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Introduction

Dirac equation: g, = 2

Experiment: Gy > 2

corrections due to Quantum Field Theory
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Muon g — 2 collaboration (2021)
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HVP, LO contribution

Leading order (LO) term of hadronic vacuum y
polarization (HVP) contribution to a,
Usual Lattice QCD \
determination H Z
Cross section of ete™ — hadrons
BMWc20 | | § +:> ]| lattice —E—
Mainz'19 | 2 | Reratio —o— A%
FHM’19 = :
ETM19 | - = : : : a? [ ds
: HVP,LO __
RBC'18 | : =N : . a, 3.2 — K(s)R(s)
: T 4m,2 S
BMWc'17 | = ™
DHMZ'19 }
KNT'19 | _ 2.20 appart
CHHKS19 | no new:physics
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1010 X a:IO'HVP Borsanyi, et al (2021)

Cristiane Y. London (USP, IFAE) QCD Master Class 2023 June 15, 2023



MUonE Experiment

time-like
PDG (2022)
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MUonE Experiment

k ~100 cm ﬁ

—H—=

Vo

H T

® 2 1
space-like qHVP.LO _ O‘_/ dz (1 — z)Aanaal(t)
0

region B
J 2

- Single scattering process: u+¢e¢ — u-+e

- Measure the scattering angles

. Determine the hadronic running of fine structure constant Aa;,4 — proportional to

cross-section
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Motivation

Problem
= Finding a reliable method to fit
dﬁ the data + good extrapolation
4 outside data region
0
|
= data region
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Motivation

Problem
= Finding a reliable method to fit
dﬁ the data + good extrapolation
4 outside data region
£
! Padé Approximants
— data region
0.0 0.2 0.4 0.6 0.8 10 " Ry(z) ~ l1+riz+-+ryzN )
£r

- Already applied in similar contexts:
*+ Masjuan, Peris (2009) arXiv:0903.0294 [hep-ph]
* Golterman, Maltman, Peris (2014) arxiv:1405.2389 [hep-lat]
arXiv:1512.07555 [hep-lat]
+ Chakraborty, Davies, de Oliveira, Koponen, Lepage, van de Water (2016)

* Aubin, Blum, Chau, Golterman, Peris, Tu (2017) arxiv:1601.03071 [hep-lat]

+ Masjuan, Sanchez-Puertas (2017) arXiv:1701.05829 [hep-ph]
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Motivation

Problem
= Finding a reliable method to fit
dﬁ the data + good extrapolation
4 outside data region
£
! Padé Approximants
— data region
— PM(z):QM(Z):qO+Q1Z+°“+qMZM
0.0 0.2 0.4 0.6 0.8 10 " Ry(z)  l4+riz+---+ryzl
T y
Advantages of PAs

- Systematic and model-independent method
- Partial reconstruction of analytical (physical) properties
. Efficient approximation

- Possible to provide a convergence error
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Stieltjes Functions
and Padés




Stieltjes function

ﬂ’ e e e e e e e e e e e e e

f(z) = /OOO ff_(zzb ¢(u) is a measure in u € [0, 00)

f(z)=> fi(=2)", fi = /0 u' dg(u) Stieltjes series
12=0
fm fm—l—l "t fm—|—n
>
fm+1 fm—|—2 T fm—l—n—l—l m= 0
> ( determinant condition
n >0
f’m-i-n fm—i—n—|—1 T fm+2n o

Aahad(t) Is a Stieltjes function inft (—O0,0] Aubin, Blum, Golterman, Peris (2012)

oo

AOéhad(t) = Zai £t ‘-“% 0<a; <ajir, 1 € N

1=1
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Padé's Theory

Stieltjes function

—
f(z) = / do(u) ¢(u) is a measure in u € [0, 00)
0

1+ zu

- There are convergence theorems for PAs to Stieltjes functions

- Some convergence properties:
* poles of PZZ\\,’”‘, k > — 1, are located in the positive real axis;

* Padé sequences uniformly converge to the original function;

* Padés act as bounds of the function

PL(t) < P(t) < - < Aapaa(t) < --- < P2(1) < P&(t)J
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Padé's Theory

— P11 — P12
_ - P} — P} _
— pg - P:f
function |
approximated B
by PAs | [k
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Method
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Fitting Method

- Data generation — model for Ay, 4(f)  Greynat, de Rafael (2022)

(2, o Aotpaqg(x) x 10°)

30 equally spaced bins —
mean value of each bin

0.2 <2<0.93
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Fitting Method

- Data generation — model for Ay, 4(f)  Greynat, de Rafael (2022)

(2, o Aotpaqg(x) x 10°)

