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○ Dynamics of QGP as a quantum many-body problem

Challenges in QCD

○ Quark matter inside neutron stars



Tomoya Hayata ATHIC2023, 26 Apr. 2023

Lattice gauge theory
○ Lattice discretization＋Path integral＋Monte Carlo
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Hamiltonian lattice gauge theory

+ Exact diagonalization
in small systems
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+ Quantum computation

+ Tensor networks
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Figure 1. Artificial Neural network encoding a many-
body quantum state of N spins. Shown is a restricted
Boltzmann machine architecture which features a set of N
visible artificial neurons (yellow dots) and a set of M hid-
den neurons (grey dots). For each value of the many-body
spin configuration S = (�z

1 ,�
z
2 , . . .�

z
N ), the artificial neural

network computes the value of the wave function  (S).

tic framework for reinforcement learning of the param-
eters W allowing for the best possible representation of
both ground-state and time-dependent physical states of
a given quantum Hamiltonian H. The parameters of
the neural network are then optimized (trained, in the
language of neural networks) either by static variational
Monte Carlo (VMC) sampling [21], or in time-dependent
VMC [22, 23], when dynamical properties are of inter-
est. We validate the accuracy of this approach study-
ing the Ising and Heisenberg models in both one and
two-dimensions. The power of the neural-network quan-

tum states (NQS) is demonstrated obtaining state-of-the-
art accuracy in both ground-state and out-of-equilibrium
dynamics. In the latter case, our approach effectively
solves the phase-problem traditionally affecting stochas-
tic Quantum Monte Carlo approaches, since their intro-
duction.

Neural-Network Quantum States — Consider a quan-
tum system with N discrete-valued degrees of freedom
S = (S1, S2 . . . SN ), which may be spins, bosonic occu-
pation numbers, or similar. The many-body wave func-
tion is a mapping of the N�dimensional set S to (expo-
nentially many) complex numbers which fully specify the
amplitude and the phase of the quantum state. The point
of view we take here is to interpret the wave function as
a computational black box which, given an input many-
body configuration S, returns a phase and an amplitude
according to  (S). Our goal is to approximate this com-
putational black box with a neural network, trained to
best represent  (S). Different possible choices for the ar-
tificial neural-network architectures have been proposed
to solve specific tasks, and the best architecture to de-
scribe a many-body quantum system may vary from one
case to another. For the sake of concreteness, in the
following we specialize our discussion to restricted Boltz-

mann machines (RBM) architectures, and apply them to
describe spin 1/2 quantum systems. In this case, RBM
artificial networks are constituted by one visible layer of
N nodes, corresponding to the physical spin variables in a
chosen basis (say for example S = �z

1 , . . . �z
N ) , and a sin-

gle hidden layer of M auxiliary spin variables (h1 . . . hM )
(see Fig. 1). This description corresponds to a varia-
tional expression for the quantum states which reads:

 M (S; W) =
X

{hi}

e
P

j aj�z
j +

P
i bihi+

P
ij Wijhi�

z
j ,

where hi = {�1, 1} is a set of M hidden spin variables,
and the weights W = {ai, bj , Wij} fully specify the re-
sponse of the network to a given input state S. Since this
architecture features no intra-layer interactions, the hid-
den variables can be explicitly traced out, and the wave
function reads  (S; W) = e

P
i ai�

z
i ⇥ ⇧M

i=1Fi(S), where
Fi(S) = 2 cosh

h
bi +

P
j Wij�z

j

i
. The network weights

are, in general, to be taken complex-valued in order to
provide a complete description of both the amplitude and
the wave-function’s phase.

The mathematical foundations for the ability of NQS
to describe intricate many-body wave functions are the
numerously established representability theorems [24–
26], which guarantee the existence of network approxi-
mates of high-dimensional functions, provided a sufficient
level of smoothness and regularity is met in the function
to be approximated. Since in most physically relevant
situations the many-body wave function reasonably sat-
isfies these requirements, we can expect the NQS form
to be of broad applicability. One of the practical ad-
vantages of this representation is that its quality can, in
principle, be systematically improved upon increasing the
number of hidden variables. The number M (or equiva-
lently the density ↵ = M/N) then plays a role analogous
to the bond dimension for the MPS. Notice however that
the correlations induced by the hidden units are intrinsi-
cally non local in space and are therefore well suited to
describe quantum systems in arbitrary dimension. An-
other convenient point of the NQS representation is that
it can be formulated in a symmetry-conserving fashion.
For example, lattice translation symmetry can be used
to reduce the number of variational parameters of the
NQS ansatz, in the same spirit of shift-invariant RBM’s
[27, 28]. Specifically, for integer hidden variable density
↵ = 1, 2, . . . , the weight matrix takes the form of feature
filters W (f)

j , for f 2 [1, ↵]. These filters have a total of
↵N variational elements in lieu of the ↵N2 elements of
the asymmetric case (see Supp. Mat. for further details).

