R2) has mainly been introduced for practical
convenience. We have adopted a choice for c̄0(R2) such that it agrees with the Borel sum
of the subtraction series as defined in Eq. (3.9) for any value of Ng. As a consequence

10Here we use the naming ‘convergent series’ to signify that the series has a finite radius of convergence.
We use naming ’a series converges to a value’ to signify that the series converges to the value when the
expansion parameter is smaller than the radius of convergence.
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GC related to the series terms in Eq. (2.29) for d = 4, � = 0 and ↵ = 0 is made explicit
and that the GC correction in the new scheme still has the form shown in Eq. (2.33). We
can then write down the relation between the original order-dependent GC hḠ
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MS scheme and our new renormalon-free and order-independent GC hG
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where Ng is the universal GC renormalon norm which is related to the GC renormalon
norm of the Adler function as defined in Eq. (2.35) by the relation

Ng =
3

2⇡2
N4,0 (3.2)

The coefficients r(4,0)` are obtained from Eq. (2.30). We remind the reader that the series on
the RHS is a power series in the C-scheme strong coupling ↵̄s(R2). The explicit expression
for r
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The GC in this renormalon-free scheme is by construction scale-dependent and we refer
to this (quadratic) scale generically as R

2 since it does need to be equal to Q
2. From a

conceptual point of view R plays the role of an IR factorization scale which may be naturally
chosen to be smaller than the relevant dynamical scale of the observable of interest, which
is Q for D(�Q

2). We discuss the role of R in more detail in Sec. 3.2. Since here we are
considering the Euclidean Adler function, it is reasonable to consider R2 as well as hG2

i(R2)

as real-valued, but this is not strictly mandatory. The purpose of this renormalon-free GC
is to reshuffle the series on the RHS of Eq. (3.1) back into the perturbative series for the
Euclidean Adler function D̂(�Q

2) so that it can explicitly eliminate the effects of the GC
renormalon from the original series in the MS OPE scheme of Eq. (2.23). The resulting
subtraction series depends on the norm N4,0 =
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where the series in āR must still be consistently expanded in āQ and truncated at the same
order as the original unsubtracted series, so that the GC renormalon cancels properly.

To see that this subtraction indeed works, let us consider the sum of the GC renormalon
contribution of the original series and the subtraction in Eq. (3.4),
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i
N4,0

ˆ 1

0

du


e
� u

āQ
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It is straightforward to show that the ambiguity due to the cuts cancels in the difference of
the two terms and that the net series (consistently expanded in āQ) is convergent.9 Since

9The factor R4/Q4 multiplying the second term in the brackets on the RHS of Eq. (3.5) is essential for
the cancellation of the ambiguity.
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āR
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2. Note that the

expression for the general complex-valued strong coupling reduces to the expressions of
the real-valued one in the limit Im[āR] ! 0. The R

2-derivative of c̄0(R2) gives exactly
the expression on the RHS of Eq. (3.8) divided by Ng for any complex R

2 for which the
strong coupling ↵s(R2) is analytic. With this definition it is in principle possible to even
consider complex values for R

2. However, in the following we only discuss real-valued R
2.

As a consequence, the subtraction series in Eq. (3.1) is intrinsically real-valued as well and
should in principle be strongly suppressed for the GCS spectral function moment, in the
same way as the GC OPE correction. This is an essential aspect in the analysis carried out
in Sec. 3.3.

The Borel sum in Eq. (3.9) is a priori not unique due to the cut along the positive
real axis, and we have adopted the common principal value prescription (PV), which is
the average of deforming the contour above and below the real u-axis. The prescription is,
however, not in any way essential since the choice of the function c̄0(R2) is simply defining
the scheme of our scale-invariant and renormalon-free GC. In fact, any other choice for
c̄0(R2) (related to adding a constant on the RHS of Eq. (3.9)) would be equally feasible,
as long as it satisfies the same R-evolution equation. We define our final scale-invariant
renormalon-free GC matrix element hG
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RF by the relation
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Our particular choice for the function c̄0(R2) has the nice feature that it implements the
renormalon-free Borel sum scheme as we show explicitly in Sec. 3.2. This means that hG2
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is closely related to the scheme definitions implemented in Refs. [17, 18, 32–35].
We stress again that neither the exact form of the subtraction series in Eq. (3.1) nor

the function c̄0(R2) are in principle unique. The subtraction series merely needs to have the
same asymptotic large order behavior as the one shown in Eq. (2.29) but may have additional
convergent contributions.10 The function c̄0(R2) has mainly been introduced for practical
convenience. We have adopted a choice for c̄0(R2) such that it agrees with the Borel sum
of the subtraction series as defined in Eq. (3.9) for any value of Ng. As a consequence

10Here we use the naming ‘convergent series’ to signify that the series has a finite radius of convergence.
We use naming ’a series converges to a value’ to signify that the series converges to the value when the
expansion parameter is smaller than the radius of convergence.
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scale invariant

Its more convenient to work with scale invariant GC

Borel sum unchanged, for any value of 
the norm. Minimal scheme.

"tree level” (unexpanded) 
contribution

Infrared-subtracted scheme for the GC condensate (“short distance scheme”)

Euclidean Adler function D(�Q
2) the order-dependent compensating contribution of the

GC related to the series terms in Eq. (2.29) for d = 4, � = 0 and ↵ = 0 is made explicit
and that the GC correction in the new scheme still has the form shown in Eq. (2.33). We
can then write down the relation between the original order-dependent GC hḠ

2
i
(n) in the

MS scheme and our new renormalon-free and order-independent GC hG
2
i(R):
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where Ng is the universal GC renormalon norm which is related to the GC renormalon
norm of the Adler function as defined in Eq. (2.35) by the relation

Ng =
3

2⇡2
N4,0 (3.2)

The coefficients r(4,0)` are obtained from Eq. (2.30). We remind the reader that the series on
the RHS is a power series in the C-scheme strong coupling ↵̄s(R2). The explicit expression
for r
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` reads
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The GC in this renormalon-free scheme is by construction scale-dependent and we refer
to this (quadratic) scale generically as R

2 since it does need to be equal to Q
2. From a

conceptual point of view R plays the role of an IR factorization scale which may be naturally
chosen to be smaller than the relevant dynamical scale of the observable of interest, which
is Q for D(�Q

2). We discuss the role of R in more detail in Sec. 3.2. Since here we are
considering the Euclidean Adler function, it is reasonable to consider R2 as well as hG2

i(R2)

as real-valued, but this is not strictly mandatory. The purpose of this renormalon-free GC
is to reshuffle the series on the RHS of Eq. (3.1) back into the perturbative series for the
Euclidean Adler function D̂(�Q

2) so that it can explicitly eliminate the effects of the GC
renormalon from the original series in the MS OPE scheme of Eq. (2.23). The resulting
subtraction series depends on the norm N4,0 =
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3
Ng and is generated by the inverse Borel
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where the series in āR must still be consistently expanded in āQ and truncated at the same
order as the original unsubtracted series, so that the GC renormalon cancels properly.

To see that this subtraction indeed works, let us consider the sum of the GC renormalon
contribution of the original series and the subtraction in Eq. (3.4),
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It is straightforward to show that the ambiguity due to the cuts cancels in the difference of
the two terms and that the net series (consistently expanded in āQ) is convergent.9 Since

9The factor R4/Q4 multiplying the second term in the brackets on the RHS of Eq. (3.5) is essential for
the cancellation of the ambiguity.
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Treated as ‘tree level’ contribution

In analogy to RS scheme for quark mass advocated in Pineda ‘01 

MBR, Boito, Hoang, Jamin, JHEP 07 (2022) 016 
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hḠ2
i = h

↵s

⇡
G2

i

B(u) ⇠
1

(2� u)1+4b̂1

{} q2
had

= s

D(s) ⇠
X

`

c` ā
`(s) + #

hḠ2
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āR

(2� u)1+4b̂1

#

Page 2

Miguel Benitez-Rathgeb - QCD Master Class 2023, 5 June –16 June 2023                                                                                                          6                                                                                   



Borel model study
Take pure GC renormalon model
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CIPT and FOPT: RF GC Scheme
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Single renormalon model: Pure O(Λ4QCD) renormalon in Adler function 

W (x) = 1

• FOPT same as in the original GC scheme

• CIPTRS series is convergent

• CIPTRS consistent with FOPT !