30 equally spaced bins —
mean value of each bin

0.2 <2<0.93

. Fitting function — example:

Aahad(t) :alt—l—a2t2+...
1 QO+Q1t Pl(t) L a’%t
Pl(t): 1—|—T1t ] 1 1—a2t
QQO"F(Ql —QOT1)t—I-(q0T% —qlrl)t2+...
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Fitting Method

- Data generation — model for Ay, 4(f)  Greynat, de Rafael (2022)

(2, o Aotpaqg(x) x 10°)

30 equally spaced bins —
mean value of each bin

0.2 <2<0.93

. Fitting function — example:

2 2.2 .2 by m2 12
1 ait Q pl B aim,,x B 1My, T
Pl(t) 1 —ast x?mQ 1(2) al—alx—l—agmixz 1—:13—|—b2mix2
t:_1—£ y
unknown Taylor ; a9 .
: — - = >
series of Aoy, 4(7) br = a1 <0 2 a

model independent constraints
« PA parameters: )(2 minimization
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Pades to the model
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ldeal Scenario

- Data without fluctuations or errors — estimate method uncertainty

. PAs used to calculate aPIfVP’LO in the whole region of x € [0,1]
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ldeal Scenario

- Data without fluctuations or errors — estimate method uncertainty

. PAs used to calculate a}t{VP’LO in the whole region of x € [0,1]
7050 | ' | ' | ' | ' | ' | ' | ' |
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ldeal Scenario

- Data without fluctuations or errors — estimate method uncertainty

. PAs used to calculate aPIfVP’LO in the whole region of x € [0,1]

7056

Convergence pattern observed f
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ldeal Scenario

- Data without fluctuations or errors — estimate method uncertainty

. PAs used to calculate a}t{VP’LO in the whole region of x € [0,1]
7050 | ' | ' | ' | ' | ' | ' | ' |
Convergence pattern observed - . -
PAs poles in t are all real and positive 7020} _
< = Y " m
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) | e
PA —11 T
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e Error due to truncation
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5
AC‘fmodel (t) k < 9
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ACVmodel (t) k <
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‘ Uncertainty from the method

| needs to be added to final value

Method to obtain error can de
used to other models
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More Realistic Data

- 1000 toy data sets generated
.+ (x, 0 Aapad(x) X 105) — 30 data points equally spaced in 0.2 < 2 < 0.93

- Central value randomly chosen from a gaussian distribution with error ranging
from 0.7 % upto 6.7 % (small x)

- Analysis of the fits for each Padé approximant

. PAs used to calculate a, in the whole x region

. Value of gHVP.LO

. calculated for each data set

a, M0 = (6991755) x 1071
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More Realistic Data

E— S — e — — e — S —— e — —— S—

Constraints

H « Quality of fit:
H

+ 0.5<y*/dof <15  + p—value > 107*

Quality of Padés:

+ hierarchy of coefficients a; > a;11, 7€ N

E—

Qa; a;
i 7 1+1 > O

+ determinant condition Qir1 it
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More Realistic Data

()]
—

o (1 — x) Acag () X 10°
AN
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More Realistic Data

- | | | Pll
® P}
o P;
0.07 %
PR — Final value
0.16 %
——ke—+—1 Amodel
: | : | : |
6900 6950 7000 7050

aEVP,LO % 10

Convergence pattern observed

PAs poles in t are all real and positiveJ

Mean value of y?/dof close to
1 and high p-value, close to 0.5

Statistical and theoretical error
of the same order

Inner error — statistical one

Exterior error — statistical
and systematic errors
summed in quadrature
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More Realistic Data
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More Realistic Data

Dividing the error of

o | | | | P} the data points by 5
P12 Convergence pattern observed
PAs poles in ¢t are all real and positiveJ
2
® P
- Good quality fits
3
® P
. Statistical uncertainty 26 %
0.03 % .
 S—— Final value smaller and theoretical one 37 %
0.20 %
A moae . .
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Conclusions
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Conclusions

- Model-independent method to fit and extrapolate the data from the MUonE
experiment

- Uses knowledge of Stieltjes functions

work in
progress

- Statistical and theoretical uncertainties can be lowered — D-log Padés

- Technique to estimate theoretical uncertainty for any model
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Padeés can be a good method to fit the MUonE data
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Data Generation

Stieltjes
functions

Aahad (.’E)

Maa(¢?) = Mhaa(q?) — Mpaq(0)

* ImlIly,
_ q2/ I 11h d(S? ds
iz 5(s — @2 + i)
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Model of Greynat and de Rafael

F(s)2 = i
(m2 —s)* +mzT

T

T t 4m=
5 arctan A

arctan (2=3¢) — arctan
@(8) _ g [ ( A ) (
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