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1. Motivation

Why do we care about the branch-cuts and all-order € expansion of the
massless single off-shell scalar box integral?

U l

P

» Why single off-shell box? — important QCD processes (SI)DIS, SIA,
DY feature single off-shell boson connected to box at NNLO

» Why massless? — Light quark masses negligible in high energy limit
therefore massless propagators

» Why scalar? — Passarino-Veltman reduction of tensor one loop
integrals to scalar integrals

» Why branch-cut stucture? — Imaginary parts develop when certain
momentum invariants change sign; e.g. difference between DY and DIS.

» Why higher orders in €? — box integral might get multiplied with other
poles — e.g. from phase space, (1—2)"'"*=—-15(1-2z)+...
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1. Motivation

The massless single-off shell scalar box integral in the literature

>

K. Fabricius and I. Schmitt [1979]: Box integral with explicit imaginary
part up to O(£%)

Matsuura et al. [1989]: Result in terms of 3 Gauss hypergeometric
functions for general d

Bern et al. [1994]: Rule for analytic continuation of result up to O(e°)

G. Duplanéi¢ and B. Nizi¢ [2001]: Systematically keep causal +i0, result
up to O(£%)

Lyubovitskij et al. [2021]: All-order e-expansion, branch cuts not discussed

Literature summarized

Investigated for a long time, many aspects well understood but no all-order
e-expansion with explicit real and imaginary part valid in all kinematic regions.
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1. Motivation

General program

hat

\}

4-fold Feynman parameter integral

\}

Calculating as (hypergeometric) function analytic in d = 4 — 2¢

\}

Transform to a series in
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1. Motivation

General program

hat

\}

4-fold Feynman parameter integral

\}

Calculating as (hypergeometric) function analytic in d = 4 — 2¢

\}

Transform to a series in

All-order e-expansion valid in all kinematic regions (DIS ¢* < 0, SIA & DY
g°> > 0; DIS&DY s >0 & t,u <0, SIA s, t,u > 0) where real and imaginary
parts are explicit.
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2. Calculating the single off-shell scalar box integral in d dimensions

The scalar box integral in dimensional regularization

P q

/ > External momenta taken to be
- . .
incoming

» massless propagators

L+ p2+ps » Dimensional regularization with
d=4-2¢

» Keep causal +i0 throughout
> q°#0,pf =0

p2 ps3

4—d
1
Do = L

e Al L ey (amy el (e
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2. Calculating the single off-shell scalar box integral in d dimensions

Feynman parametrization

Feynman parametrization, evaluate loop integral —

! dX1 dX2 dX3 dX4 (S(l — X1 — X2 — X3 —X4)

Do =y r(2+) .
o [=s1xi(xe + x3) — sox3(x1 + xa) — szx1x3 — iO]ZJr

with Mandelstam variables

si=(p+p)’, s=(p+p), ss=(p+p)
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2. Calculating the single off-shell scalar box integral in d dimensions

Feynman parametrization

Feynman parametrization, evaluate loop integral —

1 f— f— — p—
Do _ Mzs [_(2 + E) dX1 dX2 dX3 dX4 (S(l X1 X2 X3 X4)

o [=s1xi(xe + x3) — sox3(x1 + xa) — szx1x3 — i0]2Jrs ’
with Mandelstam variables

si=(p+p), 2=((E+p), ss=(p+ps)
Decouple Feynman parameter integrals through [Smirnov, 2012]

x1 = mé, xa — m(l—4&),
x3 = m&, x2» = mp(l—E&)
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2. Calculating the single off-shell scalar box integral in d dimensions

Feynman parametrization

Feynman parametrization, evaluate loop integral —

1 f— f— — p—
DO _ ,U,2E [_(2 + E) dX1 dX2 dX3 dX4 (5(1 X1 X2 X3 X4)

[—$1X1(X2 + X3) — 52X3(X1 + X4) — S3X1X3 — i0]2+s ’

with Mandelstam variables
st = (p +P2)2, 2 = (p2 -l-P3)27 s3 = (p1+ P3)2
Decouple Feynman parameter integrals through [Smirnov, 2012]

x1 = mé, xa — m(l—4&),
x3 = m&, x2» = mp(l—E&)

Evaluate n-integrals in terms of Euler Beta function —

2 T2+ )M

Dy = u F(725€)/ d£1/ d& [—s1&1 — 260 — 5366 — 007 2

&-integrals symmetric under s; <> s, function of 3 variables
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2. Calculating the single off-shell scalar box integral in d dimensions

