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Chapter 1

Polyakov Loop and Center
Symmetry

Problem 1.1: That the periodicity conditions are preserved by
the transformation U(7,Z) means that, for any A,(7,%) such that
Ayt + B, %) = Ay(7, &), we should also find AY (7 + 3, %) = AJ (7, T). Mak-
ing this latter condition more explicit, we find

Ut + B,7)Au(T + B, 8) U (1 + 8, %) +iU(T + B,%)0,U' (T + B,7)
= U(r,2)Au (1, D)UT (1, %) + iU (7,7)0,U" (1, %) .
Using the assumed periodicity of A, (7, &) together with the unitarity of U(7+
B, Z) which implies U(7+ 3, %)0,U'(t+ 3, %) = —(0,U(7+8, %)) U (7 + 5, &),

we rewrite this conveniently as

U(t + B,7) Au(1, D)U (1 + 8, %) — i(0,U(T + 8,2))U' (1 + B, %)
= U(1, %) Au (7, DU (1, %) + iU (7, %)0,U' (1, 7).

Then, upon left multiplication by UT(7, #) and right multiplication by U (T +
B, ), this rewrites

Z (1, 8)Au(1,7) — iU (1, 2)9,U ( + B, %)
- Alt(7—7 f)Z(T7 f) + i<aMUT(Ta f)>U<T + 57 f) )

where Z(7,7) = Ul (7, Z)U(7 + 3,%). In fact, this identity rewrites solely in
terms of Z(r, Z):

0,2(r,T) — i[A (1, 7), Z(r,©)] = 0.
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4 CHAPTER 1. POLYAKOV LOOP AND CENTER SYMMETRY

Now, since the latter identity is valid for any periodic gauge field, it should
be valid for A, =0. From this we deduce that Z is constant and that
[A,,Z] = 0 for any periodic gauge field configuration. In particular this
means that Z should commute with any generator t* of the algebra, and,
therefore, with any element of the SU(N) group. The only possibility for Z
is then to be of the form e*1 with ¢ = 27k/N.

1 0
“3_(0 —1)’
i0/2
_ 03 _ [ € 0
U(ﬁ)—exp{z@Q}—( 0 e_ie/g).

For 0 = 427, we find indeed U(f) = —1, while for 6 = £4m, we find
UB) = 1.

Problem 1.2: Since

we have

Problem 1.3: Owing to the path ordering, we have

d
T5LAY) =AY (8.7 LA,
On the other hand

L v(B)LAUT o)
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— iAY (8, 7)U(B)LIAU(0).

This shows that L[AY] and U(8)L[A]UT(0) obey the same first order differ-
ential equation with respect to 5. Since they are both equal to 1 for g = 0,
we deduce that L[AY] = U(B)L[A]UT(0).
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Problem 1.4: Consider a change of variables in the form a k-twisted gauge
transformation A, — Ag. We find

1 2 Jae
log = Vi . DAV o= SIA I +pe’ [ @[AY](2) CI)[AU]
p.b.c.
eiZﬂk/N SIA i0ei2k/N ( HIA|(F
= 7 /b DA e SAHpeTe [z @l ](r)q)[A]’
p.b.c.

where we have used the invariance of the measure DA and the action S[A],
together with the transformation rule for ®[A]. It follows that
gp,@ = Gi%k/ng,ewwk/N .

In the case where center-symmetry is realized explicitly, the limit of ¢, as
p — 0 does not depend on 6: lim, ,5¢,9 = ¢. The above identity becomes a
constraint for £ which forces it to vanish. In contrast, in the case where center-
symmetry is broken in the Nambu-Goldstone sense, the limit of £, as p — 0
still depends on 0: lim,_,o¢,9 = {y. In this case, the above identity does not
impose that the various possible limits ¢y should vanish, but connects them
to each other as

—i27rk/N€0

e = Loy 2nk/N -
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Chapter 2

SU(2) Confining Configurations

Problem 2.1: We have to compute the rotational of A = (7 x B)/2 =
B(ye, — x€,)/2. We find

L 0A, O0A,

L. oA, 04,
(Vi A)y = or 0z =0,
.. 0A, 04, -

Problem 2.2: Since the configuration is constant, the path-ordering can be
ignored and we have

93

1 . 1 .
O[A] = §tr o — §tr e

1 eir/2 0
= §tr( 0 emirs/? > = cos(r/2).

