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Motivation

Ongoing experiments:
e | HC: ALICE, ATLAS, CMS
e RHIC: Phenix, STAR

i Interesting questions:

® |nitial conditions

iSS, UrQMD

e Strongly interacting liquid-like
QGP (T. ~ 170 MeV)
¢ Thermal/Chemical freeze-out

® Relativistic hydrodynamic

equibriam )
o expansion

superMC

Hydrodynamics — Pressure!
(among other things...)
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Motivation

Matter in extreme physical conditions:

® Early Universe
® Quark-gluon plasma in heavy ion collisions

® Inner core of neutron stars (n > ng, ng =~ 0.16 fm~1!)

— Possibility of deconfined QCD matter at high enough T and/or p.

Asymptotic freedom = as < 1 = Perturbation Theory‘
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Equilibrium thermodynamics

The fundamental object to consider is the (grand) partition function
Z(u, T) = Trexp[—B(H — nQ)].
— all thermodynamic information derived from Z.

For QFT, (Euclidean) path integral representation (7 = it, u = 0):

Bh
2Z(T) = i D[ﬁelds]exp{—il_l/0 dT/d3XLE}.
.C

® 7: compact dimension of length Sh
® Bosons: periodic in 7 = p, = 2wnT
® Fermions: anti-periodic in 7 = p, = 7T (2n+ 1)
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Equilibrium thermodynamics

Rest frame of heat bath = breaking of Lorentz invariance

i B
i/d4p—>TZ/d3ﬁ, i/d4x—>/ df/d%?.
0

n=—0o0

Fourier analysis is carried out in the Matsubara formalism
(d =3—2¢):

100 =
P

with P = (pp, p).

G (PYeP X # _ TZ/ ddﬁ’
P/{P} (2m)*

Pn

/{P}

Loop integrals — Sum-integrals!
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QCD pressure

We are interested in the QCD pressure:

p(T) = Jim I|og / DA?, / DE*Dc? / DYDY
Voo V periodic periodic anti-periodic
xexp{ / /[ +Z¢: (P + m) i + f( 77+ 0,8 Db’

General strategy:

} |

® Weak-coupling expansion in g

® T > m; Nf massless quarks and general SU(N,) gauge group

Use general covariant R gauge; pressure is independent of £

Feynman diagrams — Feynman rules — algebra — sum-ints

6/23



The Infrared Problem

® Electric screening for A§ — megr ~ gT
® Magnetic screening for A2 — meg ~ g2T

Fermionic/bosonic largest loop expansion parameters (Matsubara zero
modes):
g’T

Meff

éngza €p ~

Bosonic zero modes are static:

—

P
P
Conclusions:

® FElectrostatic contributions: €, ~ g — barely perturbative v'
® Magnetostatic contributions: €, ~ 1 — perturbative ¥
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The Infrared Problem

For diagrams containing N four-gluon vertices,
2x T)NH 2"’/d3 : /d
~ (2rT) PN+1 H qk +m

T
e ()"
Meff

For magnetic modes mesr ~ g2 T, implying

pn(T)

dominant

e Severe infrared divergences for the pressure begin at O(g®T#)
® Perturbation theory breaks down [Linde '80; Gross et. al '80]
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Dimensionally-reduced EFT

Hot QCD is a hierarchical multi-scale system (T > gT > g2T):

® Hard scale T
® Soft scale gT
e Ultrasoft scale g?T

Massive hard modes decouple from the theory in the infrared:

IR

G(X)

in three dimensions (|x| > 1/T):
1 1. - = == = -
Seit = / o’ {—phafd + 2 F5F + Tr (1D Aol (D, Aol) + mi Tr[Af]
+)\ (Tr[A 1)? + \f () Tr[Ag] + (higher order operators)}
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Electrostatic and Magnetostatic QCD

Further decoupling the massive Ay mode for || > 1/(gT), we define

Electrostatic QCD (EQCD) for soft scale:
R N B O A S (1) (o 22112
+/\(E2) Tr[A3] + ... } :

Magnetostatic QCD (MQCD) for ultrasoft scale:
1 3 1 Tara

® QObtain effective parameters via perturbative matching of
correlators, e.g.

sz : compare pole in static Ay prop. for QCD and EQCD
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The QCD pressure

We can split the full QCD pressure as [Braaten/Nieto '96]

P( -,-) — phard(-,-) + psoft(-,-) + pultrasoft(-,-).

Non-trivial weak-coupling expansion:

p=po+pg>+psg’ + (phlogg + pa)g* + psg® + (Pt log g + pe)g® + O(g”).

