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Leading order (LO) term of hadronic vacuum 
polarization (HVP) contribution to aμ

Usual 
determination

Cross section of e+e− → hadrons

Lattice QCD

 appart2.2σ

Borsanyi, et al (2021)
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• Single scattering process: 

• Measure the scattering angles 

• Determine the hadronic running of fine structure constant  — proportional to 
cross-section

Δαhad
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Finding a reliable method to fit 
the data + good extrapolation 

outside data region

• Already applied in similar contexts: 

✤ Masjuan, Peris (2009) 

✤ Golterman, Maltman, Peris (2014) 

✤ Chakraborty, Davies, de Oliveira, Koponen, Lepage, van de Water (2016) 

✤ Aubin, Blum, Chau, Golterman, Peris, Tu (2017) 

✤ Masjuan, Sanchez-Puertas (2017) arXiv:1701.05829 [hep-ph]

arXiv:1601.03071 [hep-lat]

arXiv:1405.2389 [hep-lat]
arXiv:1512.07555 [hep-lat]

arXiv:0903.0294 [hep-ph]
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• Systematic and model-independent method 

• Partial reconstruction of analytical (physical) properties 

• Efficient approximation 

• Possible to provide a convergence error

Advantages of PAs

Finding a reliable method to fit 
the data + good extrapolation 

outside data region

Padé Approximants
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•  is a Stieltjes function in Δαhad(t) t ∈ (−∞,0]
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f(z) =

Z 1

0

d�(u)

1 + zu
�(u) is a measure in u 2 [0,1)
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0
ui d�(u)
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Stieltjes series

determinant condition

<latexit sha1_base64="NV6aymFq1L/EzIKYuP2DTBfPYvs=">AAAB/XicbVDLSgMxFM3UV62v8bFzEyyCi1JmxNey4MZlC/YBnaFk0ts2NJMZk4xQh6Kf4saFIm79D3f+jWmnC209cOHknHvJvSeIOVPacb6t3NLyyupafr2wsbm1vWPv7jVUlEgKdRrxSLYCooAzAXXNNIdWLIGEAYdmMLye+M17kIpF4laPYvBD0hesxyjRRurYB6HXhzvsYK/klbDIHh276JSdKfAicWekiGaoduwvrxvRJAShKSdKtV0n1n5KpGaUw7jgJQpiQoekD21DBQlB+el0+zE+NkoX9yJpSmg8VX9PpCRUahQGpjMkeqDmvYn4n9dOdO/KT5mIEw2CZh/1Eo51hCdR4C6TQDUfGUKoZGZXTAdEEqpNYAUTgjt/8iJpnJbdi/J57axYqT1lceTRITpCJ8hFl6iCblAV1RFFD+gZvaI369F6sd6tj6w1Z80i3Ed/YH3+AOQwlAk=</latexit>

m � 0 n � 0

<latexit sha1_base64="NV6aymFq1L/EzIKYuP2DTBfPYvs=">AAAB/XicbVDLSgMxFM3UV62v8bFzEyyCi1JmxNey4MZlC/YBnaFk0ts2NJMZk4xQh6Kf4saFIm79D3f+jWmnC209cOHknHvJvSeIOVPacb6t3NLyyupafr2wsbm1vWPv7jVUlEgKdRrxSLYCooAzAXXNNIdWLIGEAYdmMLye+M17kIpF4laPYvBD0hesxyjRRurYB6HXhzvsYK/klbDIHh276JSdKfAicWekiGaoduwvrxvRJAShKSdKtV0n1n5KpGaUw7jgJQpiQoekD21DBQlB+el0+zE+NkoX9yJpSmg8VX9PpCRUahQGpjMkeqDmvYn4n9dOdO/KT5mIEw2CZh/1Eo51hCdR4C6TQDUfGUKoZGZXTAdEEqpNYAUTgjt/8iJpnJbdi/J57axYqT1lceTRITpCJ8hFl6iCblAV1RFFD+gZvaI369F6sd6tj6w1Z80i3Ed/YH3+AOQwlAk=</latexit>

m � 0 n � 0

Aubin, Blum, Golterman, Peris (2012)