Factoring out s15,/s3
Use

(a—i0)* = (b—i0)” (% —iOsgn(b))a, where a € R, b € R\{0}, a € C,

to factor out s15,/s3
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2. Calculating the single off-shell scalar box integral in d dimensions

Factoring out s15,/s3

Use
(a—i0)* = (b—i0)” (% - iOsgn(b))a, where a € R, b € R\{0}, a € C,
to factor out s15,/s3—

2 2 TR+ (—e) (s .\ °
Do(s12.4°) = (=29 5 0

) L —e—2
» /O d&/o dé |:X2§1 + x1&2 — x1x2€1&2 — i0sgn (%)} )

depends on only 2 dimensionless variables

S3 S3
X1 = ——, X =
S1 S2
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2. Calculating the single off-shell scalar box integral in d dimensions

Several substitutions & evaluating 1 integral & splitting of integrals —

1T+l —¢) 2 [(syp® .\
D, 2y — AT e)l AT 2 232 0
0(51752’ q ) € M(1—2¢) 515 \ S1% +i

x {I(xa) + 1) = (1= (1 —x1)(1—x))}, (1)
where

100 = [ 125 (e 0senaal = —1),

— 3
SgNip; = sgn e

with abbreviation
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2. Calculating the single off-shell scalar box integral in d dimensions

Several substitutions & evaluating 1 integral & splitting of integrals —

1T+l —¢) 2 [(syp® .\
D, 2y — AT e)l AT 2 232 0
0(51752’ q ) € M(1—2¢) 515 \ S1% +i

x {I(xa) + 1) = (1= (1 —x1)(1—x))}, (1)
where

100 = [ 125 (e 0senaal = —1),

— 3
SgNip; = sgn e

We essentially decomposed the master integral Do(s1, s2, qz) into a sum of
much simpler integrals /(x) (— also possible for other loop integrals?!)

with abbreviation

Remark
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2. Calculating the single off-shell scalar box integral in d dimensions

Calculating /()

Substitute ¢ — x ¢ —

I(x) = /01 1 igxc ([x —i0sgns] ¢ — x)

Denominator 1 — x( diverges for y > 1
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2. Calculating the single off-shell scalar box integral in d dimensions

Calculating /()

Substitute ¢ — x ¢ —

I(x) = /01 1 iCxC ([x —i0sgns] ¢ — x)

Denominator 1 — x( diverges for y > 1

— Introduce regulator y — x+i0 to split integral in two
I(x) =[x — i0sgn *E/ d¢ ¢ (1= (x+i0)¢) ™ / d¢ — 2% ——
(0 = ] (1~ (x+0) T

1 e o~ o~
= - [x —i0sgnyy,] 2F1(1, —e,1—¢; X—HO) + In(1 — x—i0)
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2. Calculating the single off-shell scalar box integral in d dimensions

Calculating /()

Substitute ¢ — x ¢ —

I(x) = /01 1 iCxC ([x —i0sgns] ¢ — x)

Denominator 1 — x( diverges for y > 1

— Introduce regulator y — x+i0 to split integral in two
I(x) =[x — i0sgn *E/ d¢ ¢ (1= (x+i0)¢) ™ / d¢ — 2% ——
(0 = ) (1~ (x+0) T

1 e o~ o~
= - [x —i0sgnyy,] 2F1(1, —e,1—¢; X—HO) + In(1 — x—i0)

» Both 2F; and In evaluated on branch cut for y > 1

» Branch cuts are spurious and must cancel
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2. Calculating the single off-shell scalar box integral in d dimensions

Cancellation of spurious branch cuts

Add integrals in eq. (1),

ITA+e)PP(1—¢) 2 (sy® .\
D Gl T Sl L S A (il
0(51’ 2,9 ) g F(l — 28) S152 S152 + i0

x{I(a) +10) — 11 = (1= x)(1 —x))},

use different regulator i0; for each integral
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2. Calculating the single off-shell scalar box integral in d dimensions

Cancellation of spurious branch cuts

Add integrals in eq. (1),

1IrQ+e)rP(l—¢) 2 (sp® .\
o[ 5 ?) = LMOEAC0=2) 2 (50
o\ d € r(1-—2e) s152 \ S152 +i0

x{I(a) +10) — 11 = (1= x)(1 —x))},

use different regulator i0; for each integral

Sum I(x1) + I(x2) — I(1 = (1 —x1)(1 — x2)) contains following logarithms
In(l — lei(»jl) + |n(1 — X2—i62) — In((l — Xl)(]. — X2)7i63)

