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Motivation 
Ø high precision measurement at FCC: lepton collider (FCC-ee), 𝑠=(90,365)GeV   
Ø correspond to the precision measurement around ZH maximum, 𝑠 = 240GeV
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Ø high precision measurement at FCC: lepton collider (FCC-ee), 𝑠=(90,365)GeV   
Ø correspond to the precision measurement around ZH maximum, 𝑠 = 240GeV



Ø inclusive measurement, leptonic Z decay via 
recoil mass method, independent on Higgs 
decay

Ø exclusive measurement

Ø SM prediction is needed in global fit

• Higgs total width, other Higgs coupling

• Higgs coupling/width fit: Jorge de Blas’s talk

FCC-ee: Higgs factory

• Higgs mass, ZH cross section: Ang Li’s talk
• HZZ coupling:

<latexit sha1_base64="WtJsh9rD3bqDt6EXZ3N8oFPFhyE="></latexit>
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• comparable with experimental precision:
0.5% for inclusive cross section

• calculate                           with sub-percent precision

arXiv:2106.15438 [hep-ex]

Eur. Phys. J. Spec. Top. 228, (2019)
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Ø Z decays to muon pair, the matrix element = signal + background

Ø Since the experiment selects muon pair near Z resonance, A dominate
Ø Differential cross section for A term = differential cross section for ZH multiply Z decay

Ø As a first step, calculate the differential cross section for ZH

<latexit sha1_base64="xF1PD6d2hepAMf4JeNzo8PGdK0Q="></latexit>
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Theoretical prediction for 𝝁𝝁𝐇
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Ø Perturbative expansion with respect to EW coupling(𝛼) and QCD coupling(𝛼!)

Ø LO : only consider s channel(ignore electron mass)
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Ø Perturbative expansion with respect to EW coupling(𝛼) and QCD coupling(𝛼!)

Ø NLO: unpolarized beam: 5-10%; polarized beam: 10-20%

Theoretical prediction for ZH
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Ø Perturbative expansion with respect to EW coupling(𝛼) and QCD coupling(𝛼!)

Ø NNLO(EW+QCD): 0.4-1.3% (𝛼 0 , 𝛼 𝑀" , 𝐺#); 1.3% (𝑀𝑆, 𝛼 𝑀" )   

Theoretical prediction for ZH
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Ø Perturbative expansion with respect to EW coupling(𝛼) and QCD coupling(𝛼!)

Ø NNLO(EW+EW): largest missing part

Theoretical prediction for ZH
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Ø Feynman parametrization
Numerical Evaluation method

• applied to calculate double-box diagrams with arbitrary mass
• 2-digit precision; takes few days integrand converges slowly
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Ø Feynman parametrization

Ø Differential equation

Numerical Evaluation method

• applied to calculate double-box diagrams with arbitrary mass
• 2-digit precision; takes few days integrand converges slowly

• applied to calculate NNLO(EW+EW) diagrams  
• systematic treatment of UV and IR divergence
• 2-digit precision; takes 10^4 CPU(h for complete NNLO(EW+EW)
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Ø Feynman parametrization

Ø Differential equation

Ø Feynman parametrization and dispersion relation

Numerical Evaluation method

• applied to calculate double-box diagrams with arbitrary mass
• 2-digit precision; takes few days integrand converges slowly

• applied to calculate NNLO(EW+EW) diagrams  
• case-by-case UV divergence treatment
• evaluation is fast, takes few minutes for double-box diagrams, ~sec for simpler diagrams 
• ≥3-digit precision

• applied to calculate NNLO(EW+EW) diagrams  
• systematic treatment of UV and IR divergence
• 2-digit precision; takes 10^4 CPU(h for complete NNLO(EW+EW)
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Calculation process

Ø Generate Feynman diagrams: FeynArts

Ø Performs the Lorentz and Dirac algebra: FeynCalc
in D dimension

Ø Use private code to simplify square amplitude: 
based on Feynman parametrization and 
dispersion relation; square amplitude is reduced 
to a 3-fold numerical integral 

<latexit sha1_base64="0Tnpn6wtlca/9uNeW9wMCa+og8M="></latexit>
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Calculation process 

Ø UV divergent amplitude cannot be evaluated 
numerically: subtract a few simple terms I to 
make it UV finite and add it back analytically