• CIPTRS compatible with standard OPE !

• CIPTRS Borel sum  = FOPT Borel sum 

• CIPTRS converges much faster than FOPT
(oscillating behavior absent)

Benitez-Rathgeb, Boito, Jamin, AHH: 2202.10957
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Ng =
3

2⇡2

⇾ Gluon condensate corrections vanishes !  

⇾ Nevertheless dramatic impact of
changing to the RF GC scheme
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Ng = 1

order ↵n
s

Page 3

Miguel Benitez-Rathgeb 21.07.2022

D̂model(s) =
1X

`=1

r(4,0)` ā`(�s)
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CIPT cured (+ better 
convergence than FOPT)
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Figure 3: Left panels: Series for FOPT and CIPT expansions for �
(0)

W (m2
⌧ ) as a func-

tion of order in full QCD in the MS GC scheme for different weight functions W (x) and
↵s(m2

⌧ ) = 0.315. The orders beyond 5 are obtained from the multi-renormalon Borel model.
Renormalization scale variations are indicated by the colored bands. Right panels: Corre-
sponding series for FOPT and CIPT expansions for �

(0)

W (m2
⌧ , R

2) in the RF GC scheme.

5.2 Numerical Analysis

In Fig. 3, we compare the FOPT (red color) and CIPT (blue color) expansion series as a
function of the order for the three spectral function moments with W (x) = (1�x)3(1+x),
W (x) = (1 � x)3 and W (x) = 2(1 � x), already considered in Sec. 4, for s0 = m

2
⌧ and

↵s(m2
⌧ ) = 0.315. The left panels display the unsubtracted results in the MS GC scheme,

and the right panels show the subtracted results in the RF scheme for R = 0.8m⌧ . The
connected colored dots represent the truncated series values for the default renormalization
scale choice for ⇠ = 1. The shaded bands again show the respective renormalization scale
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2
⌧ and
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⌧ ) = 0.315. The left panels display the unsubtracted results in the MS GC scheme,

and the right panels show the subtracted results in the RF scheme for R = 0.8m⌧ . The
connected colored dots represent the truncated series values for the default renormalization
scale choice for ⇠ = 1. The shaded bands again show the respective renormalization scale
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respect to the coupling for the renormalization scale µ2 = �s. We adopt this convention
here as well and furthermore use the C-scheme for the strong coupling. We also refer the
reader to App. A for the precise definition of the Borel function we employ in this work (and
its relation to other conventions used in the literature) and to Ref. [18] for the C-scheme.

In this context the Beneke-Jamin model (which was employed in this form in Part I)
adopts the concrete form5

B[D̂(s)]mr(u) = b(0) + b(1)u+
2⇡2

3

Ng
⇥
1� 22

81
ā(�s)

⇤

(2� u)1+4b̂1
+

N6

(3� u)1+6b̂1
+

N�2

(1 + u)2�2b̂1
.

(3.1)

The three renormalon norms Ng, N6 and N�2 and the two polynomial coefficients b(0,1)

are then determined from the Adler function coefficients up to c̄5,1, which imply that the
first 5 terms of the Taylor series for B[D̂(s)]mr(u) read

P
5

n=1
c̄n/�(n)un�1, see Eq. (2.13).

Using c̄5,1 = 345.477 and b̂1 = 32/81 = 0.395 we obtain Ng = 0.64, N6,0 = �15.65,
N�2 = �0.027, b(0) = 0.154 and b(1) = 0.008, which is the set of values related to the
GC norm value mentioned above in the introduction. It is the idea of the ‘renormalon
model approach’ to determine Ng with an uncertainty by considering several modifications
in the construction of B[D̂(s)]mr(u) that are consistent with the central proposition and
the naturalness assumption.

Let us first consider the impact of the uncertainty on the 6-loop coefficient c̄5,1, see
Eq. (2.15). Changing the coefficient by ±140 we obtain Ng = 0.64±0.27 which corresponds
to a relative variation of 43%. This uncertainty is irreducible in the context of only having
estimates for the 6-loop coefficient c̄5,1 using the Borel model approach. It is now interesting
examining how the uncertainties related to the structure of the model itself can affect the
value of Ng. Let us study the possible impact of the O(ā2) correction in the Wilson
coefficient of the GC term. Given that the known O(ā) correction has the coefficient
�22/81 ⇡ 0.27 and that the perturbative coefficients c̄` of the Adler function are very
nicely behaved with coefficients well below 0.5 up to O(ā2), see the text below Eq. (2.15),
it is reasonable to assume that the size of the yet unknown O(ā2) coefficient does not
exceed 0.5 as well. We thus consider a modification of the GC term shown in Eq. (3.1) by
considering a Wilson coefficient of the form [1� 22

81
ā(�s) + � ā2(�s)] with �0.5  �  0.5.

This leads to the result Ng = 0.64+0.11
�0.08 which corresponds to a relative variation of +18%

and �13%. These variations are much smaller than that coming from c̄5,1. Using the
modifications [1 + � ā(�s)] for the Wilson coefficient of the d = 6 (N6) IR renormalon and
the UV renormalon (N�2) terms with the same �-variation, we obtain Ng = 0.64+0.09

�0.03 and
Ng = 0.64+0.01

�0.01, which are even smaller variations. Next, let us consider two other structural
modifications of the Borel model of Eq. (3.1). The fact that the linear coefficient b(1) for the
default model of Eq. (3.1) is rather small indicates that that structure of the renormalon
terms already accounts nicely for all corrections at O(↵2

s) and beyond. We therefore drop

5 Through integration-by-parts the O(ān) term of the form ān

(p�u)� in the Borel function is equivalent
to a term of the form �(��n)

�(�)(p�u)��n �
Pn�1

i=0
pn���i �(��n+i)

�(�)�(1+i)u
i, which is an alternative notation frequently

used in the literature.

– 14 –

respect to the coupling for the renormalization scale µ2 = �s. We adopt this convention
here as well and furthermore use the C-scheme for the strong coupling. We also refer the
reader to App. A for the precise definition of the Borel function we employ in this work (and
its relation to other conventions used in the literature) and to Ref. [18] for the C-scheme.

In this context the Beneke-Jamin model (which was employed in this form in Part I)
adopts the concrete form5

B[D̂(s)]mr(u) = b(0) + b(1)u+
2⇡2

3

Ng
⇥
1� 22

81
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Figure 1. Series for the nf = 3 GC renormalon norm Ng up to order 40 obtained from the
conformal mapping approach using the Borel model of Eq. (3.1). The first five orders (indicated
by the blue starts) come from the known 5-loop corrections quoted in Eqs. (2.14) and the central
estimate for the 6-loop coefficient c̄5,1 of Eq. (2.15). Upper left panel: results based on Lee’s
mapping of Eq. (3.3). The other panels show results for the mapping function w(u, p) of Eq. (3.4)
for p = 5, 10, 15.

calculus and reads 1/(2� u)1+4b̂1 . The conformal mapping approach is model-independent
in the sense that is does not rely on assumptions about the form of the Borel function.
However, it depends on the choice of the conformal transformation and that the resulting
series for Ng is already close to saturation for the available orders.

