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Effect of event-by-event fluctuations
on light-nuclei yield ratio
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ATHIC 2023, 2023/4/26, Hiroshima JMS Aster Plaza

+ Non-trivial background (geometry + flow) effect
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How to reliably identify
the signals of CP in data?

Critical-point search in high-energy heavy-ion collisions
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Schematic QCD phase diagram

High density region( B˃ >0)
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EffectivemodelsĄCritical point (CP),
1st order phase transition?

Experiment:wide range of energies
RHIC Beam Energy Scan (BES),
FAIR, NICA, J-PARC-ILΣ IL!CΣ Χ
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Non-monotonicbehaviors as functions of ҞsNN
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Net-proton cumulant
Net-baryon cumulant
Susceptibilities(Ҝ/ Ҝ̡˃)nƭƴʀ

Stephanov, PRL 107, 052301 (2011),
Kitazawa, Asakawa, PRC86, 024904 (2012),

STAR, PRL 126, 092301 (2021)

Light-nuclei yield ratio

Coalescence model

Cancels volume effect, etc. in ratio

= Key to the search for critical point? (ҞsNN B˃Χ roughly corresponds) 

K-J Sun, L-W Chen, CM Ko, Z Xu, PLB 774, 103 (2017),
H. Liu et al, PLB 805, 135452 (2020)

[Recap. of NA49, STAR]

Nt Np / Nd
2 ҝn(x)n(0) / n 2
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Model for yields of light nuclei in thisstudy
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Coalescence model(recombination model)

άbǳŎƭŜǳǎ ƻŦ ƳŀǎǎnumberA is formed by A-ƴǳŎƭŜƻƴǎ ŎƭƻǎŜ ǘƻ ƻƴŜ ŀƴƻǘƘŜǊά

WA()Χ ²ƛƎƴŜǊ ŦƴΦcorresponding to light-nucleus wave fn. (harmonic oscillator)

fi()Χ ǇƘŀǎŜ ǎǇŀŎŜ ŘƛǎǘǊƛōǳǘƛƻƴ ƻŦ ith nucleon

What is measured in experiments is event average
Nd ҝxyNp,xNn,y , Nt ҝxyzNp,xNn,yNn,z

Nd / Np Nn [aka B2(d)] Χ /ƻƴǘŀƳƛƴŀǘƛƻƴǎ including the non-trivial size effect

Nt Np / Nd
2 ҝx n(x)n(0) / n 2Χ ǇǊƻǇƻǊǘƛƻƴŀƭ ǘƻ ŎǊƛǘƛŎŀƭ ŎƻǊǊŜƭŀǘƛƻƴ 

Note: Hereafter, we denote 
them as NA omitting angle 

brackets Χ

K.-J. Sun, PLB 774, 103 (2017), etc.

Relationship to the CP search

gAΧ statisticalfactor from spin

Assumed to be
sudden frzout



PartX(1/1)
Realisticcollisionsetupґ uniform/equilibrium
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Variouseffectson the background f() incollision process

2. Event-by-event fluctuations

Q. How is   Nt Np / Nd
2 ҝx n(x)n(0) / n 2   affected?

Å ExpansionĄ coordinate-momentum correlation
Å Initial event-by-event fluctuations
ĄNon-critical long range correlations

Å Non-flow effects (jets, hadron rescatteringand decays)
Ą f() maynot be in equilibriumor a fn of (T, ˃ , u Σ˃ Χύ

Å Finite size and finite time (Kibble-Zurek)
ĄUpper bound in critical correlation development

1. Non-trivial background
distribution in a single event

Assumption 1:  No (critical) fluctuations
Assumption 2: isospin symmetry

Event average

using Toy model



1. NON-TRIVIAL BACKGROUND
DISTRIBUTION IN A SINGLE EVENT
S. WU, K. MURASE, S. TANG AND H. SONG, PHYS. REV. C 106 (2022), 034905.
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Example: Simple Gaussianf()
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2. (result) Integrate the coalescenceformula: NA ҝ WAʃ
A fi

1. (input) Distribution function

Note: light-nucleisizes̀ d=2.26,̀ t=1.59 fm

The effects from Gaussian profile exactly cancels!

