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Generalized Parton Distribution
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Pion GPD

Twist 2 chiral even quark GPD of spineless hadron
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Support: (x, ξ) ∈ [−1,1] ⊗ [−1,1]

DGLAP |x | > |ξ |

Emission/absorption quark ( ) or antiquark ( )x > 0 x < 0

ERBL |x | < |ξ |

Emission of quark/antiquark pair



GPD properties

• parity                                                                         

     Time inversion symmetry

• Polynomiality                                                                   

     Lorentz symmetry

• Positivity                                

     Hilbert space norm

ξ−
Hq(x, − ξ, t) = Hq(x, ξ, t)
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PDF Hq(x, ξ = 0, t = 0) = θ(x)q(x) − θ(−x)q̄(−x)



GPD modeling via Covariant Extension

Strategy

N.Chouika et al.-Eur.Phys.J.C:77(2017)

Overlap of LCWF 
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states of same NtruncationPositivity

Hq(x, ξ) = ℛ[h] = ∫Ω
dβdα δ (x − β − αξ) h(β, α) + D-terms
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Inverse Radon Transform

Hq(x, ξ) = ℛ[h] = ∫Ω
dβdα δ (x − β − αξ) h(β, α) Ω = {(β, α) | |β | + |α | ≤ 1}Support: 

line α =
1
ξ

(−β + x)



Inverse Radon Transform

Hq(x, ξ) = ℛ[h] = ∫Ω
dβdα δ (x − β − αξ) h(β, α) Ω = {(β, α) | |β | + |α | ≤ 1}Support: 
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Inverse Radon Transform

Hq(x, ξ) = ℛ[h] = ∫Ω
dβdα δ (x − β − αξ) h(β, α) Ω = {(β, α) | |β | + |α | ≤ 1}Support: 

line α =
1
ξ

(−β + x)



Finite Elements Methods

• Triangulation (Delaunay) of reduced domain Ω+ = Ω ∩ {α, β ≥ 0}

-  quark sector (decouples from antiquark in DGLAP).       

-  because  

β ≥ 0 H(x, ξ)
|x|≥|ξ|

= H>(x, ξ)
x≥ξ

+ H<(x, ξ)
x≤−ξ

α ≥ 0 H(x, − ξ) = H(x, ξ) ⇒ h(β, − α) = h(β, α)

Reduce the continuum Radon transform in a discrete Matrix equation to be inverted 

H(x, ξ) = ℛ[h] ⟶ H(xi, ξi) ≡ Hi = Rij hj

• Interpolation h(β, α) ≃ ∑
j

hj vj(β, α)

DD values at nodes
Lagrange P1 Polynomials

- 

- 

- Domain restricted to elements adjacent to node

vj (βj, αj) = 1

vj (βi≠j, αi≠j) = 0

J.M. Morgado et al.-Phys.Rev.D 105(2022)



• Matrix building by sampling in DGLAP region

Hi ≡ H(xi, ξi) = ∑
j

hj ∫Ω+

dβdαδ(xi − β − αξi) vj(β, α)

Rij

• Inverse Radon Transform

H = Rh ⟶ RTH = RTR h

Invertible if  has max rankR

h = (RTR)−1 RTH

C++ algorithm by J.M. Morgado in NumA library of



Artificial Neural Networks

Universal approximation theorem: continuous function on compact approximated by ANN with one hidden layer
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ANN used to approximate the DD h(β, α)
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RRMSE:   
∑Nsample

i (Hpred(xi, ξi) − H(xi, ξi))2

∑Nsample
i H2(xi, ξi)

b(1)
N



Trivial test: h(β, α) = const = C

H(x, ξ) = (1 − x)∫Ω+

dβdαδ(x − β − αξ) h(β, α) =
2 C (1 − x)2

1 − ξ2 , |x | > ξ

C (1 − x)(x + ξ)
ξ(1 + ξ) , |x | < ξ

DGLAP

ERBL

Pobylitsa scheme

 N = 1 , Nsample = 104

ANN implemented with Tensorflow

Optimization algorithm: Adam

RRMSE ∼ 10−4



Second test: Nakanishi based model for pion N.Chouika et al. -Phys.Lett.B:780(2018) 

H(x, ξ, t = 0) =
30 (1 − x)2(x2 − ξ2)

(1 − ξ2)2 , |x | > ξ

15 (1 − x)(ξ2 − x2)(x + 2xξ + ξ2)
2ξ3(1 + ξ)2 , |x | < ξ

H(x, ξ, t = 0) = (1 − x)∫Ω+

dβdαδ(x − β − αξ) h(β, α)

h(β, α) =
15
2 (1 − 3(α2 − β2) − 2β)

 N = 5 , Nsample = 104

RRMSEFEM ∼ 9 × 10−3

RRMSEANN ∼ 4 × 10−2



h(β, α) − hpred(β, α)
h(β, α)FEM ANN



Genetic algorithm

Strategy: generate a population of potential solutions which “evolve” according to their fitness. 

•  Population initialization (  ANN) 

•  Mating pool selection 

•  Crossover

Npop

w(1)
β1 w(1)

α1
… b(2)w(1)

β1 w(1)
α1

… b(2)

parent 1 parent 2

offspring 1 offspring 2

•  Mutation

In progress



Conclusions and outlook

•  ANN need better optimization

•  FEM seem more precise and more efficient

•  More models as benchmarks

•  Invert Radon Transform with partial DGLAP knowledge ξ < ξmax