In his analysis Lee used the conformal mapping [46, 56, 57]

z =
u

(1 + u)
, (3.3)

which leads to z2 = 2/3 ⇡ 0.667. Here the convergence radius is rc = 0.75 and given
by the d = 6 renormalon branch point at u = 3. This results in the Taylor series Ng =

0.40 � 0.15 � 0.042 + 0.040 + 0.071 = 0.32 at O(↵5
s) using the central value c̄5,1 = 345 of

Eq. (2.15) for the last term.7 The value of z2 is quite close to the convergence radius, and the

7Lee carried out his analysis in the MS scheme up to O(↵4

s) and determined the GC renormalon norm
of the Adler function. Accounting for the conventional factor 2⇡2/3 in the GC OPE correction shown in
Eq. (2.17) he obtained Ng = 0.048� 0.018� 0.008 + 0.001 in his convention for the GC renormalon norm.
Using the estimate of Eq. (2.15), which corresponds to the MS coefficient c5,1 = 280 [58], the O(↵5

s) term
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Determine norm in three different ways: 
w(u, 5) w(u, 10) w(u, 15)

O(↵4
s) 0.57 0.47 0.45

O(↵5
s) 0.72± 0.24 0.63± 0.17 0.60± 0.15

Table 1. Results for the nf = 3 GC renormalon norm Ng at O(↵4
s) and O(↵5

s) . The uncertainties
at order 5 come from varying c̄5,1 within the uncertainty estimate given in Eq. (2.15).

series does not yet look to be close to a saturation. This suspicion can be substantiated by
testing the method using the multi-renormalon model of Eq. (3.1) with the set of parameter
values displayed in the text below that equation. Since the model can be considered as a
reasonable approximation to the full QCD Borel function, we can check how fast the method
converges using the conformal mapping of Eq. (3.3). The result as a function of order n is
shown in the left upper panel of Fig. 1. We see that the series is converging to the correct
value of Ng. However, the series saturates towards Ng = 0.64 only for orders n & 40.
For orders n . 5 (shown with blue stars in Fig. 1) the series significantly undershoots the
correct model value. This is far from satisfying and motivates considering an alternative
conformal transformation that leads to an improved saturation behavior.

A class of conformal transformations that turns out to be much more suitable is given
by

w(u, p) =

p
1 + u�

q
1� u

p

p
1 + u+

q
1� u

p

, (3.4)

where p is a free parameter. This mapping has been employed for specific values of p in
this and other contexts in Refs. [47, 59, 60] and many other works thereafter. We apply it
here for the conformal mapping approach to determine Ng. For the values p = (5, 10, 15)

we obtain z2 = (0.38, 0.32, 0.30) and a convergence radius rc = (0.52, 0.41, 0.38), which
provides an evaluation of the Taylor series closer to the origin and also has a smaller ratio
of z2/rc. In the upper right and the lower panels of Fig. 1 we display the convergence of
the Taylor series for Ng for p = 5, 10, 15 for the Borel model already considered for Lee’s
mapping. We find a substantially improved convergence behavior. The series saturate
towards Ng = 0.64 already for orders n & 20. At O(↵4

s) and O(↵5
s), the series values are

already within 30% and 10%, respectively, of the correct model value, were the O(↵4
s) result

is always below the true value. Furthermore, the model values coming from orders beyond
O(↵5

s) do not deviate from 0.64 by more than 20%. In view of the uncertainty for Ng from
the multi-renormalon model approach this is satisfactory.

For our analysis we extract the value for Ng at O(↵4
s) and O(↵5

s), where for the latter
we include the uncertainty due to the error in c̄5,1 given in Eq. (2.15). The results are shown
in Tab. 1. Within the uncertainties the O(↵5

s) results are nicely compatible with the O(↵4
s)

results for all values of p. Furthermore at O(↵5
s) we obtain the smallest uncertainties for

reads +0.005. In our convention for the GC norm this corresponds to Ng = 0.40 � 0.15 � 0.065 + 0.008 +

0.043 = 0.24.
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the linear term b(1)u and include a d = 8 renormalon term of the form N8/(4�u)1+8b̂1 . This
yields Ng = 0.68 which differs only by 6% from the norm obtained from the original model.
If we include instead of the d = 8 renormalon term an additional u = �2 UV renormalon
term N�4/(2 + u)2�4b̂1 we obtain a result for Ng that only differs by 0.5%.

We see that the unknown 6-loop coefficient c̄5,1 represents the largest source of un-
certainty of ±40% when determining the GC renormalon norm Ng using the Borel model
method. Increasing the error in c̄5,1 beyond the one adopted in Eq. (2.15) would further
increase this uncertainty.6 Structural uncertainties related to the form of the Borel, model
related to the unkown higher order corrections to the Wilson coefficients or to the form
of the renormalons that are accounted for, lead to much smaller effects. Among these
subleading sources of uncertainty, the still unknown two-loop correction to the GC Wilson
coefficient is the largest with around 15 to 20%. Modifications related to IR renormalon
terms associated to condensates beyond dimension-4 or to the UV renormalons (which are
known to be small due to the absense of sign alternating contributions) have significantly
smaller effects. These observations are consistent with the assumptions entailed in our
proposition and the naturalness of the Adler function’s renormalon structure. It should be
noted, however, that the possibilities to change the form of the Borel model are certainly
not exhausted with the modifications we discussed above. Overall, we therefore consider
the outcome of this analysis primarily as a useful starting point and it is appropriate to
consider also the two alternative methods discussed in the following subsections.

3.2 Conformal Mapping Approach

The conformal mapping approach [46] to determine the GC renormalon norm Ng uses the
fact that the function

B̃(u) ⌘
3 (2� u)1+4b̂1

2⇡2
B[D̂(s)](u) (3.2)

is analytic in the vicinity around the point u = 2. It has, however, still branch points at
u = 3, 4, . . . from IR renormalons and at u = �1,�2, . . . from UV renormalons. The idea of
the conformal mapping approach is that one can apply conformal transformations z = f(u)

such that the origin is unchanged, i.e. f(0) = 0 and the point z2 = f(2) is located within
the radius of convergence of the Taylor expansion of B̃(f�1(z)) around z = 0 that is given
by the point among the set of mapped branch points {f(3), f(4), . . . , f(�1), f(�2), . . . }

that is closest to the origin. It is then possible to determine Ng from that Taylor series
evaluated at z = z2. The condition f(0) = 0 ensures that the n-th term in this Taylor ex-
pansion is determined from terms in the Adler function’s perturbation series up to O(↵n

s ),
i.e. from c̄1,1, . . . , c̄n,1. This means that the Taylor series can be calculated based purely on
perturbation theory and that there is no need to consider the reconstruction of the Borel
function. The only information needed is the form of the most singular non-analytic struc-
ture associated to the GC renormalon. The latter is known exactly from the renormalon

6In Ref. [11], see footnote 10, a much larger uncertainty is used. This larger uncertainty is much more
conservative but is disfavoured by recent dedicated analyses [13–16], and is also incompatible with our
basic proposition that the GC renormalon has a sizeable contribution to the known 5-loop correction, see
Ref. [2, 13].
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Consider the function
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w(u, 5) w(u, 10) w(u, 15)
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O(↵5
s) 0.72± 0.24 0.63± 0.17 0.60± 0.15

Table 1. Results for the nf = 3 GC renormalon norm Ng at O(↵4
s) and O(↵5

s) . The uncertainties
at order 5 come from varying c̄5,1 within the uncertainty estimate given in Eq. (2.15).

series does not yet look to be close to a saturation. This suspicion can be substantiated by
testing the method using the multi-renormalon model of Eq. (3.1) with the set of parameter
values displayed in the text below that equation. Since the model can be considered as a
reasonable approximation to the full QCD Borel function, we can check how fast the method
converges using the conformal mapping of Eq. (3.3). The result as a function of order n is
shown in the left upper panel of Fig. 1. We see that the series is converging to the correct
value of Ng. However, the series saturates towards Ng = 0.64 only for orders n & 40.
For orders n . 5 (shown with blue stars in Fig. 1) the series significantly undershoots the
correct model value. This is far from satisfying and motivates considering an alternative
conformal transformation that leads to an improved saturation behavior.