<latexit sha1_base64="YuN8yn3uih630CP2MjGD0ufuaAc="></latexit>

�↵had(t) =
1X

i=1

ai t
i <latexit sha1_base64="rryd4VFIW4DALvzRVQ52SSvxMek=">AAACE3icbVDLSsNAFJ3UV62vqks3g0UQlZKIr4WLohtXUsE+oAlhMpm2QyeTdGYilNB/cOOvuHGhiFs37vwbJ2kW2npghsM593LvPV7EqFSm+W0U5uYXFpeKy6WV1bX1jfLmVlOGscCkgUMWiraHJGGUk4aiipF2JAgKPEZa3uA69VsPREga8ns1iogToB6nXYqR0pJbPjDhJUQuzf6EHlrjI2gPhzHyIYU25dAOkOp7XnI7dssVs2pmgLPEykkF5Ki75S/bD3EcEK4wQ1J2LDNSToKEopiRccmOJYkQHqAe6WjKUUCkk2Q3jeGeVnzYDYV+XMFM/d2RoEDKUeDpynRDOe2l4n9eJ1bdCyehPIoV4XgyqBszqEKYBgR9KghWbKQJwoLqXSHuI4Gw0jGWdAjW9MmzpHlctc6qp3cnldpVHkcR7IBdsA8scA5q4AbUQQNg8AiewSt4M56MF+Pd+JiUFoy8Zxv8gfH5Az+Hm/c=</latexit>

0 < ai < ai+1, i 2 N

QCD Master Class 2023 June 15, 2023



Padé's Theory

6/15Cristiane Y. London (USP, IFAE)

Stieltjes function

• There are convergence theorems for PAs to Stieltjes functions 

• Some convergence properties: 

poles of  are located in the positive real axis; 

Padé sequences uniformly converge to the original function; 

Padés act as bounds of the function

PN+k
N , k ≥ − 1,

<latexit sha1_base64="2C4bK3QnPHSNmBTfQX2VSK4vzIE="></latexit>

f(z) =

Z 1

0

d�(u)

1 + zu
�(u) is a measure in u 2 [0,1)

<latexit sha1_base64="yyaFBXR/UEmmUxGPpr5EQ5N6Kyg="></latexit>

P 1
1 (t)  P 2

2 (t)  · · ·  �↵had(t)  · · ·  P 2
1 (t)  P 1

0 (t)
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Padé's Theory

6/15Cristiane Y. London (USP, IFAE)

Stieltjes function

• There are convergence theorems for PAs to Stieltjes functions 

• Some convergence properties: 

poles of  are located in the positive real axis; 

Padé sequences uniformly converge to the original function; 

Padés act as bounds of the function

PN+k
N , k ≥ − 1,

<latexit sha1_base64="2C4bK3QnPHSNmBTfQX2VSK4vzIE="></latexit>

f(z) =

Z 1

0

d�(u)

1 + zu
�(u) is a measure in u 2 [0,1)

<latexit sha1_base64="yyaFBXR/UEmmUxGPpr5EQ5N6Kyg="></latexit>

P 1
1 (t)  P 2

2 (t)  · · ·  �↵had(t)  · · ·  P 2
1 (t)  P 1

0 (t)
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0.000

0.005

0.010

0.015

0.020

function 
approximated 

by PAs
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Fitting Method

7/15

• Data generation — model for Δαhad(t)

30 equally spaced bins — 
mean value of each bin

Cristiane Y. London (USP, IFAE)