Ø differential and total cross section
<latexit sha1_base64="0MFOpd6QSAgdq9eenXezRGjqCHo="></latexit>
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IR divergence
Ø spurious IR divergence: regulate with a small photon mass
Ø physical IR divergence: cancel with real photon emission, not include in our calculation
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Ø our method Ø Reduce square amplitude to 
master integrals  with FIRE

Ø Evaluate master integrals with 
TVID

METHOD-1 METHOD-2cross-check

Validation
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find good agreement: our method can 
deal with UV divergence successfully



Numerical result:         scheme
<latexit sha1_base64="cEWETk74R18NSWjyhBzvwFbi4U8="></latexit>

↵(0)
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mW = 80.352GeV , mZ = 91.1876GeV , mH = 125.1GeV

mt = 172.76GeV , mf 6=t = 0GeV

↵�1 = 137.036 , �↵(m2

Z) = 0.059 ,
p
s = 240GeV

Ø Input parameters:

Ø Calculate diagrams with fermion loops(𝑁$ denotes the number of fermion loops):  
dominate due to large top mass and large flavor number:

Qian Song(U. Pitt) 6th FCC Physics Workshop, Jan 22-27  2023
17

𝑁! = 2𝑁! = 1



Ø NLO corrections: 3%  

Ø NNLO(EW+EW) corrections: 0.7%
Ø At NNLO(EW+EW), contributions 

with 2 fermion loops is much larger 
than 1 fermion-loop

Numerical result:         scheme
<latexit sha1_base64="cEWETk74R18NSWjyhBzvwFbi4U8="></latexit>
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• bosonic and fermionic 
contribution partially cancel

• large top mass and flavor number 
enhancement

• accidental numerical cancellation

Qian Song(U. Pitt) 6th FCC Physics Workshop, Jan 22-27  2023
18



ØContribution for 𝑁$=1:

Ø Shape of angular distribution is 
changed slightly because of new
Lorentz structure

LO

NLO

NNLO
Nf=2

NNLO, Nf=1+2

0 π/4 π/2 3π/4 π
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θ

d
σ/
d
co
sθ

[fb
]

• difference between solid bule line 
and dashed green curves

• > 0 for 𝜃=(0.3𝜋,0.7𝜋)
• < 0 for 𝜃=(0,0.3𝜋)&(0.7𝜋,𝜋)
• cancellation when integrating
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Numerical result:         scheme
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↵(0)

• 𝛾ZH, box diagram: not appear at LO
• ZZH: LO: 

NNLO: 
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• FCC-ee will measure ZH cross section with very high precision 
• NNLO(EW+EW) must be included
• Diagrams with closed fermionic loops are dominated
• Method: Feynman parametrization and dispersion relation, appliable for 
• NNLO(EW+EW) correction with fermion loops increases LO cross section about 0.7% , 

comparable with experimental precision
• Our method is also appliable for diagrams without fermion loops
• For future: real correction, unstable Z&H decay, …

Summary

Thank you!
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• use Feynman parametrization to simplify the denominators
only involve q2

• integrate over q2: B0 function
• loop momentum q1 appears in B0 function
• cannot integrate over q1
• use dispersion relation to decouple q1 from B0 function

UV finite diagram: Planar double-box diagram
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S. Bauberger, F. A. Berends, M. Bohm and M. Buza `95

UV finite diagram: dispersion relation
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UV finite diagram: dispersion relation
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UV finite diagram: Planar double-box diagram
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D0(k
2
i ;m

2
j ,�)→

Integrate using
Feyncalc

<latexit sha1_base64="+twYV5AIdgUQ3+v/Pe6pd5QDDXk="></latexit>

m2
q0 � 0 , m02 > 0
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Ø Subtraction terms to deal with UV divergence: 

Ø 3 types subtraction terms          1 global divergence(highest order divergence)
+ 2 local divergences(divergence from subloops) 

UV divergent diagram

• subtract few simple terms(             ) to make it UV finite 
• must be simple enough to be integrated analytically 
• add              back analytically

<latexit sha1_base64="fJl7GP+E5Kxw/jkEqSw1a1lqiWI="></latexit>

Isubtra
<latexit sha1_base64="fJl7GP+E5Kxw/jkEqSw1a1lqiWI="></latexit>

Isubtra
<latexit sha1_base64="fJl7GP+E5Kxw/jkEqSw1a1lqiWI="></latexit>

Isubtra
<latexit sha1_base64="xsvAYSN7mcNLpC9FEpuMp7WmvgU="></latexit>$
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UV divergent diagram: VZH vertex