A class of conformal transformations that turns out to be much more suitable is given
by

w(u, p) =

p
1 + u�

q
1� u

p

p
1 + u+

q
1� u

p

, (3.4)

where p is a free parameter. This mapping has been employed for specific values of p in
this and other contexts in Refs. [47, 59, 60] and many other works thereafter. We apply it
here for the conformal mapping approach to determine Ng. For the values p = (5, 10, 15)

we obtain z2 = (0.38, 0.32, 0.30) and a convergence radius rc = (0.52, 0.41, 0.38), which
provides an evaluation of the Taylor series closer to the origin and also has a smaller ratio
of z2/rc. In the upper right and the lower panels of Fig. 1 we display the convergence of
the Taylor series for Ng for p = 5, 10, 15 for the Borel model already considered for Lee’s
mapping. We find a substantially improved convergence behavior. The series saturate
towards Ng = 0.64 already for orders n & 20. At O(↵4

s) and O(↵5
s), the series values are

already within 30% and 10%, respectively, of the correct model value, were the O(↵4
s) result

is always below the true value. Furthermore, the model values coming from orders beyond
O(↵5

s) do not deviate from 0.64 by more than 20%. In view of the uncertainty for Ng from
the multi-renormalon model approach this is satisfactory.

For our analysis we extract the value for Ng at O(↵4
s) and O(↵5

s), where for the latter
we include the uncertainty due to the error in c̄5,1 given in Eq. (2.15). The results are shown
in Tab. 1. Within the uncertainties the O(↵5

s) results are nicely compatible with the O(↵4
s)

results for all values of p. Furthermore at O(↵5
s) we obtain the smallest uncertainties for

reads +0.005. In our convention for the GC norm this corresponds to Ng = 0.40 � 0.15 � 0.065 + 0.008 +

0.043 = 0.24.
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Results for      we obtain using this method:
w(u, 5) w(u, 10) w(u, 15)

O(↵4
s) 0.57 0.47 0.45

O(↵5
s) 0.72± 0.24 0.63± 0.17 0.60± 0.15

Table 1. Results for the nf = 3 GC renormalon norm Ng at O(↵4
s) and O(↵5

s) . The uncertainties
at order 5 come from varying c̄5,1 within the uncertainty estimate given in Eq. (2.15).
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p = 15. We have checked that the results for the three p values we have shown here are
representative for all values of p > 3 and that, in particular, there is no significant change
with respect to the p = 15 result for even larger values of p. Overall, we find that the
conformal mapping method confirms the result for Ng we obtained from the Borel model
approach with respect to the central value as well as the uncertainty.

3.3 Optimal Subtraction Approach

The third method to determine the GC renormalon norm Ng, which we call ‘optimal sub-
traction approach’, encodes the two major improvements the RF GC scheme achieves over
the previously used MS GC scheme for the ⌧ hadronic spectral function moments: (1) the
reduction of the CIPT-FOPT discrepancy for GCS spectral function moments and (2) the
improvement of the badly behaved perturbation series for GCE spectral function moments.
As we have shown in Part I, for the proper choice of Ng these two types of improvements are
realized simultaneously for any possible choice of GCS or GCE spectral function moments.

It is the idea of the optimal subtraction approach to employ an optimization procedure,
based on a �2-type minimization, which quantifies the improvements (1) and (2) as a
function of Ng. To explain the construction of the �2 function let us write FOPT (FO) and
CIPT (CI) spectral function moment expansion series for a given weight function w(x) and
truncated at O(↵m

s ) in the form

�(0),FO/CI

w,m (Ng, s0;↵s(s0)) =
mX

n=0

rFO/CI

w,n (Ng, R
2, ⇠; s0,↵s(s0)) , (3.5)

where the index n counts the order in the MS strong coupling expansion (either in terms
of ↵s(⇠s0) or ↵s(�⇠s) prior to the contour integration),8 which we collectively refer to
as O(↵n

s ). The known perturbative coefficients in Eq. (2.14) uniquely quantify rFO/CI

w,n

for n = 1, 2, 3, 4, and rFO/CI

w,5 is determined from the estimate (2.15) with an uncertainty.
The coefficients rFO/CI

w,n depend on the subtraction scale R and the renormalization scaling
parameter ⇠. In the formal large order n limit, the dependence of the truncated sum
�(0),FO/CI

w,m on R and ⇠ formally vanishes due to renormalization group invariance, which is
the reason why we have suppressed the dependence on R and ⇠ as arguments in �(0),FO/CI

w,m .
For any finite order n, the truncated sum has, however, a residual dependence on R and ⇠, as
it is common in perturbation theory. Note that the ‘tree-level’ term rFO/CI

w,0 , which arises in
the RF GC scheme and is proportional to Ng c̄0(R2), is independent of the renormalization
scale parameter ⇠.

Our �2 function, which depends on the truncation order m and is constructed from a
set of GCS and GCE spectral function moments, consists of two additive parts

�2

m(Ng) = �2

m,GCS(Ng) + �2

m,GCE(Ng) . (3.6)

8We remind the reader that in Sec. 2.2 we have formulated the RF GC scheme in the context of the
C-scheme for the strong coupling, but that all concrete phenomenological analyses are carried out in the
common MS scheme. The values for ↵s(⇠s0), ↵s(�⇠s) and ā(R2) (the latter to be used in the function c̄0)
are obtained from the input MS value for ↵s(m

2

⌧ ) using the known �-function coefficients up to 5 loops.
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functions are

w1(x) = 1� 3x2 + 2x3 ,

w2(x) = 1� 4x3 + 3x4 ,

w3(x) = 1� 5x4 + 4x5 ,

w4(x) = 1� 6x5 + 5x6 ,

w5(x) = 1� 7x6 + 6x7 . (3.10)

They are linearly independent and all doubly pinched. For the construction of �2

m,GCE
we

consider moments obtained from the following representative five GCE weight functions:
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They are linearly independent and doubly pinched as well (except for w10 which is singly
pinched), and we have adopted their form such that the coefficients of the linear x terms
have different values that is still of order one, i.e. neither too small nor too large. In any
case, all 10 weight functions are in principle also useful for phenomenological analyses with
suppressed DV corrections and we find compatible results for other choices of moments.
Note that the perturbative spectral function moment series associated to the 10 weight
functions (either in the FOPT or the CIPT expansion) all sum to values at O(↵4

s) and
O(↵5

s) very close to the kinematic moment series. This ensures that using the same weight
for all moments contributing to the �2

m(Ng) does not cause any particular bias.
To find the best value with an uncertainty for Ng at the truncation order m we

determine the minimum of �2
m(Ng) for values of the subtraction scale R in the range

0.7
p
s0  R 

p
s0. For the uncertainty for Ng we adopt half of the range of Ng val-

ues that is covered and we take the average of the maximum and minimum values as the
central value. As a test of the method, we show the outcome for this analysis for s0 = m2

⌧

up to truncation order m = 10 in Fig. 2 using the series for the Adler function generated by
the Borel model of Eq. (3.1) for ⇠ = 1 (left panel) and ⇠ = 2 (right panel). We see that for
increasing m the results from this method nicely converge to to correct value for Ng (for the
Borel model this value is 0.64 and is indicated by the horizontal red line). We also see that
for orders m > 6 the method is slightly more stable for ⇠ = 2. This is related to the fact
that for strong coupling renormalization scales larger than p

s0 the sign-alternating effects
the UV renormalons, which have branch points at u = �1, are suppressed with respect
to the GC renormalon with the branch point at u = 2. This sign-alternation disturbs the
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Use known            
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Figure 2. Results for the nf = 3 GC renormalon norm Ng up to order m = 10 obtained from the
optimal subtraction approach using the Adler function obtained by the Borel model of Eq. (3.1). The
first five orders, up to O(↵5

s), (indicated by the blue starts) come from the known 5-loop corrections
quoted in Eqs. (2.14) and the central estimate for the 6-loop coefficient c̄5,1 of Eq. (2.15). The red
error bars arise from varying the IR factorization scale in the range 0.7ps0  R 

p
s0 and the stars

and dots represent the average of the maximal and minimal results at each order in perturbation
theory. The blue error bar at order m = 5 is obtained by conservatively including, in addition to
the R variations, independent variations of c̄5,1 within the uncertainty estimate of Eq. (2.15). Left
panel: Results for s0 = m2

⌧ and ⇠ = 1. Right panel: Results for s0 = m2
⌧ and ⇠ = 2.

constructive structure of the �2 function which exclusively focuses on the impact of the
GC renormalon subtraction. Since, eventually, the UV renormalon will dominate the Adler
function’s perturbation series at very high orders (see Sec. 5 and Fig. 3 of Part I where
the moments for w1 and w6 have been analyzed in great detail), the implementation of the
optimal subtraction method we have adopted here cannot be applied to all orders m. How-
ever, for truncation orders accessible by available or foreseeable calculations the method is
perfectly adequate.