Ą Investigate effect of general f() with non-Gaussian components

If the size difference is negligible:

K.-J. Sun et al, PLB792, 132
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Idea for non-Gaussian effect: Expand f() in terms of cumulants
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ExpandinάǇƘŀǎŜ-ǎǇŀŎŜ ŎǳƳǳƭŀƴǘǎέCh [z (r, p)]
Cumulants up to 2nd orderҦgenerate Gaussian distribution
Higher order cumulantsҦ the deviation from the Gaussian?

Input

Result for the yield NA for general A

Lowest order (2nd

order cumulants)

Higher order may be taken into account by the perturbations

independent of A
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Generalized yield ratio
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Generalization of NtNp/Nd
2

subject to

Background effects cancel up to the 2nd order of cumulants

E.g.nk = 2 (two nuclei)

Note:Effectof matter expansions

ĄCoordinate-momentum(r-p) correlationsin f()
ĄCanceled in the ratios up to 2nd order

+ (additional constraints without isospin sym)
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Case1: Woods-Saxon (non-Gaussian case)
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Input

Result (common ̀ = 1.59 fm)
Effect of different nucleus-size
(physical ̀ = 2.23, 1.59 for d, t)

The Woods-Saxon distribution
decreases the ratio

The different nucleus-size effect is 
significant when fireball size is close to ˋ

spatial structure decreases the ratio
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Case2: Anisotropic flow (Blast-wave)
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Input

The effect is negligible
when the fireball size is large

Ratio vs anisotropy parameter (n=2)

Momentum anisotropy tends
to increase the ratio

Ratio vs anisotropy parameter (Rs=5)

Blast-wave flow P. Huovinen et al, PLB 503, 58 (2001)

Flow profile for n = 2

color: fireball sizes color: anisotropy 
orders

anisotropy param

Centrality dependence?



2. EVENT-BY-EVENT FLUCTUATIONS
K. MURASE, S. WU, IN PREP.
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Model for event-by-event distributions
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Single event: Sum ofn-Dŀǳǎǎƛŀƴ άƘƻǘ ǎǇƻǘǎέ

Event-by-event distribution of distribution function by fluctuating (ci, ai).

Size/Shape of hot spots
in phase space (6x6)

Center of hot spot h

Magnitude of hot spot h
Gaussian

Number of hot spots

Covariance of hot-spot centers

Gaussian

z Ҟ2(Ǌκˋ, Ǉ)̀
phase space



PartX(1/1)
Result: Single-event yield
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Single event yield by ҝ fA W dAz

Gaussian as a function of  hot-spot positions a

Ą Perform event average with probability density
NA = ҝ dadc Pr(a,c) Na

f

gaussian form
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Result: Yield
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Yield (Event averaged)

yield is 
determined by 

this factor

moments of c

eigenvalues of

sum for classification of A items into n

symmetry factor
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Result: Yield
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Yield (Event averaged)

yield is 
determined by 

this factor

moments of c

eigenvalues of

sum for classification of A items into n

symmetry factor

Cov[fireball]

Cov[nucleus] + Cov[hotspot]
˂ 
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Result: Yield
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Examples A=2 (deuteron) & A=3 (tritons)

Calculate yield ratio NpNt/ Nd
2

ĄChange parameters
ĄCheckqualitative behavior
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NtNp/Nd

2 with two Gaussian in 1d
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n=1: single Gaussian Ratio = 4/9
n=қ: infinite number of hot spots Ratio = 4/9(fluctuations smeared out)
n=2:doubleGaussiancase(no fluctuations in magnitude c)

Average distance of two Gaussian profiles

Position fluctuations increase the ratio
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NtNp/Nd

2 with two Gaussian in 1d
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n=2:with magnitude fluctuations in c

c: uniform distribution in 

Magnitude fluctuations decrease the ratio
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NtNp/Nd

2 with two Gaussian
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n=2:dimensionality of fluctuation directions d (rank of C2
hc)

The increase largely depends on the dimensionality
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NtNp/Nd

2 with n Gaussian
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Change n fluctuation granularity (˂ adjusted to fix the fireball size as ˂қ)

A peak at a certain hot-ǎǇƻǘ ƴǳƳōŜǊ άƴέ
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NtNp/Nd

2 with two fluctuation sources
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f ~sumof two fluctuations sources with different hot-spot sizes Chs1 & Chs2

E.g. critical fluctuations vs
shorter-scale thermal 

fluctuations

Insufficient scale separation in HIC
ĄCan we differentiate them?

The effect becomes larger
when two sources have different sizes