Ø subtract a vacuum diagram (no legs) with same intermediate particles
Ø vacuum diagram is used to cancel the global divergence 

<latexit sha1_base64="Z34jfmBAsZggN2erQwiS53dMXPE=">AAACFnicbZDLSsNAFIYn9VbrLerSzWCRCsWSlKJuhNJuXFawF2hqmUwn7dDJJMxMhBLyFG58FTcuFHEr7nwbp21Abf1h4Oc753Dm/G7IqFSW9WVkVlbX1jeym7mt7Z3dPXP/oCWDSGDSxAELRMdFkjDKSVNRxUgnFAT5LiNtd1yf1tv3REga8Fs1CUnPR0NOPYqR0qhvnl1BxxMIx1YSOySUlAX8rpwU57BW+KFJsV7om3mrZM0El42dmjxI1eibn84gwJFPuMIMSdm1rVD1YiQUxYwkOSeSJER4jIakqy1HPpG9eHZWAk80GUAvEPpxBWf090SMfCknvqs7faRGcrE2hf/VupHyLnsx5WGkCMfzRV7EoArgNCM4oIJgxSbaICyo/ivEI6QDUTrJnA7BXjx52bTKJfu8VLmp5Ku1NI4sOALH4BTY4AJUwTVogCbA4AE8gRfwajwaz8ab8T5vzRjpzCH4I+PjG+aLnzg=</latexit>

=
0

✏2
+

B0

✏
+ C 0
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UV divergent diagram: VZH vertex

Ø Subtract four “diagrams” to cancel local divergence from fermionic and bosonic loop
Ø “diagrams” = mathematical formulas at UV divergence limit

<latexit sha1_base64="c46aMvtn1uQGz1I2QSO2L3z59nE=">AAACFnicbVDLSsNAFJ3UV62vqEs3g0UqFEtSiroRit24rGAf0MQymU7aoZNJmJkIJeQr3Pgrblwo4lbc+TdO2yy09cCFwzn3cu89XsSoVJb1beRWVtfWN/Kbha3tnd09c/+gLcNYYNLCIQtF10OSMMpJS1HFSDcSBAUeIx1v3Jj6nQciJA35nZpExA3QkFOfYqS01DfPrqDjC4QTK00cEknKQn5fTctLYlpulEp9s2hVrBngMrEzUgQZmn3zyxmEOA4IV5ghKXu2FSk3QUJRzEhacGJJIoTHaEh6mnIUEOkms7dSeKKVAfRDoYsrOFN/TyQokHISeLozQGokF72p+J/Xi5V/6SaUR7EiHM8X+TGDKoTTjOCACoIVm2iCsKD6VohHSAeidJIFHYK9+PIyaVcr9nmldlsr1q+zOPLgCByDU2CDC1AHN6AJWgCDR/AMXsGb8WS8GO/Gx7w1Z2Qzh+APjM8fzXOfJg==</latexit>

=
0

✏2
+

0

✏
+ C 00

<latexit sha1_base64="pPZnCLYV5JC5LACllx5XeSvZe1I=">AAACD3icbVDLSsNAFJ34tr6qLt0MFsVVSaSoG6HoxqWCVaEJYTK9aYdOJnHmRgyhf+DGX3HjQhG3bt35N05rF74OXDiccy8z50SZFAZd98OZmJyanpmdm68sLC4tr1RX1y5MmmsOLZ7KVF9FzIAUClooUMJVpoElkYTLqH889C9vQBuRqnMsMggS1lUiFpyhlcLq9nXoUR9T6gsVY0H9bpdmoY9wi6Ud0IrJwaEbVmtu3R2B/iXemNTIGKdh9d3vpDxPQCGXzJi252YYlEyj4BIGFT83kDHeZ11oW6pYAiYoR3kGdMsqHRqn2o5COlK/X5QsMaZIIruZMOyZ395Q/M9r5xgfBKVQWY6g+NdDcS6pzT8sh3aEBo6ysIRxLexfKe8xzbgtwlRsCd7vyH/JxW7d26s3zhq15tG4jjmyQTbJDvHIPmmSE3JKWoSTO/JAnsizc+88Oi/O69fqhDO+WSc/4Lx9AnsDnFg=</latexit>

q1 ! 1 � pexternal = 0
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UV divergent diagram: VZH vertex