For the Borel model in Eq. (3.1) the central value for the O(↵5
s) coefficient Eq. (2.15),

c̄5,1 = 345 has been adopted. Interestingly, the additional error on Ng related to the
uncertainty on c̄5,1 turns out to be quite small. To demonstrate that we have at order
m = 5 also determined the range of Ng values by carrying out the R variation described
above and in addition also varied independently c̄5,1 by ±140. The outcome is shown as the
blue error bar in both panels of Fig. 2. We have checked that the outcome of the analysis
remains essentially unchanged, if other moments are used that satisfy the same criteria as
w1�10 or if higher values for s0 are adopted. It should be noted, however, that it is not easy
to construct completely different inequivalent sets of analogous moments which are linearly
independent when imposing a limit on the maximal power of x.

In Tab. 2 we display the results of the optimal subtraction method at truncation order
m = 4 and m = 5 for p

s0 = m⌧ and p
s0 = 3 GeV and using ⇠ = 1 and ⇠ = 2. For

m = 5 the error on c̄5,1 is included as described in the previous paragraph. All results are
equivalent and consistent and we adopt the envelope of the m = 4 results for ⇠ = 1 and
⇠ = 2 as our final result:

Ng = 0.57± 0.23 . (3.12)
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The RF GC scheme in strong coupling determinations

• Additional errors from IR factorization scale variation as well as uncertainty related to norm  
of GC have minor impact on error of the strong coupling 

Observations: 

• CIPT becomes consistent with FOPT 

• In contrast to original  GC scheme determinations we obtain consistent results in the      
RG GC scheme  
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Strategy: 
Repeat in detail two state-of-the-art determination methods in the RF GC scheme: 

Truncated OPE approach  
Duality violation model approach 

Pich, Rodriguez-Sanchez ‘16

Boito, Golterman, Maltman, Peris, Rodrigues, Schaaf ‘21
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• Introduction of RF GC scheme  

• In RF GC scheme, size of discrepancy between FOPT and CIPT strongly 
reduced 

• In original ‘ ’ GC scheme, CIPT not compatible with standard OPE 

• In RF GC scheme, inconsistency of CIPT w.r.t. standard OPE largely ‘cured’ 

• Strong coupling extractions based on FOPT/CIPT in RF GC scheme lead to 
compatible results in contrast to using original  GC scheme 

MS

MS

Summary: 
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IR factorization scale variation in the RF GC scheme 
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Figure 4: Dependence FOPT and CIPT expansions for �(0)W (m2
⌧ , R

2) in the RF GC scheme
for the default renormalization scale choice ⇠ = 1 with respect to changes of the IR sub-
traction scale in the range 0.7m⌧  R  0.9m⌧ for different weight functions W (x) and
↵s(m2

⌧ ) = 0.315. The orders beyond 5 are obtained from the multi-renormalon Borel model.

the variations of the scale R constitute an important diagnostic tool concerning the relia-
bility and perturbative convergence of the RF GC scheme and should be accounted for in
estimations of the perturbative uncertainty in the context of phenomenological analyses.
While it is formally clear from the construction that the R-dependence decreases when
the truncation order is increased, it is phenomenologically interesting to assess, how the
remaining R-scale variation compares to the common renormalization scale variations of
the strong coupling. In Fig. 4 we compare the FOPT (red color) and CIPT (blue color)
expansion series in the RF scheme for ⇠ = 1 and for the three spectral function moments
with W⌧ (x) = (1 � x)3(1 + x), W (x) = (1 � x)3 and W (x) = 2(1 � x) already discussed
in Fig. 3, again for s0 = m

2
⌧ for ↵s(m2

⌧ ) = 0.315. The connected colored dots represent the
truncated series values for the default IR subtraction scale R = 0.8m⌧ and are identical to
those in Fig. 3. The shaded colored bands show the order-dependent variations arising from
0.7m⌧  R  0.9m⌧ . We see that for the GCS moments (upper left and lower panels) the
R scale variation for the FOPT expansion is almost invisible. This is because for the FOPT
expansion the subtractions arising in the renormalon-free scheme are strongly suppressed.
The GCS moments in the CIPT expansion, on the other hand, exhibit a visible R depen-
dence, which, however, decreases strongly with order as it should. In comparison with the
renormalization scale variations displayed in the right panels of Fig. 3, the R variation is,
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Results for GC norm from Optimal subtraction approach

w(u, 5) w(u, 10) w(u, 15)

O(↵4
s) 0.57 0.47 0.45

O(↵5
s) 0.72± 0.24 0.63± 0.17 0.60± 0.15

Table 1. Results for the nf = 3 GC renormalon norm Ng at O(↵4
s) and O(↵5

s) . The uncertainties
at order 5 come from varying c̄5,1 within the uncertainty estimate given in Eq. (2.15).

series does not yet look to be close to a saturation. This suspicion can be substantiated by
testing the method using the multi-renormalon model of Eq. (3.1) with the set of parameter
values displayed in the text below that equation. Since the model can be considered as a
reasonable approximation to the full QCD Borel function, we can check how fast the method
converges using the conformal mapping of Eq. (3.3). The result as a function of order n is
shown in the left upper panel of Fig. 1. We see that the series is converging to the correct
value of Ng. However, the series saturates towards Ng = 0.64 only for orders n & 40.
For orders n . 5 (shown with blue stars in Fig. 1) the series significantly undershoots the
correct model value. This is far from satisfying and motivates considering an alternative
conformal transformation that leads to an improved saturation behavior.

A class of conformal transformations that turns out to be much more suitable is given
by

w(u, p) =

p
1 + u�

q
1� u

p

p
1 + u+

q
1� u

p

, (3.4)

where p is a free parameter. This mapping has been employed for specific values of p in
this and other contexts in Refs. [47, 59, 60] and many other works thereafter. We apply it
here for the conformal mapping approach to determine Ng. For the values p = (5, 10, 15)

we obtain z2 = (0.38, 0.32, 0.30) and a convergence radius rc = (0.52, 0.41, 0.38), which
provides an evaluation of the Taylor series closer to the origin and also has a smaller ratio
of z2/rc. In the upper right and the lower panels of Fig. 1 we display the convergence of
the Taylor series for Ng for p = 5, 10, 15 for the Borel model already considered for Lee’s
mapping. We find a substantially improved convergence behavior. The series saturate
towards Ng = 0.64 already for orders n & 20. At O(↵4

s) and O(↵5
s), the series values are

already within 30% and 10%, respectively, of the correct model value, were the O(↵4
s) result

is always below the true value. Furthermore, the model values coming from orders beyond
O(↵5

s) do not deviate from 0.64 by more than 20%. In view of the uncertainty for Ng from
the multi-renormalon model approach this is satisfactory.