Given a general expression for the quantum many-
body state, we are now left with the task of solving the
many-body problem upon machine learning of the net-
work parameters W. In the most interesting applications
the exact many-body state is unknown, and it is typi-
cally found upon solution either of the static Schrödinger

TH-Hidaka-Kikuchi, PRD 104, 074518 (2021)

TH-Hidaka, PRD 103, 094502 (2021)
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Application to dense QCD2
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• Simplest QCD with sign problem

• Good playground to study the quarkyonic phase

üConfinement phase with large quark Fermi seas
üQuarkyonic chiral spiral

<latexit sha1_base64="jGob4Q4kupdjT9oOzTNCD2j+0TU="></latexit>p
<latexit sha1_base64="jGob4Q4kupdjT9oOzTNCD2j+0TU="></latexit>p

<latexit sha1_base64="bIKp8RUSVjZoJe9ERbH5ur8Yqgg="></latexit>"

Why dense QCD2?

-Thermodynamic properties (EOS) of dense QCD2?
-How dynamical degrees of freedom changes from baryons
to quarks as density increases?
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• Hamiltonian

QCD2 = (1+1)-dimensional QCD

• Gauss law
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QCD2 = (1+1)-dimensional QCD
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Qi(n) = �†(n)T i�(n)

• Color Coulomb force
Sala, Shi, Kühn, Bañuls, Demler, Cirac, Phys. Rev. D 98, 034505 (2018)
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• DMRG study of the groundstate at finite density
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Matrix product state

- Solve a reduced variational problem iteratively

• Density matrix renormalization group

- Is useful if

• Matrix product operator (MPO)
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Figure 1. The pressure P (left) and the baryon number density nB (right) as a function of µ for
m = 0.5 and 1.0 with ✏ = 2 and N = 160.

we next optmize the bond tensor B34 defined on the (↵2, i3, i4,↵4) basis. We continue this
procedure until reaching the end of chain. This is half of a single DMRG sweep. Next, starting
from the bond in between i = N � 1 and N , we continue the procedure in reverse order back
to the first bond. After reaching the first bond, one full sweep of DMRG is finished. We
iterate the sweep of DMRG with gradually increasing accuracy of truncation of the singular
value decomposition until the desired accuracy of the groundstate energy is reached.

4 Numerical results

4.1 Parameters

The dimensionless lattice Hamiltonian H̃/g0 has three free parameters, a, m and µ.

4.2 Equation of states

In this section, we show that numerical results of thermodynamic quantities using DMRG
with the ITensor Library. The left panel of Figure 1 shows the pressure as a function of µ,
which is a continuous function. In free theory, the pressure increase starts at µ = m. On the
other hand, the baryon mass is larger than 2m due to the contribution of the gauge field, then
the pressure increase starts at µ > m. However,

Figure 1(right) shows the baryon number density as a function of µ:

nB =
@P

@µ
=

1

V
hNBi =

1

L

X

n

h † (n)i . (4.1)
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SU(2)

Baryon densityPressure

• Zero temperature and finite chemical potential
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SU(2)

Pressure
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Figure 2. The pressure P (left) and the energy density " (right) as a function of nB for m = 0.5
and m = 1.0 with t = 2.0 and N = 160.

The baryon number density nB is not a continuous function at a finite volume, the total
baryon number changes the pressure is not uniquely determined as a function of the baryon
number since the baryon number can only change by an integer. Therefore, the pressure is not
uniquely determined as a function of nB. In order to define pressure as a function of baryon
number density, we introduce chemical potential,

µ�
B(nB) = E(NB) � E(NB � 1), (4.2)

µ+
B(nB) = E(NB + 1) � E(NB), (4.3)

µ̄B(nB) =
µ�

B(nB) + µ+
B(nB)

2
. (4.4)

The number and energy density is constant on µ�
B(nB) < µ < µ+

B(nB). In the large volume
limit V ! 1, all these values coincide. However, we are working in a finite volume, they are
different. We define the pressure as a function of nB by

P (nB) = µ̄BnB � ✏(nB). (4.5)

The pressure density as a function of baryon number density is shown in Fig. 2.
Although the pressure is not uniquely determined as a function of nB, one baryon number

density corresponds to one energy density, as sketched in the left panel of Fig. 3. The right
panel of Fig. 3 shows the energy per unit quark number. This quantity tells us whether the
system behaves like a quark or like a baryon. In regions where the baryon number density
is sufficiently large, ✏/(NcnB) becomes proportional to nB and behaves like free quarks (also
see eqs. (2.61) and (2.62)). On the other hand, baryons are bosons at Nc = 2, QCD2 at the
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• “Free fermions” with renormalized mass

Energy density
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SU(3)

Energy densityPressure

• No qualitative differences
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SU(2)

• Baryons form a crystal

Figure 6. We compare the spatial dependence of the baryon number density and chiral condensate
at finite density (nB = 0.2) and vacuum for m = 0.5 (top panel) and m = 1.0 (bottom panel). We
choose the vertical axis as the physical length, L = N/Nc. The chiral condensate ⌃(nB) is normalized
by the value at zero density, ⌃(0).