[1i0,
W0,
W i0;

» Real parts cancel

> Choose signs of i0; such that imaginary
parts cancel as well

B
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2. Calculating the single off-shell scalar box integral in d dimensions

Result in terms of hypergeometric functions

LAl 2 (s o)

Do(s1,,6°) =
o| S1,52,q9 e2 (1 - 2e) S1%2 \ S152

—€
X {{—%—iOSgn(%>} 2F1(1,—5,1—e; —s—3+i(~)sgn(§f§>)
St Ss1S2 S1 52 S1
—€
+ {—E—iOSgn<s—3)} 2F1<1,—5,1—5; —s—3+i(~)sgn<§ —§>)
S S1S2 2 S1 2

2 —€ 2
- {—ﬂ —i05gn<i)] oF1 (1,—5,1—5; —53q+i6>} ()
S15 S15 5152

» Imaginary parts of hypergeometric functions will cancel by construction
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2. Calculating the single off-shell scalar box integral in d dimensions

Comparison to literature

Combine prefactors (...)* and [...]7° —

1T(1+e)MP1l—¢) 2
D, 2y . ~ I\~ AT ) &
0(51,52,q> g2 I(1—2¢) 515

2 5
& {{uj] 2F1 (1,—5,1 =& —§+i6sgn(s—3 - 53))
—s —i0 51 5 s
2 €
+ [ﬂi] 2F1<1,—€,1 — € —§+i(~)sgn<s—3 — 52))
—s51 —i0 S s %
2 € 2
- “‘lf“‘?* oFi1(1,—¢,1—¢; —-§§£lf—%i6
,q2 —i0 s15

> Agrees with [Matsuura et al., 1989], [Bern et al., 1994], and [Lyubovitskij
et al., 2021] if all three hypergeometric functions are away from their
branch cut
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3. All-order e-expansion of the scalar box integral

Starting point for e-expansion of Dy

Write eq. (2) as

€

1T+ (1—¢) 2 |ssp’
2 M(1—2¢) 515 | 1%

X exp {irs@(—i)} Do (6; —5—3, —5—3) ,
515 S1 )

where Dy abbreviates the sum of hypergeometric functions (upper sign choice
for x1 > xo, else lower sign),

Do (51,52,q2> =

DQ(E;Xl,Xg) = fi(E;X],) + ]:I(5;X2) — .F+(5; 1-— (1 — Xl)(l — Xz))

Here,

Fi(eix) = (x —i0sgnys) “2F1(1, —¢,1 — &; x£i0) .
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3. All-order e-expansion of the scalar box integral

Epsilon expansion of F4 (e; x)

Function to be expanded

Fi(g;x) = (x —i0sgnys) “2F1(1, —¢,1 — &; x£i0)

Fabian Wunder The massless single off-shell scalar box integral 18 /28



3. All-order e-expansion of the scalar box integral

Epsilon expansion of F (g; x)

Function to be expanded
Fi(g;x) = (x —i0sgnys) “2F1(1, —¢,1 — &; x£i0)

» Ingredients for expansion:
Epsilon expansion of 2F; (resp. Lerch Zeta function ®)

2F1(l,—e,1 —¢;2) = —eP(z,1,—¢) =1 — Zs” Lin(2)

n=1
Inversion formula for 2F; (use for x > 1)

e
sin(me)

- 1 ~
2F1(1,—8,1 —5;z:|:i0) + oF; (1,5,1 + € ;) =1+ (—Z¥i0)5
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3. All-order e-expansion of the scalar box integral

Epsilon expansion of F (g; x)

Function to be expanded
Fi(g;x) = (x —i0sgnys) “2F1(1, —¢,1 — &; x£i0)

» Ingredients for expansion:
Epsilon expansion of 2F; (resp. Lerch Zeta function ®)

2F1(l,—e,1 —¢;2) = —eP(z,1,—¢) =1 — Zs” Lin(2)
n=1

Inversion formula for 2F; (use for x > 1)

e
sin(me)

- 1 ~
2F1(1,—8,1 —5;z:|:i0) + oF; (1,5,1 + € ;) =1+ (—Z¥i0)5

Make cancellation of spurious branch cuts explicit
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3. All-order e-expansion of the scalar box integral