<latexit sha1_base64="mEuQiIpDO3mVyAIdfoj/5Clq69M="></latexit>

(x,↵�↵had(x)⇥ 105)
<latexit sha1_base64="LkAVjEgB6moRsSF40FIZGHuxy3E=">AAAB/XicbVDJTsMwEJ2UrZQtLDcuFhUSpygp+60SF46tRBepjSrHdVqrzoLtIEpUwadw4QBCXPkPbvwNbtMDtDxpNE/vzcjj58WcSWXb30ZuYXFpeSW/Wlhb39jcMrd36jJKBKE1EvFIND0sKWchrSmmOG3GguLA47ThDa7GfuOOCsmi8EYNY+oGuBcynxGstNQx92yrhNqc3qL7rNnW5XHHLNqWPQGaJ86UFGGKSsf8ancjkgQ0VIRjKVuOHSs3xUIxwumo0E4kjTEZ4B5taRrigEo3nVw/Qoda6SI/ErpChSbq740UB1IOA09PBlj15aw3Fv/zWonyL9yUhXGiaEiyh/yEIxWhcRSoywQlig81wUQwfSsifSwwUTqwgg7Bmf3yPKmXLOfMOq2eFMvVpyyOPOzDARyBA+dQhmuoQA0IPMAzvMKb8Wi8GO/GRzaaM6YR7sIfGJ8/Na2Tmg==</latexit>

0.2  x  0.93

Greynat, de Rafael (2022)

QCD Master Class 2023 June 15, 2023



Fitting Method

7/15Cristiane Y. London (USP, IFAE)

• Fitting function — example:
<latexit sha1_base64="YR2ZJAJYOmtj+TCwUtom4K1w95c=">AAACJHicbZDJSgNBEIZ74hbjFvXopTEIihJmghuIIOjBo4JRITMONT2dpEnPQneNEIaAr+LFV/HiwQUPXnwWO8vB7YeGj7+qqK4/SKXQaNsfVmFsfGJyqjhdmpmdm18oLy5d6iRTjNdZIhN1HYDmUsS8jgIlv04VhyiQ/CroHPfrV7dcaZHEF9hNuRdBKxZNwQCN5ZcPqHvCJYILMm2Dn7sRYFtFeRvCXm8dN+ghBd9xt5BuGq gZuKkZdMMEtV+u2FV7IPoXnBFUyEhnfvnVzLEs4jEyCVo3HDtFLweFgkneK7mZ5imwDrR4w2AMEddePjiyR9eME9JmosyLkQ7c7xM5RFp3o8B09m/Qv2t9879aI8PmvpeLOM2Qx2y4qJlJigntJ0ZDoThD2TUATAnzV8raoIChybVkQnB+n/wXLmtVZ7e6c75dOTq/G8ZRJCtklawTh+yRI3JKzkidMHJPHskzebEerCfrzXofthasUYTL5Ieszy+W1qNU</latexit>

�↵had(t) = a1 t+ a2 t
2 + . . .

<latexit sha1_base64="t3wHJ13Vh3E2j1vdXgng0kQTrV8="></latexit>

P 1
1 (t) =

q0 + q1 t

1 + r1 t
⇡ q0 + (q1 � q0r1)t+ (q0r

2
1 � q1r1)t

2 + . . .
<latexit sha1_base64="t3wHJ13Vh3E2j1vdXgng0kQTrV8="></latexit>

P 1
1 (t) =

q0 + q1 t

1 + r1 t
⇡ q0 + (q1 � q0r1)t+ (q0r

2
1 � q1r1)t

2 + . . .

<latexit sha1_base64="MY4O3TUkoQ3RPFONlm024xpfnXs=">AAACFHicbZDLSgMxFIYz9VbrbdSlm2ARKmqZKd42QsGNyxbsBdo6ZNJMG5q5kJwRylDwFdz4Km5cKOLWhTvfxrSdhbb+EPjzn3NIzudGgiuwrG8js7C4tLySXc2trW9sbpnbO3UVxpKyGg1FKJsuUUzwgNWAg2DNSDLiu4I13MH1uN64Z1LxMLiFYcQ6PukF3OOUgI4c86ji2Hd2AQ7xFW53PUloQnRSwu1jDKPExieYOOnNMfNW0ZoIzxs7NXmUquKYX+1uSGOfBUAFUaplWxF0EiKBU8FGuXasWETogPRYS9uA+Ex1kslSI3ygky72QqlPAHiS/p5IiK/U0Hd1p0+gr2Zr4/C/WisG77KT8CCKgQV0+pAXCwwhHhPCXS4ZBTHUhlDJ9V8x7RNNBjTHnIZgz648b+qlon1ePKue5svVhymOLNpD+6iAbHSByugGVVANUfSIntErejOejBfj3fiYtmaMFOEu+iPj8wfyR5t4</latexit>