The structure up to O(g®) is the following:

ph=T" [p6’+pzhg2+pfg4+pé’g6+...}
p*=mgT [p3+ -+ p(gé/me)’ +...]
p'=guTlps+..]

® p¢ : non-pert. coeff. = lattice 3d YM + 4-loop Numerical
Stochastic Perturbation Theory [Renzo/Schroder '04-'06]
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The g° term of the QCD pressure

Each contributions starts at:

hard 3t order g

*p
*p

*p

soft at order g3

ultrasoft at order g6

Order O(g®) pressure: physical leading order.

hard

The contribution of order g° to p is not known:

h

p = Z (connected 4-loop vacuum diagrams in 4d thermal QCD).

O(g°)
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Strategy and reduction algorithm

Generate all 4-loop connected vacuum diagrams via qgraf
Assign Feynman rules in covariant R¢ gauge
Solve Dirac, Lorentz and SU(N) algebra via FORM algorithm

Map sum-integrals down to , using momentum
shifts, symmetries and integration-by-parts (IBP)

® Shifts: linear mapping to 9@ @@ O D @ Q)

e NS s

® Symmetries: linear mapping @ @ @ &

within the same

Final step — solve master sum-integrals
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List notation

For L loops we have L(L + 1)/2 independent scalar products between
loop momenta {P,-},-Lzl. We define the 4-loop momenta family

{P1, P2, P3, Ps, Py — P4, Py — P4, P3s — P4, P, — Py, Py — P3, Py — P, — P3}.

Scalar Feynman integrals can then be expressed as an ordered list of
integer numbers, being the exponents of each corresponding
propagator, e.g.,

— P,)?
+— 1(2,1,1,1 -1,0,1).
i i [P2]2P2P2P2 Pl Pz . P3)2 ( s Lyt ,0,0,0, »07 )

® Free to do momentum shifts
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Master sectors

GG ACRCIRNNAGRP

1022 1011 1020 1009 1010

@@@@@O@@O@@%@

952 1008 841

® Sectors are defined assigning a 0 for null and negative exponents,
and 1 for positive exponents.

® For each list of Os and 1s (binary), we can assign a decimal
number

® Master sectors are defined by the sectors with the biggest
decimal number

® Unique representatives with respect to linear momentum shifts
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Thermal IBP

The idea is exploiting the identity

ipaﬁ(...):o.

® Linear system of eqgs. for sum-integrals of interest

® |n general, coeffs. are rational functions of the dimension d
® Allows mapping to master sum-integrals

e Computationally expensive method for high orders

A trivial example for 1 loop gives the recursion relation

Lteaes ~ (135) £
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Thermal IBP

‘Non—trivial 2-loop IBP result‘

The most general massless bosonic 2-loop vacuum sum-integral is

sissss _ b _(P0)*(Q0)*(Po — Qo)™
le5253 iPQ(pz)sl(Qz)sQ[(p _ Q)z]ss'

® Thermal IBP indicates factorization into a product of 1 loop ones
[Nishimura/Schroder '12]

® Recently, proof of factorization [Davydychev/PN/Schroder in
preparation]

® Trivial to solve in d dimensions in terms of 1-loop sum-integrals,
L =>"(1-loop) x (1-loop)
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3-loop Sume-integrals

Main strategy:
1. Disentangling UV/IR div. from 1-loop selfE [Arnold/Zhai '94]
2. Divergences analytically + finite terms numerically

3. Many examples known in the literature

“e ?;?g?;w(ozw@ - L)2R2(R “ e’

! e\ 1{1+3 +<13 3¢ +9< 6(2+2 )) 2
- — < _ 2e — <
(47\')6 47 T2 6e3 3 2 2 TE e

19
+ {51 — 82(7E +271) + 24Co (E + log 2w — 12log G) +2log 2 (12 — 1292 — 24y, — 43)
25
+ 6vg (3C3 — 4 — 471) — 3672 + ?43 — 16¢5 + 6¢1 + 6cp + 6C3}53 n 0(54)},
> oo
=3 [T
=170

X [’d’(n +1)+ eXB(e_X/", n+1,0) + e“Ei(—x) — log(1 — e_X/") + log X L]
n? 12n2

2e ™%

X = X
e"Ei(—x) + vg + log — | X
n 4n?