For our analysis we extract the value for Ng at O(↵4
s) and O(↵5

s), where for the latter
we include the uncertainty due to the error in c̄5,1 given in Eq. (2.15). The results are shown
in Tab. 1. Within the uncertainties the O(↵5

s) results are nicely compatible with the O(↵4
s)

results for all values of p. Furthermore at O(↵5
s) we obtain the smallest uncertainties for

reads +0.005. In our convention for the GC norm this corresponds to Ng = 0.40 � 0.15 � 0.065 + 0.008 +

0.043 = 0.24.
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Optimal subtraction approach: 
p
s0 = m⌧

p
s0 = 3 GeV

m = 4 (⇠ = 1) 0.60± 0.20 0.51± 0.17

m = 4 (⇠ = 2) 0.54± 0.21 0.55± 0.11

m = 5 (⇠ = 1) 0.64± 0.16 0.50± 0.19

m = 5 (⇠ = 2) 0.59± 0.18 0.52± 0.15

Table 2. Results for the nf = 3 GC renormalon norm Ng at orders m = 4 and 5 obtained
from the optimal subtraction approach for s0 = m2

⌧ , (3GeV), and ⇠ = 1, 2. The uncertainties at
order m = 4 arise from varying the IR factorization scale in the range 0.7

p
s0  R 

p
s0 and at

order m = 5 from the additional independent variation of c̄5,1 within the uncertainty estimate of
Eq. (2.15). The central values are the average of the maximal and minimal results at each order in
perturbation theory.

The result, which has a relative uncertainty of 40%, is fully consistent with the estimates
we have obtained from the Borel model and the conformal mapping approaches discussed
in Sec. 3.1 and 3.2 and is furthermore independent of the estimate for the 6-loop coefficient
c̄5,1.

The equivalence of the results obtained from the three approaches we have discussed
and which all rely on different criteria underlines that the known perturbative coefficients
of the Adler function are fully compatible with a sizeable GC renormalon norm in the
ranges obtained by our estimates. Within the natural proposition that the GC renormalon
has a sizeable contribution to the coefficient at O(↵4

s), i.e. that the size of c̄4,1 is not just
accidentally mimicking this property, our results provide a realistic estimate on the GC
renormalon norm Ng. We therefore adopt the result given in Eq. (3.12) as our final result
for the GC renormalon norm.

4 Impact on Strong Coupling Determinations

In order to demonstrate the improvements that can be achieved concerning the CIPT-FOPT
discrepancy when using the RF scheme for the GC in realistic ↵s analyses of ⌧ hadronic
spectral function moments, we exemplarily carry out in this section two determinations
of ↵s(m2

⌧ ) following two analysis setups employed in the recent references by Pich and
Rodrigez-Sanchez [11] and by Boito, Maltman, Peris, Rodrigues, and Schaaf [12]. These
two references are representatives of the two major approaches concerning the treatment
of nonperturbative corrections currently used in the literature, one employing a truncated
version of the traditional parametrization in terms of the OPE corrections, see Refs. [32,
33, 61, 62], and one that includes, besides the OPE corrections, DV contributions, see
Refs. [21, 22, 35]. The two approaches are discussed controversially, see e.g. Refs. [63–
65] and [11, 66]. For each approach we first employ the CIPT and FOPT expansions in
the common MS GC scheme, reproducing the respective published results, and then carry
out the analyses in the RF GC scheme, using our result for the GC renormalon norm Ng

quoted in Eq. (3.12). For the analysis in the RF GC scheme, additional uncertainties due
to the approximate knowledge of Ng and due to variations of the IR subtraction scale R are
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They are linearly independent and doubly pinched as well (except for w10 which is singly
pinched), and we have adopted their form such that the coefficients of the linear x terms
have different values that is still of order one, i.e. neither too small nor too large. In any
case, all 10 weight functions are in principle also useful for phenomenological analyses with
suppressed DV corrections and we find compatible results for other choices of moments.
Note that the perturbative spectral function moment series associated to the 10 weight
functions (either in the FOPT or the CIPT expansion) all sum to values at O(↵4

s) and
O(↵5

s) very close to the kinematic moment series. This ensures that using the same weight
for all moments contributing to the �2

m(Ng) does not cause any particular bias.
To find the best value with an uncertainty for Ng at the truncation order m we

determine the minimum of �2
m(Ng) for values of the subtraction scale R in the range

0.7
p
s0  R 

p
s0. For the uncertainty for Ng we adopt half of the range of Ng val-

ues that is covered and we take the average of the maximum and minimum values as the
central value. As a test of the method, we show the outcome for this analysis for s0 = m2

⌧

up to truncation order m = 10 in Fig. 2 using the series for the Adler function generated by
the Borel model of Eq. (3.1) for ⇠ = 1 (left panel) and ⇠ = 2 (right panel). We see that for
increasing m the results from this method nicely converge to to correct value for Ng (for the
Borel model this value is 0.64 and is indicated by the horizontal red line). We also see that
for orders m > 6 the method is slightly more stable for ⇠ = 2. This is related to the fact
that for strong coupling renormalization scales larger than p

s0 the sign-alternating effects
the UV renormalons, which have branch points at u = �1, are suppressed with respect
to the GC renormalon with the branch point at u = 2. This sign-alternation disturbs the
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Figure 2. Results for the nf = 3 GC renormalon norm Ng up to order m = 10 obtained from the
optimal subtraction approach using the Adler function obtained by the Borel model of Eq. (3.1). The
first five orders, up to O(↵5

s), (indicated by the blue starts) come from the known 5-loop corrections
quoted in Eqs. (2.14) and the central estimate for the 6-loop coefficient c̄5,1 of Eq. (2.15). The red
error bars arise from varying the IR factorization scale in the range 0.7ps0  R 

p
s0 and the stars

and dots represent the average of the maximal and minimal results at each order in perturbation
theory. The blue error bar at order m = 5 is obtained by conservatively including, in addition to
the R variations, independent variations of c̄5,1 within the uncertainty estimate of Eq. (2.15). Left
panel: Results for s0 = m2

⌧ and ⇠ = 1. Right panel: Results for s0 = m2
⌧ and ⇠ = 2.

constructive structure of the �2 function which exclusively focuses on the impact of the
GC renormalon subtraction. Since, eventually, the UV renormalon will dominate the Adler
function’s perturbation series at very high orders (see Sec. 5 and Fig. 3 of Part I where
the moments for w1 and w6 have been analyzed in great detail), the implementation of the
optimal subtraction method we have adopted here cannot be applied to all orders m. How-
ever, for truncation orders accessible by available or foreseeable calculations the method is
perfectly adequate.

For the Borel model in Eq. (3.1) the central value for the O(↵5
s) coefficient Eq. (2.15),

c̄5,1 = 345 has been adopted. Interestingly, the additional error on Ng related to the
uncertainty on c̄5,1 turns out to be quite small. To demonstrate that we have at order
m = 5 also determined the range of Ng values by carrying out the R variation described
above and in addition also varied independently c̄5,1 by ±140. The outcome is shown as the
blue error bar in both panels of Fig. 2. We have checked that the outcome of the analysis
remains essentially unchanged, if other moments are used that satisfy the same criteria as
w1�10 or if higher values for s0 are adopted. It should be noted, however, that it is not easy
to construct completely different inequivalent sets of analogous moments which are linearly
independent when imposing a limit on the maximal power of x.