Single-valued polylogarithms (inspired by [L. Lewin, 1991])

n—1 k n—1
-1 . -1 _
La(x) = Z( kl) In® |x| Lin—k(x) + % In""! x| In|1 — x|
k=0 : .
Ly(x) Ly(x)
2 — Lo(x) 2 — L3(0)
1 Ly(x) I Ls5(x)
Lo / L
32 y 1 2 3 4~ 3 -2 -1 1 2 3 4~
-_—
—y =
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3. All-order e-expansion of the scalar box integral

Single-valued polylogarithms (inspired by [L. Lewin, 1991])

n—1 k n—1
=1 . -1 _
L(x)=Y % In® x| Lin—x(x) + % I x| In |1 — x|
k! [
L) B £,(x)
’ // — L0 2 — L)
1 Lix) o LW
/ Ly(x) Lr(x)
Y 3 [h 2 s 4t
— =1 e

» Ln(x) is single-valued, in contrast to Lin(x)

» Ln(x) is continuous for all x € R
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3. All-order e-expansion of the scalar box integral

Single-valued polylogarithms (inspired by [L. Lewin, 1991])

n—1 k n—1
=1 . -1 _
L(x)=Y % In® x| Lin—x(x) + % I x| In |1 — x|
k! [
L) B £,(x)
’ // — L0 2 — L)
1 Lix) o LW
/ Ly(x) Lr(x)
Y 3 [h 2 s 4t
— =1 e

» Ln(x) is single-valued, in contrast to Lin(x)
» Ln(x) is continuous for all x € R
> Ln(x) is bounded on R, in contrast to Li,(x)
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3. All-order e-expansion of the scalar box integral

Single-valued polylogarithms (inspired by [L. Lewin, 1991])

n—1 k n—1
-1 . -1 _
L(x)=Y % In® x| Lin—x(x) + % I x| In |1 — x|
k! !
L) 7 L)
e - L 2 - L
1 L4(%) o L5(%)
/ Lo(x) L7(%)
3 2 1 2 3 a° 3 2 -1 1T 2 3 a4~
—

» Ln(x) is single-valued, in contrast to Lin(x)
» Ln(x) is continuous for all x € R
> Ln(x) is bounded on R, in contrast to Li,(x)

> Ln(x) satisfies clean versions of the functional equations of Li,(x), i.e.
without product terms
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3. All-order e-expansion of the scalar box integral

Expansion of F.(g; x) on entire real axis

Fi(e;x) = ™8O N5 (0 %) Tine O(x — 1),

. — X — (_5)" n—1 _ - n
where F(e;x) =1 + In‘ix_ 1‘;n! In""" |x| ;g Ln(x)

» spurious branch cut explicit

» all functions of real variable x manifestly real
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3. All-order e-expansion of the scalar box integral

Expansion of F.(g; x) on entire real axis
Fi(e;x) = ™8O N5 (0 %) Tine O(x — 1),
. — X — (_5)" n—1 _ - n
where F(e;x) =1 + In‘ix_ 1‘;n! In""" |x| ;g Ln(x)

» spurious branch cut explicit
» all functions of real variable x manifestly real

» § finite for x — %00 in every order in ¢
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3. All-order e-expansion of the scalar box integral

Expansion of F(e; x) on entire real axis

Fi(e;x) = ™8O N5 (0 %) Tine O(x — 1),
. — X - (_5)" n—1 - n
where F(e;x) = 1 + In‘m‘ ;T In""|x| — ;a Ln(x)
» spurious branch cut explicit

» all functions of real variable x manifestly real

» § finite for x — %00 in every order in ¢

Resum In|x| terms to obtain

Sl x)=x""4+¢eln|l — x| —Za”

n=2

+ La(x)

> (—1)"In|1—x||n"‘1 |x|
n!
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3. All-order e-expansion of the scalar box integral

Expansion of F(e; x) on entire real axis

Fi(e;x) = ™8O N5 (0 %) Tine O(x — 1),
. — X - (_5)" n—1 - n
where F(e;x) = 1 + In‘m‘ ;T In""|x| — ;a Ln(x)
» spurious branch cut explicit

» all functions of real variable x manifestly real

» § finite for x — %00 in every order in ¢

Resum In|x| terms to obtain

Sl x)=x""4+¢eln|l — x| —Za”

n=2

+ La(x)

> (—1)"In|1—x||n"‘1 |x|
n!