4.4 Inhomogeneous phase at a finite volume

In (1+1) dimensions, a continuous symmetry cannot be spontaneously broken whose no-
go theorem is known as Hohenberg-Mermin-Wagner-Coleman theorem [42–44]. Therefore, a
translational symmetry cannot be broken. However, the open boundary condition explicitly
breaks the translational symmetry, it may have an inhomogeneous phase. This is the case
in QCD2. In Fig. ??, we show the spatial dependence of the chiral condensate and baryon-
number density for nB = 0 and 0.25. We also plot them in the free lattice theory. In both
cases, baryon-number density oscillates.

For free fermions, the amplitude decays in proportion to 1/L. This can be confirmed
numerically. In contrast, we expect that the decay is much slower than the free theory.

Using the Fourier transform of nB(x), we can read off the largest amplitude and the
wavenumber. Figure ?? shows the wavenumber for QCD2 and free theory. Interestingly, the

– 20 –

• Chiral symmetry is restored inside baryons

Baryon density Chiral condensate
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Nf = 1, N = 160, a = 0.25
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SU(2)

• Density-wave type pairing 

• Nonperturbative effect in low baryon density?

Wave number Amplitude

Figure 7. The nB-dependence of the wave number of nB(x) for

density dependence of the wave number almost coincides with each other. The behavior can
be fitted as

k = 2⇡nB. (4.11)

Since the Fermi momentum of the free theory pF = ⇡nB, we can write k = 2pF. The same
behavior is found in the SU(3) case ??.

Since the number density oscillates in both QCD2 and the free theory, one might expect
that this is an artifact of finite volume and lattice discretization. First let us check the size
dependence for fixed ✏ = 2, by changing N = 1, 2, 4, and 8.

4.5 Quark distribution

The fermi momentum of free theory is pF = ⇡nB

– 21 –
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SU(3)

• Baryons form a crystal

• Chiral symmetry is restored inside baryons

Baryon density Chiral condensate
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k = 2⇡nB = 2pF
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Wigner function of quarks
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Nf = 1, N = 160, a = 0.125

• Crossover from baryons to quarks

SU(2) BEC-BCS crossover

0 1 2 3 4 5
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the OBDM is determined by the molecular wave function
!bs!r": "1!r" ’ !n=2"R d3r0!#bs!jr$ r0j"!bs!r0". For a
zero-range potential the molecular wave function is given
by !bs!r" / e%r=a=r and one finds "1!r" ’ ne%r=a=2. This
behavior is shown in Fig. 1 for 1=kFa & 4. If one moves
closer to the resonance, the OBDM decays slowly and
oscillations start to appear. Finally, on the BCS side of
the resonance, the OBDM becomes more and more similar
to the ideal gas result "1!r" & 3n'sin!kFr"=!kFr" %
cos!kFr"(='2!kFr"2(. The momentum distribution nk, ob-
tained from the Fourier transform of "1!r", is shown in
Fig. 2. In the inset of Fig. 2 we compare nk, calculated
using FN DMC for 1=kFa & 4, with the momentum dis-
tribution of the atoms in the molecular state nk &
4!kFa"3='3#!1$ k2a2"2( [15]. To reduce finite-size effects
in the calculation of the Fourier transform for 1=kFa & 0
and %1, we have used the following model for the k
dependence of nk

nk & A
!
1% !k=kF"2 %$""""""""""""""""""""""""""""""""""""""""""""

'!k=kF"2 %$(2 $ !2
p

#
: (8)

The values of $, !, and A are free parameters determined
by the best fit of the inverse Fourier transform of Eq. (8) to
the calculated "1!r", with the constraint !1=V"Pknk &
!n=2". For A & 1=2, the above expression reproduces the
standard nk of BCS theory with $ and !, respectively, the
chemical potential and gap in units of the Fermi energy
%F & @2k2

F=2m. For 1=kFa & 0 and %1 the Fourier trans-
form of the BCS model, Eq. (8), reproduces quite well the
calculated "1!r" with a &2=' of the order of 1. In Fig. 2 we
also show the results of nk obtained using the BCS mean-
field theory [9], where the values of chemical potential and
gap are calculated self-consistently through the gap and
number equations [15]. The results of Fig. 2 show that the

mean-field theory overestimates the broadening of nk in
the crossover region %1 ) 1=kFa ) 1. Measurements of
the momentum distribution of harmonically trapped sys-
tems have recently become available in the crossover [16].
The comparison carried out at unitarity, using the local
density approximation, shows a good agreement with the
observed distribution, but the experimental uncertainty is
too large to distinguish between mean-field and FN DMC
results [16].