~ —3.2020672566(1).
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Results: Bosonic sector

® 65 bosonic Feynman diagrams
AT ® Hardest: 2°6° ~ 24M terms
-y +«(}y *® Polynomial up to &0
(O o Ho ® Sum-ints to solve: 176119
Eo@De Do e After shifts — 25047
‘@«f’@ o After symmetries — 945

LD R Sum all diagrams — 21
7@{9}{;} {m {ﬁi MI ® Explicit gauge invariance in d
{ij%f{ﬁ} GD 7@"‘ {H: dimensions is obtained

WEGED D D gD D [PN/Schroder in preparation]
ST Dl Tl T T - -
Shat ;@ =y {E,;? G ° ’Flnally: solve 21 sum—lnts‘
EAE AR AR LES

(IBP improvement?)
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Results: Fermionic sector

® 53 fermionic Feynman integrals:

%ka%%j}%ﬁib%@}>%€m%@xﬁ ° N}:42;N?:10;N?:1
oo 0o (e D (R €D ® Poly. in gauge parameter up to &°
%@%ﬁ@%% Q(:E@ ® Nr. of sum-ints to solve: 106212
KLU AED D) o Apply shifts — 22479
g%%?%}i@@ ® Apply symmetries — 1009
DT ANE AR AR LR ® Sum all diags. — 134
® Explicit gauge invariance in d
RO ORUDEGIEE)) dimensions is obtained
EDEDRADELRA e Use IBP — 117 — Y (in
o progress)

e Finally: solve Y sum-ints (IBP
improvement?)
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Status of the four-loop QCD pressure

2 factorized as (1-loop)*: all known

3 factorized as (1-loop)?x (2-loop): all known
6 factorized as (1-loop)x(3-loop): all known [PN/Schroder "22]
10 genuine 4-loops: 9 unknown

@ O © B @ QD Eo

1011 1020 1009 1010 1012 1016

@@@@@@@@0@@9@

1008 960

Tt 1
i[”("g)]3 = (4r)* 162 [1+ ety + tip + (’)(63)] [Gynther et. al '07],

P
1
neeP) = iQ%P—QP only known 4-loop sum-int !
Q
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Status of the Bosonic sector

For the contribution coming from topology 1016, need to evaluate the

beasts
LEL L i swo srose

R R (e

After tensor decomposition, need to evaluate [PN /Schroder '22]

1 "QY
innﬂ”nﬂ”, i L enenen, Q
P( P

p2)2 (P2)3 Qz P— Q)2
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Outlook

Possible generalizations and future directions. . .

¢ Finite chemical potentials [A. Vuorinen et. all:

P0—>P0—i—i,u

p(T — 0, u) at large u relevant for neutron star EoS [Tyler Gorda et. al

® Quark masses no analytic solution even at 1 loop
[Laine/Schroder '06]

A lot of room for improvement on sum-integral technology

full physical leading order QCD pressure

Possibility of directly comparing with lattice results
[Borsanyi et. al '12; Weber et. al '21]

N = 4 Super Yang-Mills [Strickland et. al '22]
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Backup: QCD pressure

2.0 —
1.5+
"=
~ 107
[=9
- Stefan-Boltzmann law |
o5l O(g"[In(1/g)+const.]) ||
‘ = 4d lattice data
| — interpolation i
0.0 R E
10° 10" 10° 10
T?U\Rig
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Backup

: Entropy density

AR B L ARARanasns nrans Rasas pases ennn nss
L ]
76 P =
.~ |
74 P o) E
_ E
72 . o(d® E
; e o(g) E
E —- o@) E
a_ % "= o) E
WesE — o(g’) + Data|
E ® Data 7
6.4 — ~ —
E ~ ~ ]
62f | E
E 230T, E
61 T ~ .
£ S E
58F 10 Tc =~ \1\ _ _4;
SO el e e B

0 07

-1
Ln(T/T)
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Backup: Pressure up to order g°logg

- gﬁ(ln(lfg)+1.5)
= g n(1fg)+1.0)| |
----- g"(ln(1/g)+0.5)

—==- g%In(1/g)+0.0)

;‘ — &n(1/g)+0.7) g1y -0.5)|1
. = = = 4d lattice E = » * 4dladice
0.0 .
1 10 100 1000 1 10 100 1000
T/Ass T/Ags
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Status of the four-loop QCD pressure

® Tensor structures difficult to handle

® Trade tensors for higher-dimensional scalar integrals
[Ghisoiu/Schroder '12]

Problem is reduced to compute the structures

S ('DO)SS s s s c _ i ( )
oy = n5355nség6”54111 ; ab = 2
1.7 %(pz) s1 s7! b ( ) [(p Q)z]b

® Approach: Subtract divergences from (P) [Arnold/Zhai '94]

® QOtherwise, need completely new approaches!
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