Problem 2.3: The looked for transformation U (7, &) should be such that for
any configuration of the form A, (7, %) = T, r0o3/2, the transformed config-
uration AJ(7, ) should be also of this form, that is

. o
AL](T, ) = T6,0 6’?3 ,
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8 CHAPTER 2. SU(2) CONFINING CONFIGURATIONS

for some 6. Making the left-hand side explicit, this rewrites
T5,0rU(7, ) U (7, &) + iU (r, £)0,U' (7, ) = T6,06

which should be true for any value of ;1 and anu value of r, with 8 depending
on r. In particular, for u = j # 0, the condition reads iU (7, £)9,U' (1, %) = 0
which basically means that U (7, &) depends only on 7 and we denote it more
simply as U (7). Taking now x = 0 in the equation above, this transformation
U(T) is seen to obey the equation

d
TTU(T)%U*(T) 4 Z'U(T)EUT(T) - TQ% ,

which rewrites as

d . 03 03
—U(r) =T (922U (7) - U(T)r?] .
This equation should be valid for any value of » with 6 depending on r. In
particular, for r = 0, we deduce that there is some 6 such that

d

k]
5U(T>—ZT92 U(r).

This equation is solved as

@[3
SN

U(r) = We' ,

where W is a color rotation. Since both U(7) and 53 preserve direction
3, we should have Wo3WT = g3 which implies that W is either the identity
or the Weyl transformation discussed in the main text.

Problem 2.4: Recall that ®[A] = cos(r/2). Thus, for r = 7 + 27n, we find
indeed

cos (g + mr) = (—1)"cos (g) = 0.

Problem 2.5: For the considered configurations, we have

g
AS (@) = T80 (1)



and thus
®[A] = cos((—r)/2) = cos(r/2) = ®[A].

This is expected since YM theory being charge conjugation invariant, there
should be no way for a thermal bath of gluons to distinguish between a quark
and an antiquark.
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Chapter 3

Thermal Gluon Average

Problem 3.1: To linear order in 6%, we can write

AT = (1 4i0%") Au (1 —i0°") 4 i(1 + i6*t*) 9, (1 — i6*t")
= A, +i(0%")A, —iA(0%) + 0,(0°)
= Au + (au - i[Aua ])(0t*) = Au + DM[A](H%G) .

This rewrites
6Ag° = —iD,[A]éU, ,
which implies
00, AT = —id,(D,[A]6Up)

and from which one reads 58#1450 /5UO‘ Uo=1 and deduces that, up to an

non-relevant multiplication constant, J[A] = detd, D, [A].

Problem 3.2: The Faddeev-Popov gauge-fixing part reads now
TAlA]S(D,[A)(A - A)) (3.1)

with

5D, JA)(A% — A)
5Us Vot

Ji[A] = det
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12 CHAPTER 3. THERMAL GLUON AVERAGE

The functional § is again taken into account by introducing a Nakanishi-
Lautrup field:

6(DN[A](AH - Au)) X /Dh ¢! S 1 @)Dl Al (A (@)= Af @)

As for the Faddeev-Popov determinant, proceeding as in the previous prob-
lem, we find

SDAN(AY — A,) = ~iD,JA/(D,[AI5U;).

from which one reads §D,[A](A% — A“)/dUo‘UO:IL and deduces that, up to

an non-relevant multiplication constant, Jz[A] = det D,[A]D,[A]. The, in-
troducing ghost and antighost fields as usual, one arrives at

JalA] = det D[ / DcDe el @D AP Al (@) (3.2)

Problem 3.3: We have

D, [AYI(UXUYY = 0,(UXU") - [UA Ul +iU0,UT, UXUT]

= 0, (UXU" —iU[A,, X|UT+U,UNUXU" —UX0,U!
0, (UXU") —iU[A,, X]U" — (9,U)XU" — UX0,U"

= U(0,X)U" - ZU[AM, XUt

= U0, —i[A,, X])UT.

In the intermediate steps, we have used that U(9,U") = —(8,U)UT as follows
from the unitarity of U.

Problem 3.4: That (A,) 1 is constant and temporal for the considered back-
grounds follows from transation invariance and rotation invariance. Now, ap-
ply the background gauge symmetry identity to constant color rotations of
the form €73/2. Since the considered background is clearly invariant under
these transformations, the identity turns into

ei003/2<Au>A€_i903/2 = <AM>A7

which is an actual constraint on (A4,) ;. More precisely, since the action of
U = e%73/2 on the algebra is a rotation by an angle 6 around direction 3,
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the only possibility for (A,) 1 is to be aligned with that direction. In other
words, it takes a similar form as the background
03

(Au(@))a =Towr
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Chapter 4

Effective Action

Problem 4.1: We have

o~ @ @) + PSS @D
and thus
%5 (—0* + m?)5*S(z — )
0t (2)d¢" (y) !
A A
+ (@ (@)e"(2)0"0(x — y) + 5¢" (2)¢" (1) (x — y).
(4.2)
Problem 4.2: We have For p(z) = ¢, the previous result writes
52—5 = (=P +mH)o%(z — )
e ()0 (y)
A A
+ (@)@ —y) + See( — ).
(4.3)
whose Fourier transform is
2 2 A a ja ab A a b
Q" +m —I—Egbgzﬁ J —|—§gb¢. (4.4)
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16 CHAPTER 4. EFFECTIVE ACTION