€

> behaves like |[x|™° near x =0
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3. All-order e-expansion of the scalar box integral

Expansion of F(e; x) on entire real axis

Fi(e;x) = ™8O N5 (0 %) Tine O(x — 1),
. _ X = (_E)H n—1 = n
where F(e;x) = 1 + In‘m‘ ;T In""|x| — ;E Ln(x)
» spurious branch cut explicit

» all functions of real variable x manifestly real

» § finite for x — %00 in every order in ¢

Resum In|x| terms to obtain

Sl x)=x""4+¢eln|l — x| —Za”

n=2

+ La(x)

> (—1)"In|1—x||n"‘1 |x|
n!

€

> behaves like |[x|™° near x =0

» diverges like £In|1 — x| near x = 1, divergence cancels in complete box
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3. All-order e-expansion of the scalar box integral

Epsilon expansion of Dy(e; x1, x2)

Do(e; x1, %) = Fx(esx1) + Fx(ex) — Fi(e;1 — (1 —x1)(1 — x2))
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3. All-order e-expansion of the scalar box integral

Epsilon expansion of Dy(e; x1, x2)

Do(e; x1, %) = Fx(esx1) + Fx(ex) — Fi(e;1 — (1 —x1)(1 — x2))

> logarithmic divergence for
x1,x2 = 1 in DIS region
cancels between 3 F-functions
» spurious branch cuts
Fire®(x — 1) cancel in all
kinematic regions
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3. All-order e-expansion of the scalar box integral

Epsilon expansion of Dy(e; x1, x2)

Do(e; x1, %) = Fx(esx1) + Fx(ex) — Fi(e;1 — (1 —x1)(1 — x2))

> logarithmic divergence for
x1,x2 = 1 in DIS region
cancels between 3 F-functions
» spurious branch cuts
Fime©(x — 1) cancel in all
kinematic regions

SIA

Dis 5 ) 1D

4

-2 -1 0 1 2 3
x

Do cured from spurious bran uts

Do(e; x1, %) :eirssgnus@(—xl)%v(s;xl) + eiwasgn1239(—x2)%'(6;X2)

_ &7E sgn1239(—x1—x2+x1x2)g(€; X1+ X0 — X1X2)
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3. All-order e-expansion of the scalar box integral

Epsilon expansion of the scalar box integral

2 E
S3

1TM1+er’(1—¢) 2
2 S1S2

r1—2¢) sis
x [(9(—52) +6(2)e™) F(e:a) + (O(—51) + O(s1)e™) F(e; x2)

—(0(=¢°) + ©(q%)e™) F(ei 1 + x2 — X1X2)}

S et Ze/:(x)

Do (sl,sz,q)
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3. All-order e-expansion of the scalar box integral

Epsilon expansion of the scalar box integral

2 E
S3

1TM1+er’(1—¢) 2
2 S1S2

r1—2¢) sis
x [(9(—52) +6(2)e™) F(e:a) + (O(—51) + O(s1)e™) F(e; x2)

—(0(=¢°) + ©(q%)e™) F(ei 1 + x2 — X1X2)}

S et Ze/:(x)

Do (sl,sz,q)

» All-order e-expansion
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3. All-order e-expansion of the scalar box integral

Epsilon expansion of the scalar box integral

2 E
S3

1TM1+er’(1—¢) 2
2 S1S2

r1—2¢) sis
x [(@(—Sz) +6(2)e™) F(e:a) + (O(—51) + O(s1)e™) F(e; x2)

—(0(=¢°) + ©(q%)e™) F(ei 1 + x2 — X1X2)}

S et Ze/:(x)

Do (sl,sz,q)

» All-order e-expansion

» Real and imaginary parts can be easily read off
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3. All-order e-expansion of the scalar box integral

Epsilon expansion of the scalar box integral

2 E
S3
S1S2

1TM1+e)P(1-¢ 2
2 r(1—2e) s15

X [(9(—52) +0(s2)e™) Fler xa) + (O(—s1) + O(s1)e™) F(ei x2)

—(0(=¢°) + ©(q%)e™) F(ei 1 + x2 — X1X2)}

S et Ze/:(x)

Do (sl,sz,q)

» All-order e-expansion
» Real and imaginary parts can be easily read off
» Valid in all kinematic regions (s1, 52, g°> € R)

» Spurious branch cuts eliminated
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3. All-order e-expansion of the scalar box integral