P 1
1 (t) =

a21 t

1� a2 t

QCD Master Class 2023 June 15, 2023

• Data generation — model for Δαhad(t)

30 equally spaced bins — 
mean value of each bin

<latexit sha1_base64="mEuQiIpDO3mVyAIdfoj/5Clq69M="></latexit>

(x,↵�↵had(x)⇥ 105)
<latexit sha1_base64="LkAVjEgB6moRsSF40FIZGHuxy3E=">AAAB/XicbVDJTsMwEJ2UrZQtLDcuFhUSpygp+60SF46tRBepjSrHdVqrzoLtIEpUwadw4QBCXPkPbvwNbtMDtDxpNE/vzcjj58WcSWXb30ZuYXFpeSW/Wlhb39jcMrd36jJKBKE1EvFIND0sKWchrSmmOG3GguLA47ThDa7GfuOOCsmi8EYNY+oGuBcynxGstNQx92yrhNqc3qL7rNnW5XHHLNqWPQGaJ86UFGGKSsf8ancjkgQ0VIRjKVuOHSs3xUIxwumo0E4kjTEZ4B5taRrigEo3nVw/Qoda6SI/ErpChSbq740UB1IOA09PBlj15aw3Fv/zWonyL9yUhXGiaEiyh/yEIxWhcRSoywQlig81wUQwfSsifSwwUTqwgg7Bmf3yPKmXLOfMOq2eFMvVpyyOPOzDARyBA+dQhmuoQA0IPMAzvMKb8Wi8GO/GRzaaM6YR7sIfGJ8/Na2Tmg==</latexit>

0.2  x  0.93

Greynat, de Rafael (2022)



Fitting Method

7/15

• PA parameters:    minimizationχ2

Cristiane Y. London (USP, IFAE)

• Fitting function — example:

unknown Taylor 
series of Δαhad(t)

model independent constraints

<latexit sha1_base64="MY4O3TUkoQ3RPFONlm024xpfnXs=">AAACFHicbZDLSgMxFIYz9VbrbdSlm2ARKmqZKd42QsGNyxbsBdo6ZNJMG5q5kJwRylDwFdz4Km5cKOLWhTvfxrSdhbb+EPjzn3NIzudGgiuwrG8js7C4tLySXc2trW9sbpnbO3UVxpKyGg1FKJsuUUzwgNWAg2DNSDLiu4I13MH1uN64Z1LxMLiFYcQ6PukF3OOUgI4c86ji2Hd2AQ7xFW53PUloQnRSwu1jDKPExieYOOnNMfNW0ZoIzxs7NXmUquKYX+1uSGOfBUAFUaplWxF0EiKBU8FGuXasWETogPRYS9uA+Ex1kslSI3ygky72QqlPAHiS/p5IiK/U0Hd1p0+gr2Zr4/C/WisG77KT8CCKgQV0+pAXCwwhHhPCXS4ZBTHUhlDJ9V8x7RNNBjTHnIZgz648b+qlon1ePKue5svVhymOLNpD+6iAbHSByugGVVANUfSIntErejOejBfj3fiYtmaMFOEu+iPj8wfyR5t4</latexit>