UV finite, 
numerically integrated in C++

UV divergent, 
analytically evaluated with private code
→ all divergences cancel after combine 
counter-term diagrams
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UV divergent diagram: VZH vertex

• Subtract two “diagrams” to cancel divergence from fermionic loop
• “diagrams” = mathematical formulas at UV divergence limit

<latexit sha1_base64="ooLL6xl403VyYMkBbjoO5J47DNI="></latexit>

I =

Z Z
q41

(q22 �m2
V2
)((q2 + p)2 �m2

V1
)((q2 + q1)2 �m2

f1
)(q21 �m2

f2
)((q1 � ph)2 �m2

f2
)((q1 � p)2 �m2

f2
)

lim
q1!1

I =

Z Z
1

(q22 �m2
V2
)((q2 � p)2 �m2

V1
)

q41
(q21 �m2

f2
)(q21 �m2

f2
)(q21 �m2

f2
)(q21 �m2

f1
)
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UV divergent diagram: VZH vertex

• add them back analytically: product of two 1-loop master integrals
<latexit sha1_base64="v/BYTa5vOnHIY2ViImF1GF5h7/E="></latexit>

[B0(p
2,m2

V2
,m2

V1
)�B0(0,m

2
V2
,m2

V1
)]⇥ [c1A0(m

2
f1) + c2A0(m

2
f2)]
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<latexit sha1_base64="u4jKp/bmZdVMt9POVy9Pl0S/Ly4="></latexit>

�Ze(1)|↵(0) =
1

2
⇧light-f(0) +

1

2
⇧top(0) +

1

2
⇧bos(0)�

sW
2cW

�ZZ�(1)

=
1

2
(�↵(m2

Z) + Re⇧light-f(m
2
Z)) +

1

2
⇧top(0) +

1

2
⇧bos(0)�

sW
2cW

�ZZ�(1)

Renormalization of electric charge

<latexit sha1_base64="iN40SxizCUwYA/grl9fAU79sDds="></latexit>

⇧(0) = ⇧top(0) +⇧light-f(0)

⇧light-f(0) = ⇧light-f(0)� Re⇧light-f(p
2)

| {z }
⌘�↵

+Re⇧light-f(p
2) , ⇧(p2) =

⌃��
T (p2)

p2

�↵ = ⇧(0)lepton � Re⇧(p2)lepton| {z }
�↵lepton

+⇧(0)hadron � Re⇧(p2)hadron| {z }
�↵hadroni.e.q 6=t
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• A simple method is based on the assumption that the perturbation series follows 
roughly a geometric progression, such as 

• One is called the "Traditional Blue Band Method". It is based on the fact that the results 
by using different method, different renormalization scheme, differ from each other. 

• A different approach is that for each type of unknown corrections the relevant 
enhancement factors are kept and remaining dimensionless loop integral is set to be 1.

Missing term estimation

<latexit sha1_base64="GFH/fPW4o9Xc7Y5Ml0uQK63NjmA=">AAACWHicbVHLSgMxFM2MrX34qnXpJliEdlNmpKgboejGnRXsAzq13EkzbWjmQZIRyjA/KbjQX3Fjpi2obQ8EDueee3Nz4kacSWVZn4a5l8vvF4ql8sHh0fFJ5bTak2EsCO2SkIdi4IKknAW0q5jidBAJCr7Lad+dP2T1/hsVkoXBi1pEdOTDNGAeI6C0NK6Ejg9qRoAnT2ndAR7N4PUKr8hYNvAddiaeAJLs8jXSHXIj3dZ+B44rNatpLYG3ib0mNbRGZ1x5dyYhiX0aKMJByqFtRWqUgFCMcJqWnVjSCMgcpnSoaQA+laNkGUyKL7UywV4o9AkUXqp/OxLwpVz4rnZmO8vNWibuqg1j5d2OEhZEsaIBWV3kxRyrEGcp4wkTlCi+0ASIYHpXTGagc1T6L8o6BHvzydukd9W0r5ut51atfb+Oo4jO0QWqIxvdoDZ6RB3URQR9oG8jZ+SNLxOZBbO0sprGuucM/YNZ/QF9s7Rh</latexit>

O(↵2↵s) =
O(↵2)

O(↵)
O(↵↵s)
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