Epsilon expansion of the scalar box integral

€

2 _1T(1l+e)P1—¢) 2
Do (51752aq ) T2 r(1—2e) 515

X [(@(—52) + 0()e™) F(e; x1) + (O(—s1) + O(51)e™) F(e; x2)
~(O(~=4") + O(")e™) Flei 1 + x2 — x10)|

> &)

n=1

2
S3
5152

with  F(g;x) =1 + In

oo
I n—1 o n .
1 n"" " |x| Zz—: Ln(x)
n=2
All-order e-expansion
Real and imaginary parts can be easily read off
Valid in all kinematic regions (s1, 52, g°> € R)

Spurious branch cuts eliminated

vvyvyVvyy

Any kinematic divergences contained in logarithms, as single-valued
polylogarithms are bounded
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3. All-order e-expansion of the scalar box integral

Alternative representation of e-expansion

Bring factor {53,u2/5152|8 into square brackets

2y 1TM1l+e)M(1-¢) 2
Do (51,52,q ) g2 r(1—2¢) 515
2 e € 2 e €
x |2 12| 3(a-2)+ (L) |2] §(e-2
—Sy — i0 S1 S1 —S1 — i0 So S2

2

2 € € 2
2 =9
-(==w) [35] o(=-32))
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3. All-order e-expansion of the scalar box integral

Result in terms of hypergeometric functions

1T(14+e)P(1-¢) 2

Do(s1,92,%) = e 1=
o\ =9 g2 M(1—2¢) 515
2 5
X {[ﬂi] 2F1 (1,—5,1—5; —§+i65gn<s—3 _ = )
—s; —i0 s1 5% s

: ) S3 | . 53 S
+ [Mi] 2F1 <1,—E,1 —&; —f3—"-i05gn(f3 _ j))

—s51 —i0 S s =

2 e 2
- [57} 2F1 (1,—6,1 —&; —ﬂJriﬁ)}
—q> —i0 5152
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3. All-order e-expansion of the scalar box integral

Alternative representation of e-expansion

Bring factor {53,u2/5152|8 into square brackets

2y 1TM1l+e)M(1-¢) 2
Do (sl,sz,q ) g2 M(1—2e) 515
2 € € 2 € €
[l oe2)+ (o) R e2)
—Sy — i0 S1 S1 —S1 — i0 So S2

12 ® |ssq? | s

- T 5 A - S &g ——

—q2—i0 515 51

» Compared to result in terms of hypergeometric functions, »F; was replaced
by a single-valued version,

>F1 (1, —e,1— 5;xii(~)) — |x]° §(&; x)

Fabian Wunder The massless single off-shell scalar box integral 25/28



41 Conclusion|and|Outlook I —




4. Conclusion and Outlook

Conclusion and Outlook

Summary of results:

>
>

hypergeometric representation in d-dimensional has spurious branch-cuts
Real and imaginary parts made explicit to all orders in ¢, results free of
spurious branch cuts

All-order e-expansion in terms of special class of single-valued
polylogarithms

Any kinematic divergences contained in logarithms, as single-valued
polylogarithms are bounded
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more sophisticated methods needed for further generalization of results to
more off-shell particles
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Outlook on possible generalizations:

» Same calculation goes through for the non-adjacent double off-shell case;
more sophisticated methods needed for further generalization of results to
more off-shell particles

» Differential equations [Gehrmann and Remiddi, 2000], Mellin-Barnes
integrals [Smirnov, 1999], negative dimensions [Anastasiou et al., 2000],
recurrence relations w.r.t. d [Fleischer et al., 2003]
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Summary of results:

» hypergeometric representation in d-dimensional has spurious branch-cuts

» Real and imaginary parts made explicit to all orders in ¢, results free of
spurious branch cuts

» All-order e-expansion in terms of special class of single-valued
polylogarithms

» Any kinematic divergences contained in logarithms, as single-valued
polylogarithms are bounded

Outlook on possible generalizations:

» Same calculation goes through for the non-adjacent double off-shell case;
more sophisticated methods needed for further generalization of results to
more off-shell particles

» Differential equations [Gehrmann and Remiddi, 2000], Mellin-Barnes
integrals [Smirnov, 1999], negative dimensions [Anastasiou et al., 2000],
recurrence relations w.r.t. d [Fleischer et al., 2003]

» Functional equation approach yields one-fold integral representation of
general box integral with massless propagators [Tarasov, 2019]
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4. Conclusion and Outlook

Thank you for your attention!