P 1
1 (t) =

a21 t

1� a2 t

<latexit sha1_base64="0En94Zgx4PhodNaC9C38xAl0+qY="></latexit>

P 1
1 (x) = �

a21 m
2
µ x

2

a1 � a1 x+ a2 m2
µ x

2
= �

b1 m2
µ x

2

1� x+ b2 m2
µ x

2

<latexit sha1_base64="ny6GFSFu350y57dGGBpNcZz/14A=">AAAB83icbVDJSgNBEK2JW4xb1KOXxiB4CjPidlAIePGYgFkgGUJPpyZp0tMzdPcIYQj4FV48KOLVn/Hm39hZDpr4oIrHe1V09QsSwbVx3W8nt7K6tr6R3yxsbe/s7hX3Dxo6ThXDOotFrFoB1Si4xLrhRmArUUijQGAzGN5N/OYjKs1j+WBGCfoR7UseckaNlTpB1yO3hNp+43aLJbfsTkGWiTcnJZij2i1+dXoxSyOUhgmqddtzE+NnVBnOBI4LnVRjQtmQ9rFtqaQRaj+b3jwmJ1bpkTBWtqQhU/X3RkYjrUdRYCcjagZ60ZuI/3nt1ITXfsZlkhqUbPZQmApiYjIJgPS4QmbEyBLKFLe3EjagijJjYyrYELzFLy+TxlnZuyxf1M5LldrTLI48HMExnIIHV1CBe6hCHRgk8Ayv8Oakzovz7nzMRnPOPMJD+APn8wdz4JB3</latexit>

b1 = a1 < 0
<latexit sha1_base64="NYkxv5rRV5arYechubjKO5pGaw0=">AAACA3icbZDLSgMxFIbP1Futt1F3ugkWwVWZKd42SsGNyxbsBdphyGQybWjmQpIRyjDQja/ixoUibn0Jd76N6WWhrQcSfv7/HJLzeQlnUlnWt1FYWV1b3yhulra2d3b3zP2DloxTQWiTxDwWHQ9LyllEm4opTjuJoDj0OG17w7tJ3n6kQrI4elCjhDoh7kcsYAQrbbnmkedW0Q3q+YHAJMNuNdeXnaNbZLtm2apY00LLwp6LMsyr7ppfPT8maUgjRTiWsmtbiXIyLBQjnOalXippgskQ92lXywiHVDrZdIccnWrHR0Es9IkUmrq/JzIcSjkKPd0ZYjWQi9nE/C/rpiq4djIWJamiEZk9FKQcqRhNgCCfCUoUH2mBiWD6r4gMsKahNLaShmAvrrwsWtWKfVm5aJyXa43xDEcRjuEEzsCGK6jBPdShCQTG8Ayv8GY8GS/Gu/Exay0Yc4SH8KeMzx905JaW</latexit>

b2 =
a2
a1

> 1

<latexit sha1_base64="fVsY5KQt4HiLM8034y6oGZI1k6o=">AAACCnicbZDLSgMxGIUz9VbrbdSlm2gRXNgyU7xthIIbly3YC3Takslk2tBkZkgy0jIMuHPjq7hxoYhbn8Cdb2N6WWjrgcDhnD8k/+dGjEplWd9GZml5ZXUtu57b2Nza3jF39+oyjAUmNRyyUDRdJAmjAakpqhhpRoIg7jLScAc3475xT4SkYXCnRhFpc9QLqE8xUjrqmocKXsMCdDxfIJwMOyXonELedXjcKaWJXRimXTNvFa2J4KKxZyYPZqp0zS/HC3HMSaAwQ1K2bCtS7QQJRTEjac6JJYkQHqAeaWkbIE5kO5msksJjnXjQD4U+gYKT9PeNBHEpR9zVkxypvpzvxuF/XStW/lU7oUEUKxLg6UN+zKAK4ZgL9KggWLGRNggLqv8KcR9pKErTy2kI9vzKi6ZeKtoXxfPqWb5cfZjiyIIDcAROgA0uQRncggqoAQwewTN4BW/Gk/FivBsf09GMMUO4D/7I+PwBdkaZWA==</latexit>

t = �
x2 m2

µ

1� x

QCD Master Class 2023 June 15, 2023

• Data generation — model for Δαhad(t)