In Tab. 2 we display the results of the optimal subtraction method at truncation order
m = 4 and m = 5 for p

s0 = m⌧ and p
s0 = 3 GeV and using ⇠ = 1 and ⇠ = 2. For

m = 5 the error on c̄5,1 is included as described in the previous paragraph. All results are
equivalent and consistent and we adopt the envelope of the m = 4 results for ⇠ = 1 and
⇠ = 2 as our final result:

Ng = 0.57± 0.23 . (3.12)
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w(u, 5) w(u, 10) w(u, 15)

O(↵4
s) 0.57 0.47 0.45

O(↵5
s) 0.72± 0.24 0.63± 0.17 0.60± 0.15

Table 1. Results for the nf = 3 GC renormalon norm Ng at O(↵4
s) and O(↵5

s) . The uncertainties
at order 5 come from varying c̄5,1 within the uncertainty estimate given in Eq. (2.15).

series does not yet look to be close to a saturation. This suspicion can be substantiated by
testing the method using the multi-renormalon model of Eq. (3.1) with the set of parameter
values displayed in the text below that equation. Since the model can be considered as a
reasonable approximation to the full QCD Borel function, we can check how fast the method
converges using the conformal mapping of Eq. (3.3). The result as a function of order n is
shown in the left upper panel of Fig. 1. We see that the series is converging to the correct
value of Ng. However, the series saturates towards Ng = 0.64 only for orders n & 40.
For orders n . 5 (shown with blue stars in Fig. 1) the series significantly undershoots the
correct model value. This is far from satisfying and motivates considering an alternative
conformal transformation that leads to an improved saturation behavior.

A class of conformal transformations that turns out to be much more suitable is given
by

w(u, p) =

p
1 + u�

q
1� u

p

p
1 + u+

q
1� u

p

, (3.4)

where p is a free parameter. This mapping has been employed for specific values of p in
this and other contexts in Refs. [47, 59, 60] and many other works thereafter. We apply it
here for the conformal mapping approach to determine Ng. For the values p = (5, 10, 15)

we obtain z2 = (0.38, 0.32, 0.30) and a convergence radius rc = (0.52, 0.41, 0.38), which
provides an evaluation of the Taylor series closer to the origin and also has a smaller ratio
of z2/rc. In the upper right and the lower panels of Fig. 1 we display the convergence of
the Taylor series for Ng for p = 5, 10, 15 for the Borel model already considered for Lee’s
mapping. We find a substantially improved convergence behavior. The series saturate
towards Ng = 0.64 already for orders n & 20. At O(↵4

s) and O(↵5
s), the series values are

already within 30% and 10%, respectively, of the correct model value, were the O(↵4
s) result

is always below the true value. Furthermore, the model values coming from orders beyond
O(↵5

s) do not deviate from 0.64 by more than 20%. In view of the uncertainty for Ng from
the multi-renormalon model approach this is satisfactory.

For our analysis we extract the value for Ng at O(↵4
s) and O(↵5

s), where for the latter
we include the uncertainty due to the error in c̄5,1 given in Eq. (2.15). The results are shown
in Tab. 1. Within the uncertainties the O(↵5

s) results are nicely compatible with the O(↵4
s)

results for all values of p. Furthermore at O(↵5
s) we obtain the smallest uncertainties for

reads +0.005. In our convention for the GC norm this corresponds to Ng = 0.40 � 0.15 � 0.065 + 0.008 +

0.043 = 0.24.
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p = 15. We have checked that the results for the three p values we have shown here are
representative for all values of p > 3 and that, in particular, there is no significant change
with respect to the p = 15 result for even larger values of p. Overall, we find that the
conformal mapping method confirms the result for Ng we obtained from the Borel model
approach with respect to the central value as well as the uncertainty.

3.3 Optimal Subtraction Approach

The third method to determine the GC renormalon norm Ng, which we call ‘optimal sub-
traction approach’, encodes the two major improvements the RF GC scheme achieves over
the previously used MS GC scheme for the ⌧ hadronic spectral function moments: (1) the
reduction of the CIPT-FOPT discrepancy for GCS spectral function moments and (2) the
improvement of the badly behaved perturbation series for GCE spectral function moments.
As we have shown in Part I, for the proper choice of Ng these two types of improvements are
realized simultaneously for any possible choice of GCS or GCE spectral function moments.

It is the idea of the optimal subtraction approach to employ an optimization procedure,
based on a �2-type minimization, which quantifies the improvements (1) and (2) as a
function of Ng. To explain the construction of the �2 function let us write FOPT (FO) and
CIPT (CI) spectral function moment expansion series for a given weight function w(x) and
truncated at O(↵m

s ) in the form

�(0),FO/CI

w,m (Ng, s0;↵s(s0)) =
mX

n=0

rFO/CI

w,n (Ng, R
2, ⇠; s0,↵s(s0)) , (3.5)

where the index n counts the order in the MS strong coupling expansion (either in terms
of ↵s(⇠s0) or ↵s(�⇠s) prior to the contour integration),8 which we collectively refer to
as O(↵n

s ). The known perturbative coefficients in Eq. (2.14) uniquely quantify rFO/CI

w,n

for n = 1, 2, 3, 4, and rFO/CI

w,5 is determined from the estimate (2.15) with an uncertainty.
The coefficients rFO/CI

w,n depend on the subtraction scale R and the renormalization scaling
parameter ⇠. In the formal large order n limit, the dependence of the truncated sum
�(0),FO/CI

w,m on R and ⇠ formally vanishes due to renormalization group invariance, which is
the reason why we have suppressed the dependence on R and ⇠ as arguments in �(0),FO/CI

w,m .
For any finite order n, the truncated sum has, however, a residual dependence on R and ⇠, as
it is common in perturbation theory. Note that the ‘tree-level’ term rFO/CI

w,0 , which arises in
the RF GC scheme and is proportional to Ng c̄0(R2), is independent of the renormalization
scale parameter ⇠.

Our �2 function, which depends on the truncation order m and is constructed from a
set of GCS and GCE spectral function moments, consists of two additive parts

�2

m(Ng) = �2

m,GCS(Ng) + �2

m,GCE(Ng) . (3.6)

8We remind the reader that in Sec. 2.2 we have formulated the RF GC scheme in the context of the
C-scheme for the strong coupling, but that all concrete phenomenological analyses are carried out in the
common MS scheme. The values for ↵s(⇠s0), ↵s(�⇠s) and ā(R2) (the latter to be used in the function c̄0)
are obtained from the input MS value for ↵s(m

2

⌧ ) using the known �-function coefficients up to 5 loops.
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To keep the expressions compact we have suppressed all arguments except for Ng, but the
�2 functions also depends on R, ⇠, s0 as well as ↵s(s0). The first term provides a measure
for the CIPT-FOPT discrepancy at order m for a set of GCS spectral function moments:

�2

m,GCS(Ng) =
X

i

⇣
�(0),CI

wi,m (Ng)� �(0),FOwi,m (Ng)
⌘2

. (3.7)

We remind the reader that for the GCS moments, the polynomial weight functions wi do
not contain a linear x term and that the GC OPE correction is strongly suppressed. For
these spectral function moments, the CIPT as well as FOPT expansions already provide
well-behaved perturbation series even in the MS GC scheme. A contribution from a GCS
moment to �2

m,GCS
is small if the discrepancy between the truncated CIPT and FOPT

expansion series is small as well.
The second term provides a measure for the quality of convergence for a set of GCE

moments:

�2

m,GCE(Ng) =
X

i

⇣
rFOwi,m(Ng)� rFOwi,m�1(Ng)

⌘2

. (3.8)

We remind the reader that for the GCE moments, the polynomial weight functions wi

contain a linear x term (with a sizeable coefficient) and that GC OPE correction is sizeable.
For these spectral function moments, the CIPT as well as FOPT expansion series in the
MS GC scheme are quite badly behaved [10], so the difference between order m and order
m � 1 series terms is sizeable. A contribution from a GCE moment to �2

m,GCE
is small if

the series is well behaved. Since the CIPT expansion leads to a significant enhancement of
the sign-alternation behavior,9 which can upset artificially the difference between the size
of order m and order m � 1 series terms, we only account for the FOPT series terms for
the construction of �2

m,GCE
. The properties of the GCS and GCE moment series in the

FOPT and CIPT expansions either in the MS or the RF GC scheme mentioned above,
which motivate the forms of �2

m,GCS
and �2

m,GCE
, have been discussed in detail in Sec. 5 of

Part I (see in particular Fig. 3).
For the construction of �2

m,GCS
we consider five representative GCS weight functions

defined from

wn(x) ⌘ w(2,n)(x) = (1� x)2
nX

k=0

(k + 1)xk = 1� (n+ 2)xn+1 + (n+ 1)xn+2 , (3.9)

for n = 1, 2, 3, 4, 5, which were used in the phenomenological analysis in Sec. 5.3 of Ref. [11].
The first weight function in this sequence, w1, is the well-known kinematic weight function
relevant for the inclusive hadronic ⌧ decay rate. The explicit expressions for the five weight

9This property of the CIPT expansion is well-known and has been pointed out in Refs. [2, 10]. We have
also described this behavior in Part I, see Fig. 3.
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The first weight function in this sequence, w1, is the well-known kinematic weight function
relevant for the inclusive hadronic ⌧ decay rate. The explicit expressions for the five weight
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p = 15. We have checked that the results for the three p values we have shown here are
representative for all values of p > 3 and that, in particular, there is no significant change
with respect to the p = 15 result for even larger values of p. Overall, we find that the
conformal mapping method confirms the result for Ng we obtained from the Borel model
approach with respect to the central value as well as the uncertainty.