/ /

Now open for questions.
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5. Generalization to two non-adjacent off-shell external particles

p1 P4

/

TlﬂLPz +p3

P2 D3

Juliane Haug, FW, arXiv:2302.01956, JHEP 05 (2023) 059
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5. Generalization to two non-adjacent off-shell external particles

Generalization to two non-adjacent off-shell external particles

General box integral with massless propagators after Feynman parametrization:

Do = p*T(2+¢)
« /1 dxi dxo dxsdxs (1 — x1 — x2 — X3 — Xa)
0 [—x1xes1 — x1X3p3 — X1XaP? — X2X3P3 — X2XaP3 — X3X4S2 — i0]2+‘S
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0 [—x1xes1 — x1X3p3 — X1XaP? — X2X3P3 — X2XaP3 — X3X4S2 — i0]2+‘S

With the same substitution as before,
xi=mé, x =ml-8), x3=m&, x=m(l-=54),
term in denominator becomes

—mme(l - &)1 - &)s1 — mméile s — mmpéi(l — &) p5 — mmeéa(l — &) pi
— &1 —&)pi — maéa(l—&)ps —i0

Fabian Wunder The massless single off-shell scalar box integral 30/28



5. Generalization to two non-adjacent off-shell external particles

Generalization to two non-adjacent off-shell external particles

General box integral with massless propagators after Feynman parametrization:

Do = p*T(2+¢)
« /1 dxi dxo dxsdxs (1 — x1 — x2 — X3 — Xa)
0 [—x1xes1 — x1X3p3 — X1XaP? — X2X3P3 — X2XaP3 — X3X4S2 — i0]2+‘S

With the same substitution as before,

x1=mé, x=m1-&), x=m&, xa=m(l-=E&),

term in denominator becomes

—mnp(l - &)1 - &)s1 — mmp&i&es: — mméi(l — &) p; — mméa(l — &) pi
— &1 —&)pi — maéa(l—&)ps —i0

» Factorization of n- and £-integrals if p? = p§ =0
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« /1 dxi dxo dxsdxs (1 — x1 — x2 — X3 — Xa)
0 [—x1xes1 — x1X3p3 — X1XaP? — X2X3P3 — X2XaP3 — X3X4S2 — i0]2+‘S

With the same substitution as before,

x1=mé, x=m1-&), x=m&, xa=m(l-=E&),

term in denominator becomes

—mnp(l - &)1 - &)s1 — mmp&i&es: — mméi(l — &) p; — mméa(l — &) pi
— &1 —&)pi — maéa(l—&)ps —i0

» Factorization of n- and £-integrals if p? = p§ =0

» Proceed analogously to single off-shell case for two non-adjacent external
particles off light cone
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5. Generalization to two non-adjacent off-shell external particles

Result in terms of 4 hypergeometric functions

2 2\ 1T(A+e)MP(1—e¢) 2
DO (Sla S2, 07 p2707 p4) - 52 r(]. — 25) 5157 — pgpz

2 e 22 o .

X { [Hf} 2F1 (17 —&,1—¢ — (P2 + pa 512 252)51 +i0sgn(s1 — 52)>
—s1 —i0 S1S2 — P3P,

r 2

e 2, 2
+ ,ui] 2F1 (17 —&,1—¢ — (P2 + pa 512 252)S2+i(~) sgn(s; — 51))
| —s2 —i0 S15 — PyP;

r 2 € 2 2 2
=81 =g e
_ Ni} zFl(l,—e, Lo (Pt = L. (pf B p§>)
i0 S182 — P53p;

r 2 € 2 2 o 2
—_ 57:| 25 (17 —el—e — (p> + pa 512 252)P4 tibsgn (pg _ pf))}
| —pz — 0 5152 = P> P;
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Result in terms of 4 hypergeometric functions

2 2\ 1T(A+e)MP(1—e¢) 2
DO (Sla S2, 07 p2707 p4) - 52 r(]. — 25) 5157 — pgpi

2 e 22 o .