30 equally spaced bins — 
mean value of each bin

<latexit sha1_base64="mEuQiIpDO3mVyAIdfoj/5Clq69M="></latexit>

(x,↵�↵had(x)⇥ 105)
<latexit sha1_base64="LkAVjEgB6moRsSF40FIZGHuxy3E=">AAAB/XicbVDJTsMwEJ2UrZQtLDcuFhUSpygp+60SF46tRBepjSrHdVqrzoLtIEpUwadw4QBCXPkPbvwNbtMDtDxpNE/vzcjj58WcSWXb30ZuYXFpeSW/Wlhb39jcMrd36jJKBKE1EvFIND0sKWchrSmmOG3GguLA47ThDa7GfuOOCsmi8EYNY+oGuBcynxGstNQx92yrhNqc3qL7rNnW5XHHLNqWPQGaJ86UFGGKSsf8ancjkgQ0VIRjKVuOHSs3xUIxwumo0E4kjTEZ4B5taRrigEo3nVw/Qoda6SI/ErpChSbq740UB1IOA09PBlj15aw3Fv/zWonyL9yUhXGiaEiyh/yEIxWhcRSoywQlig81wUQwfSsifSwwUTqwgg7Bmf3yPKmXLOfMOq2eFMvVpyyOPOzDARyBA+dQhmuoQA0IPMAzvMKb8Wi8GO/GRzaaM6YR7sIfGJ8/Na2Tmg==</latexit>

0.2  x  0.93

Greynat, de Rafael (2022)



Cristiane Y. London (USP - IFSC)

Padés to the model
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Ideal Scenario

8/15

• Data without fluctuations or errors — estimate method uncertainty 

• PAs used to calculate  in the whole region of  

•

aHVP,LO
μ x ∈ [0,1]

Cristiane Y. London (USP, IFAE)
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Ideal Scenario

8/15

• Data without fluctuations or errors — estimate method uncertainty 

• PAs used to calculate  in the whole region of  

•

aHVP,LO
μ x ∈ [0,1]

Convergence pattern observed 

PAs poles in  are all real and positivet

Cristiane Y. London (USP, IFAE)
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Ideal Scenario

8/15

• Data without fluctuations or errors — estimate method uncertainty 

• PAs used to calculate  in the whole region of  

•

aHVP,LO
μ x ∈ [0,1]

Convergence pattern observed 

PAs poles in  are all real and positivet

Cristiane Y. London (USP, IFAE)

• Final estimate — weighted mean

off0.02 %

●

● ●
●

■

■ ■
■

● ■

2 3 4 5 6 7 8 9
6930

6960

6990

7020

7050

<latexit sha1_base64="c830Dfq1lA7hdTAWXn2YBCIt3uE=">AAACFHicbVDLSgMxFM34rPVVdekmWARBLBPRahdCxY3LFuwDOtMhk6ZtaDIzJBmhDAP+ght/xY0LRdy6cOffmD4W2nrgwuGce7n3Hj/iTGnb/rYWFpeWV1Yza9n1jc2t7dzObl2FsSS0RkIeyqaPFeUsoDXNNKfNSFIsfE4b/uBm5DfuqVQsDO70MKKuwL2AdRnB2khe7hh7jojbiSOw7kuRVK5VmsIrWCyVEHQ0E1RBZLeTE4RSL5e3C/YYcJ6gKcmDKSpe7svphCQWNNCEY6VayI60m2CpGeE0zTqxohEmA9yjLUMDbLa5yfipFB4apQO7oTQVaDhWf08kWCg1FL7pHN2uZr2R+J/XinX30k1YEMWaBmSyqBtzqEM4Sgh2mKRE86EhmEhmboWkjyUm2uSYNSGg2ZfnSf20gIqF8+pZvlx9mMSRAfvgABwBBC5AGdyCCqgBAh7BM3gFb9aT9WK9Wx+T1gVrGuEe+APr8wdJDp2B</latexit>

aPAs
µ = 6991⇥ 10�11

1

2

1

2
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Ideal Scenario

8/15

• Data without fluctuations or errors — estimate method uncertainty 

• PAs used to calculate  in the whole region of  

•

aHVP,LO
μ x ∈ [0,1]

Convergence pattern observed 

PAs poles in  are all real and positivet

Cristiane Y. London (USP, IFAE)