3.3 Optimal Subtraction Approach

The third method to determine the GC renormalon norm Ng, which we call ‘optimal sub-
traction approach’, encodes the two major improvements the RF GC scheme achieves over
the previously used MS GC scheme for the ⌧ hadronic spectral function moments: (1) the
reduction of the CIPT-FOPT discrepancy for GCS spectral function moments and (2) the
improvement of the badly behaved perturbation series for GCE spectral function moments.
As we have shown in Part I, for the proper choice of Ng these two types of improvements are
realized simultaneously for any possible choice of GCS or GCE spectral function moments.

It is the idea of the optimal subtraction approach to employ an optimization procedure,
based on a �2-type minimization, which quantifies the improvements (1) and (2) as a
function of Ng. To explain the construction of the �2 function let us write FOPT (FO) and
CIPT (CI) spectral function moment expansion series for a given weight function w(x) and
truncated at O(↵m

s ) in the form

�(0),FO/CI

w,m (Ng, s0;↵s(s0)) =
mX

n=0

rFO/CI

w,n (Ng, R
2, ⇠; s0,↵s(s0)) , (3.5)

where the index n counts the order in the MS strong coupling expansion (either in terms
of ↵s(⇠s0) or ↵s(�⇠s) prior to the contour integration),8 which we collectively refer to
as O(↵n

s ). The known perturbative coefficients in Eq. (2.14) uniquely quantify rFO/CI

w,n

for n = 1, 2, 3, 4, and rFO/CI

w,5 is determined from the estimate (2.15) with an uncertainty.
The coefficients rFO/CI

w,n depend on the subtraction scale R and the renormalization scaling
parameter ⇠. In the formal large order n limit, the dependence of the truncated sum
�(0),FO/CI

w,m on R and ⇠ formally vanishes due to renormalization group invariance, which is
the reason why we have suppressed the dependence on R and ⇠ as arguments in �(0),FO/CI

w,m .
For any finite order n, the truncated sum has, however, a residual dependence on R and ⇠, as
it is common in perturbation theory. Note that the ‘tree-level’ term rFO/CI

w,0 , which arises in
the RF GC scheme and is proportional to Ng c̄0(R2), is independent of the renormalization
scale parameter ⇠.

Our �2 function, which depends on the truncation order m and is constructed from a
set of GCS and GCE spectral function moments, consists of two additive parts

�2

m(Ng) = �2

m,GCS(Ng) + �2

m,GCE(Ng) . (3.6)

8We remind the reader that in Sec. 2.2 we have formulated the RF GC scheme in the context of the
C-scheme for the strong coupling, but that all concrete phenomenological analyses are carried out in the
common MS scheme. The values for ↵s(⇠s0), ↵s(�⇠s) and ā(R2) (the latter to be used in the function c̄0)
are obtained from the input MS value for ↵s(m

2

⌧ ) using the known �-function coefficients up to 5 loops.
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Perturbative series in RF GC scheme         

Consider five GC suppressing (GCS) and enhancing (GCE) moments separately 

Vary IR factorization scale between

functions are
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w3(x) = 1� 5x4 + 4x5 ,

w4(x) = 1� 6x5 + 5x6 ,

w5(x) = 1� 7x6 + 6x7 . (3.10)

They are linearly independent and all doubly pinched. For the construction of �2

m,GCE
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consider moments obtained from the following representative five GCE weight functions:
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They are linearly independent and doubly pinched as well (except for w10 which is singly
pinched), and we have adopted their form such that the coefficients of the linear x terms
have different values that is still of order one, i.e. neither too small nor too large. In any
case, all 10 weight functions are in principle also useful for phenomenological analyses with
suppressed DV corrections and we find compatible results for other choices of moments.
Note that the perturbative spectral function moment series associated to the 10 weight
functions (either in the FOPT or the CIPT expansion) all sum to values at O(↵4

s) and
O(↵5

s) very close to the kinematic moment series. This ensures that using the same weight
for all moments contributing to the �2

m(Ng) does not cause any particular bias.
To find the best value with an uncertainty for Ng at the truncation order m we

determine the minimum of �2
m(Ng) for values of the subtraction scale R in the range

0.7
p
s0  R 

p
s0. For the uncertainty for Ng we adopt half of the range of Ng val-

ues that is covered and we take the average of the maximum and minimum values as the
central value. As a test of the method, we show the outcome for this analysis for s0 = m2

⌧

up to truncation order m = 10 in Fig. 2 using the series for the Adler function generated by
the Borel model of Eq. (3.1) for ⇠ = 1 (left panel) and ⇠ = 2 (right panel). We see that for
increasing m the results from this method nicely converge to to correct value for Ng (for the
Borel model this value is 0.64 and is indicated by the horizontal red line). We also see that
for orders m > 6 the method is slightly more stable for ⇠ = 2. This is related to the fact
that for strong coupling renormalization scales larger than p

s0 the sign-alternating effects
the UV renormalons, which have branch points at u = �1, are suppressed with respect
to the GC renormalon with the branch point at u = 2. This sign-alternation disturbs the
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They are linearly independent and doubly pinched as well (except for w10 which is singly
pinched), and we have adopted their form such that the coefficients of the linear x terms
have different values that is still of order one, i.e. neither too small nor too large. In any
case, all 10 weight functions are in principle also useful for phenomenological analyses with
suppressed DV corrections and we find compatible results for other choices of moments.
Note that the perturbative spectral function moment series associated to the 10 weight
functions (either in the FOPT or the CIPT expansion) all sum to values at O(↵4

s) and
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s) very close to the kinematic moment series. This ensures that using the same weight
for all moments contributing to the �2

m(Ng) does not cause any particular bias.
To find the best value with an uncertainty for Ng at the truncation order m we

determine the minimum of �2
m(Ng) for values of the subtraction scale R in the range
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p
s0. For the uncertainty for Ng we adopt half of the range of Ng val-

ues that is covered and we take the average of the maximum and minimum values as the
central value. As a test of the method, we show the outcome for this analysis for s0 = m2

⌧

up to truncation order m = 10 in Fig. 2 using the series for the Adler function generated by
the Borel model of Eq. (3.1) for ⇠ = 1 (left panel) and ⇠ = 2 (right panel). We see that for
increasing m the results from this method nicely converge to to correct value for Ng (for the
Borel model this value is 0.64 and is indicated by the horizontal red line). We also see that
for orders m > 6 the method is slightly more stable for ⇠ = 2. This is related to the fact
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s0 the sign-alternating effects
the UV renormalons, which have branch points at u = �1, are suppressed with respect
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GCS

GCE

Final      - type function:

Determination of Ng

Determine Ng in three different ways:
Varying Borel Model
Use conformal mapping methods
Construct a suitable �2-function
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