X { [Hf} 2F1 (17 —&,1—¢ — (P2 + pa 512 252)51 +i0sgn(s1 — 52)>
—s1 —i0 S1S2 — P3P,

r 2

e 2, 2
+ Mi] 2F1 (17 —&,1—¢ — (P2 + pa 512 252)S2+i0 sgn(s; — 51))
| —s2 —i0 S15 — PyP;

r 2 € 2, 2 . 2
_ 57} oF; (1, e l—e — (p3 + Pi 512 252)P2 i0sgn (pf . p§>)
L—p; —i0 5152 — Py Pa

r 2 € 2 2 o 2
—_ 57:| 25 (17 —el—e — (p> + pa 512 252)P4 tibsgn (pg _ pf))}
| —pz — 0 5152 = P> P;

» Reduces to single off-shell integral in limits p3 or p; — 0
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Result in terms of 4 hypergeometric functions

2 2\ 1T(A+e)MP(1—e¢) 2
DO (Sla S2, 07 p2707 p4) - 52 r(]. — 25) 5157 — pgpz

2 e 22 o .

X { [/17} 2F1 (17 —&,1—¢ — (P2 + pa 512 252)51 +i0sgn(s1 — 52)>
—s1 —i0 S1S2 — P3P,

r 2

e 2, 2
+ Mi] 2F1 (17 —&,1—¢ — (P2 + pa 512 252)S2+i0 sgn(s; — 51))
| —s2 —i0 S15 — PyP;
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r 2 € 2 2 o 2
—_ 57:| 25 (17 —el—e — (p> + pa 512 252)P4 tibsgn (pg _ pf))}
| —pz — 0 5152 = P> P;

» Reduces to single off-shell integral in limits p3 or p; — 0

» Symmetric under simultaneously interchanging s; <+ s, and p3 < p3, as
well as under s; <> p3, s <> p2
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5. Generalization to two non-adjacent off-shell external particles

Result in terms of 4 hypergeometric functions

1T(1+e)MP(1—e) 2
D ( ) 507 2707 2) = 5
0|51, 92,5, P2, Pa 2 r(1—2¢) s1s — p2p?
2 = 2 2
X {[ H } .F (17 N (Pt pi 512 252)51
—s1 —i0 S1S2 — P3P,
r 2 2 2 >
4L Mi] >F1 (17—5,1—6; _(p2 + Pi 512 252)52
| —S2 — i0 S15 — PyP;

+i0 sgn(s1 — 52))

+i0sgn(s2 — 51))

r 2 € 2, 2 . 2
_ 57} oF; (1, e l—e — (p3 + Pi 512 252)P2 i0sgn (Pﬁ . p§>)
L—p; —i0 5152 — Py Pa

r 2 € 2, 2 2
_ ﬁ} LF, (17 P (P2 +pi—s1—s)p; 0 sgn <p§ _ pf))}
L =P

55— PR}

» Reduces to single off-shell integral in limits p3 or p; — 0

» Symmetric under simultaneously interchanging s; <+ s, and p3 < p3, as
well as under s; <> p3, s <> p2

» Result in simliar form found via functional equations in [Tarasov, 2019]
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5. Generalization to two non-adjacent off-shell external particles

Epsilon expansion in the non-adjacent double off-shell case

1T(1+e)MP1—¢) 2 ©

2 2 @
= +ps—51—5
D0(51,52,p§,p§) = = (p5 + ps — 51 — 2)p

2 T(1-2) si2—pp; s152 — P3P,
P>+ pi — 51— 52)51)

iTe . (
) {(e )l ) S(E' C ss - PR
) (P +pi— 51— %)%
5 - 5150 — pzpz
> Py

2 2 >
(@ p2)+@ P2 )ewrs) 3(6; 7(P2 +pi—s1 *52)P2>

2 2
S1S2 — P3Py

~ (&(=pd) +O(p})e™) § (6;_(P§+pf—51_52)p§)}

s12 — P3P;

>

(e —5) + O(s:)e™

» All-order e-expansion (not previously known)
» Real and imaginary parts can be easily read off
» Valid in all kinematic regions (s1, 52, p3, p2 € R)

» No spurious branch cuts
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5. Generalization to two non-adjacent off-shell external particles

Cancellation of imaginary parts of logarithms

i [f sgn(ﬁl) O — 1) —sgn (62) O —1)
+5gn(0:) {01 —1)O(1 —x) + O(1 —x1)O( — 1)} = 0 (3)

> Conditions for eq. (3) to hold:

sgn(01) < sgn(0s) (yellow-green region)

sgn(01) = —sgn(02) (yellow-blue region)

sgn(ﬁz) = sgn(()g) (blue-green region)
» Choose (only relative signs matter)

i01 = i0sgn(x1 — x2)

i02 =i0 sgn(xz — Xl)
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6. Generalization to two non-adjacent off-shell external particles
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