• Final estimate — weighted mean

• Error due to truncation

off0.02 %
<latexit sha1_base64="c830Dfq1lA7hdTAWXn2YBCIt3uE=">AAACFHicbVDLSgMxFM34rPVVdekmWARBLBPRahdCxY3LFuwDOtMhk6ZtaDIzJBmhDAP+ght/xY0LRdy6cOffmD4W2nrgwuGce7n3Hj/iTGnb/rYWFpeWV1Yza9n1jc2t7dzObl2FsSS0RkIeyqaPFeUsoDXNNKfNSFIsfE4b/uBm5DfuqVQsDO70MKKuwL2AdRnB2khe7hh7jojbiSOw7kuRVK5VmsIrWCyVEHQ0E1RBZLeTE4RSL5e3C/YYcJ6gKcmDKSpe7svphCQWNNCEY6VayI60m2CpGeE0zTqxohEmA9yjLUMDbLa5yfipFB4apQO7oTQVaDhWf08kWCg1FL7pHN2uZr2R+J/XinX30k1YEMWaBmSyqBtzqEM4Sgh2mKRE86EhmEhmboWkjyUm2uSYNSGg2ZfnSf20gIqF8+pZvlx9mMSRAfvgABwBBC5AGdyCCqgBAh7BM3gFb9aT9WK9Wx+T1gVrGuEe+APr8wdJDp2B</latexit>

aPAs
µ = 6991⇥ 10�11
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● ■
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9/15

<latexit sha1_base64="JvN4DnyBMu0KFU4KIpr/WaP4tnw="></latexit>

�↵model(t) = k

8
>><

>>:
�5

9
� 4M

3t
+

✓
4M2

3t2
+

M

3t
� 1

6

◆
2r

1� 4M

t

log

��������

1�
r

1� 4M

t

1 +

r
1� 4M

t

��������

9
>>=

>>;

The MUonE Collaboration (2019) 
Abbiendi (2022)

Cristiane Y. London (USP, IFAE)

0.24 %
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• 1000 toy data sets generated  

•                                              — 30 data points equally spaced in  

• Central value randomly chosen from a gaussian distribution with error ranging 
from   up to   (small ) 

• Analysis of the fits for each Padé approximant 

• PAs used to calculate  in the whole  region 

• Value of  calculated for each data set

0.7 % 6.7 % x

aμ x

aHVP,LO
μ
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More Realistic Data
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• Quality of fit: 

✤  

• Quality of Padés: 

✤ hierarchy of coefficients 

✤ determinant condition

0.5 < χ2/dof < 1.5

Constraints

✤ p − value > 10−4
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More Realistic Data
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Inner error — statistical one 

Exterior error — statistical 
and  systematic errors 
summed in quadrature

More Realistic Data
Convergence pattern observed 

PAs poles in  are all real and positivet

• Mean value of    close to 
 and high -value, close to  

• Statistical and theoretical error 
of the same order

χ2/dof
1 p 0.5

0.07 %

0.16 %
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Dividing the 
error of the 
data points 

by 5

More Realistic Data
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Dividing the error of 
the data points by 5

• Good quality fits 

• Statistical uncertainty  
smaller and theoretical one  

• Without theoretical error,  
outside expected region

26 %
37 %

amodel
μ

More Realistic Data

Convergence pattern observed 

PAs poles in  are all real and positivet

0.03 %

0.20 %
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Conclusions

• Model-independent method to fit and extrapolate the data from the MUonE 
experiment 

• Uses knowledge of Stieltjes functions 

• Statistical and theoretical uncertainties can be lowered  — D-log Padés 

• Technique to estimate theoretical uncertainty for any model 

• Padés can be a good method to fit the MUonE data

15/15Cristiane Y. London (USP, IFAE) QCD Master Class 2023 June 15, 2023

work in 
progress
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Data Generation

Cristiane Y. London (USP, IFAE)

Stieltjes 
functions
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Model of Greynat and de Rafael

Greynat, de Rafael (2022)

Cristiane Y. London (USP, IFAE)

model used to generate toy data
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