Problem 4.3: We have

FoJA+al = 0,(AL+al) — 9, (A% +al) + gf* (A + a) (AL + af)
= 0,4 —0,A% + gf ™AL AL
+ (9 aa—l-gfabCAb
— O,ay, —|—g]“”’CabAC
+ fabc ,u
= F.[A]+ De[Alal, — DP[Ala + gf ™ ala

Problem 4.4: We write

Ou(X ()Y () = Ou(X(2)Y*(x) + X(2)0,(Y*(x))
= (0uX"(x) + gf*"ALX"(2))Y " ()
+ X(2)0u(Y*(2)) — gf*" AL X" ()Y (2)
= (0uX(x) + gf*"ALX"(2))Y " ()
+ X(@)0,(Y(x)) + g f* " ALX (2)Y" ()
= (0X(x) + gf*"ALX"(2))Y " ()
+ X2)(0.Y" () + gf* ALY ().

Problem 4.5: The matrix relation is trivially checked and then one uses
that the determinant of a square block-diagonal matrix is the product of the
determinants of the diagonal blocks.

Problem 4.6: Under the Weyl transformation r — —r, we have Q, = (w, +
reT, q) — (w,—rkKT, q). Since @, always appears squared, we can absorb the
change of sign of r by the change of variables n — —n in the Matsubara sums.
Under r — r 4 27, we have Q, = (w, + T, q) = (w, + 20T + r&T, q). For
the mode x = 0 there is no change. For k = +1, the change can be absorbed
by a change of variables n — n F 1.



Chapter 5

Matsubara Sum-Integrals

Problem 5.1: We have
1 1

Q2+ m?  —(iw, +iTrK)? +e2’

and thus
1 1 —1 1
JG) = —(z+iTre)2+e2 2, LJriTm—aq N z+z’Tm+6J '
This gives
1 { 1 1
TY ——— = —|——n(g,—iTrr) + —n(—g, —iT Tﬁ):|
Z Q2+ m? 2e " 2eg
14 n(gg —iTrR) +n(eg + 1T TK)
N 2¢e4
_ 1 - Re n(e, — il rK) '
2€q Eq

Problem 5.2: We have
(Qn - Qu)? +m?Q% = (whws +¢°)° +m*((@)* + ¢°)
= ¢+ 2wy +m?)¢® + ((wy)? +m?)(@g)?.

The square masses M? are minus the roots of this quadratic polynomial in

¢
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Appendix A
Extension to SU(3)

Problem A.1 The idea is to combine ¢ and t® such that

(100 {1 00
at3+bt8:§ 00 O and ct®+dtP=——|0 -2 0 |,
00 —1 23\ g o 1

since the first matrix generates the SU(2) algebra together with ¢* and ¢°,
while the second matrix commutes with these generators. This gives the
systems
a+b/V3 = 1,
—a+b/V3 = 0,

as well as

c+d/V3 = 1/V3,
—c+d/V3 = —2/V3,

which are solved as a = 1/2, b = v/3/2, ¢ = v/3/2 and d = —1/2. To proceed
similarly with ¢® and ¢7, we need to consider combinations such that

a+b/V3 = 0,
—a+b/V3 = 1,

as well as

c+d/V3 = —2/V3,
—c+d/V3 = 1/V3,

19



20 APPENDIX A. EXTENSION TO SU(3)

which are solved as a = —1/2, b = 1/3/2, ¢ = —/3/2 and d = —1/2.
Problem A.2 From Problem A.1, we know that by introducing the combi-
nations t* = (t* £ it°) /v/2, we have
[at® + bt®,t%] = £t and [et® +dt®,tF] =0,

where a = 1/2, b = /3/2, ¢ = v/3/2 and d = —1/2. It follows that
ﬁti

2 7
from which we find the two roots #(1/2,v/3/2). Similarly, introducing the
combinations t* = (1% & it") /v/2, we know from Problem 6.2 that

1
[t3,ti]:i§ti and [%,tF] =+

[at® +0t%, 1] = £t*  and  [et® + dt®,tF] =0,
where a = —1/2, b=+/3/2, c = —/3/2 and d = —1/2. It follows that
V3 .

1
[t3,ti]::|:§ti and [tS,ti]:iTt :

from which we find the two roots (—1/2,1/3/2).

Problem A.3 By construction, any point on one of the reflection axes of
the lattice connects to the origin by a vector s such that s -« € Z/2 where
the root « is the one orthogonal to the reflection axis. The vertices of the
lattice are the intersetions of all these reflection axes and, therefore, obey
the same condition but for all the possible roots.

Problem A.4: We have
_ 1+2cos(2n/3)  142(—1/2)

d[A =0.
[A] 3 5
Problem A.5: We have
c 1 i i —4rxg i —2mxg
O[AY] = G V3 4 2e VB cos(—2mx3)
1 [ i —4rxg i —27mxg
= 3le VB 4 2e V3 cos (27TZE3)] :
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which differs from ®[A] only due to the sign in multiplying zs. It follows
that ®[A] = ®[A] in the case where xg = 0.