The condensate fraction of pairs ( has been obtained
from the projected TBDM, defined as [17,18]

"P2 !r" &
2

N

Z
d3r1d3r2"2!r1 $ r; r2 $ r; r1; r2": (9)

By using Eq. (3) one finds that limr!1"P2 !r" & (. In terms
of the order parameter, F!jr1 % r2j" & h "!r1" #!r2"i,
one has instead limr!1"P2 !r" & 2=n

R
d3r0jF!r0"j2. In

Fig. 3 we show the results of "P2 !r". Effects due to the
finite simulation box can be substantially reduced if
one considers the decomposition: limr!1"2!r1 $ r; r2 $
r; r1; r2" & jF!jr1 % r2j"j2 $ "2

1!r", accounting for the
large r behavior of "2 when "1!r" is small but not zero.
From this result one finds for the asymptotic behavior of
the projected TBDM: limr!1"P2 !r" & ($ !N=2"*
!2"1!r"=n"2. In Fig. 3 we show results for the quantity
h!r" & "P2 !r" % !N=2"!2"1!r"=n"2, which smoothly con-
verges to a constant for large distances. The results for
the condensate fraction (, as obtained from the asymptotic
behavior of h!r", are shown in Fig. 4. In the BEC regime,
the results reproduce the Bogoliubov quantum depletion of
a gas of composite bosons ( & 1% 8

""""""""""""
nma3

m

p
=3

""""
#
p

, where
nm & !n=2" is the density of molecules and am & 0:6a is
the dimer-dimer scattering length [10,19]. In the opposite

FIG. 2 (color online). Momentum distribution nk for different
values of 1=kFa (solid lines). The dashed lines (red online)
correspond to nk calculated using the BCS mean-field approach
[15]. Inset: nk for 1=kFa & 4. The dotted line (blue online)
corresponds to the momentum distribution of the molecular state
nk & 4!kFa"3='3#!1$ k2a2"2(.

FIG. 3 (color online). Projected TBDM, "P2 !r", (solid sym-
bols), !N=2"'2"1!r"=n"(2 (lines) and h!r" & "P2 !r" % !N=2"*
'2"1!r"=n(2 (open symbols) for different values of 1=kFa:
1=kFa & 1 [solid line and triangles (red online)], 1=kFa & 0
[dashed line and circles (blue online)] and 1=kFa & %1 [dotted
line and diamonds (green online)]. The condensate fraction of
pairs ( corresponds to the asymptotic behavior of h!r".
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Summary

Figure 2. The pressure P (left) and the energy density " (right) as a function of nB for m = 0.5
and m = 1.0 with t = 2.0 and N = 160.

The baryon number density nB is not a continuous function at a finite volume, the total
baryon number changes the pressure is not uniquely determined as a function of the baryon
number since the baryon number can only change by an integer. Therefore, the pressure is not
uniquely determined as a function of nB. In order to define pressure as a function of baryon
number density, we introduce chemical potential,

µ�
B(nB) = E(NB) � E(NB � 1), (4.2)

µ+
B(nB) = E(NB + 1) � E(NB), (4.3)

µ̄B(nB) =
µ�

B(nB) + µ+
B(nB)

2
. (4.4)

The number and energy density is constant on µ�
B(nB) < µ < µ+

B(nB). In the large volume
limit V ! 1, all these values coincide. However, we are working in a finite volume, they are
different. We define the pressure as a function of nB by

P (nB) = µ̄BnB � ✏(nB). (4.5)

The pressure density as a function of baryon number density is shown in Fig. 2.
Although the pressure is not uniquely determined as a function of nB, one baryon number

density corresponds to one energy density, as sketched in the left panel of Fig. 3. The right
panel of Fig. 3 shows the energy per unit quark number. This quantity tells us whether the
system behaves like a quark or like a baryon. In regions where the baryon number density
is sufficiently large, ✏/(NcnB) becomes proportional to nB and behaves like free quarks (also
see eqs. (2.61) and (2.62)). On the other hand, baryons are bosons at Nc = 2, QCD2 at the

– 17 –

• P(ε) at low baryon density is nonperturbative
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