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Introduction

Introduction

Investigations of the heavy mesons play the essential role in understanding the
vacuum properties of the nonperturbative QCD [1]. In particular, analysis of the
variation of the parameters of the heavy quarkonia, namely bottomonium (bb) and
charmonium (€c) in hadronic medium with respect to the temperature can give
information about the QCD vacuum and transition to the quark gluon plasma (QGP)
phase. Determination of the hadronic properties of the vector mesons in hot and dense
QCD medium has become one of the most important research subject in the last
twenty years both theoretically and experimentally. J /+) suppression effect due to color
screening can be considered as an important evidence for QGP [2]. This suppression
effect has been observed experimentally at CERN and at BNL.
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Introduction

Introduction

Properties of the heavy mesons in vacuum have been investigated widely in the
literature using the nonperturbative approaches like QCD sum rules, nonrelativistic
potential models, lattice theory, heavy quark effective theory and chiral perturbation
theory. QCD sum rules which is based on the operator product expansion (OPE), QCD
Lagrangian and quark-hadron duality, is one of the most informative, applicable and
predictive models in hadron physics [3, 4]. The thermal version of this model proposed
by Bochkarev and Shaposhnikov [5]. However, in expansion of this method to finite
temperature we are face to face with some difficulties. One of the complication is the
interaction of the current with the particles in the medium which requires the
modification of the dispersion representation [6-8]. The other complication of the
thermal QCD is breakdown of the Lorentz invariance via the choice of reference frame.
Thermal QCD sum rules has been successfully used for studying the thermal
properties of light [9-11], heavy-light[12-14] and heavy-heavy [15-18] mesons.
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In the present work, we calculate the decay constants fy of the heavy vector quarkonia
J/v(€c) and T (bb), which are defined by the matrix element of the vector current J,,
between the vacuum and the vector-meson state,

(013,IV (a, A)) = fymyel). €

To obtain the thermal QCD sum rules for physical quantities, we need to calculate the
convenient thermal correlation function in two different ways: in terms of QCD degrees
of freedom and in terms of hadronic parameters. In QCD side, the correlation function
is calculated via OPE which allows us expand the time ordering product of currents in
terms of operators with different dimensions. We begin by considering the following two
point thermal correlation function:

My (q,T) - i/d“x eld X Ty (p T(JM(X)J:E(O)», @

where J,,(x) =: Q(x)7,Q(x) : is the vector current and Q = b or ¢ quark field, 7~
indicates the time ordered product and p = e =8 /Tre=AH is the thermal density matrix
of QCD at temperature T = 1/3. As we previously mentioned, the Lorentz invariance
breaks down via the choice of reference frame at which the matter is at rest. However,
using the four velocity vector u,, of the matter, we can define Lorentz invariant
quantities such as w = u - g and §° = w? — g2.
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Thermal QCD Sum Rules for Vector Mesons

Using these quantities, the thermal correlation function can be expressed in terms of
two independent tensors P, and Q. at finite temperature [9], i.e.,

nl»“’ (q7T> = Qll«l’rh(qsz) + Pl“’rll(qsz)v (3)
where
Qv 9=
Puu = _guu‘f' :2 - ?Uuuu,
6= =
Q[J.V = fzu,uuw (4)
q

and U, = u,, — w g, /9?. Here the functions M, and M are the following Lorentz
invariant functions:

I‘I|(q2,w> = a—lzu”l'lm,u”, 5)

My (qz,w> = —%(g”“l‘lw * gé““”»wu”)- (6)
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It can be shown that in the limit |q| — 0, the function IM; can be expressed as
My = f%g“l’l‘lw and in this limit the functions M, and I; are related to each other

M (do, lal = 0) = a3 My (a0, lal = 0).
Also, the spectral representation of the thermal correlation function can be written as

[9]:
12
2 _ S} 2 p|,t<qo 7T)
nl,t(QoyT)—/o dagp m7 (7)

where Q2 = —q2, and

1 Bdo
2 2
Pt (qoﬂ') = ;Iml'lm (qo,T>tanh — 8)
In our calculations, firstly we consider M1 (q, T) = g#*M,.(q, T) function and we use
thermal quark propagator [24]:

— -+ 2min(lko)3(k? —m?)), ©)
le

S(K) = (ks +m) (o y

where n(x) = [exp(Bx) + 1]~ is the Fermi distribution function .
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Carrying out the integral over ko, we obtain the imaginary part of the My (g, T) in the
following form:

ImMy(a, T) = L(do) + L(—0o), (10)
where

dk w? —k?+k-q—wifo — 2m?

c
A2 wrwo

L) = N
x (101 = na)(2 = n2) + ana]a(do — wr — w2) = [(L = 1)z + (1 = nz)ny]
X 6(do — w1 +w2)>,

11

and ny; = n(wi), Nz = N(w3), w1 = Vk? + m2 and wp = +/(k — q)2 + m2. The term
without the Fermi distribution functions shows the vacuum contribution but those
including the Fermi distribution functions express medium contributions. The
delta-functions in the different terms of Eq. (11) control the position of branch cuts [5].
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After straightforward calculations, the annihilation and scattering parts of

1 (qg, T) = %Iml‘ll(qg,T> tanh % at nonzero momentum can be written as:
—3¢? 2 v 2, 42 2
PLa= 5 (3—v)[v— dxn+(x)] for 4m<+qg° <qgj < oo,
7T Y

PLs = 3Lﬁ(:& 7v2)/oo dx [n_(x) = n+(x)] for g2 < g2
S 1672 v v= ’

where v(3) = /1 — 4m?/6Z, n.(x) = n[$(do + Iqlx)] and

n-(x) = n[3(lalx - o)
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From the similar manner, we can calculate also the function
M>(q,T) = urMu.(q, T)u”. Finally we obtained the annihilation and scattering parts
of pt in the following forms:

Pt,a

32ﬁ2/ dx(2 = v2 +x2)[1 = 2n, (x)], 14)

e = by [T ax@- v+ xn-00 - il s)
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In our calculations, we also take into account the perturbative two-loop order as
correction to the spectral density. This correction at zero temperature can be written as

[1,3]:

pas(s) = asév(s)(vaz(s)) [ZV’ES) - %(3+v(s)> (g - %)] (16)

where, we replace the strong coupling as in Eq. (16) with its temperature dependent
lattice improved expression o(T) = 2. 095(82)g [16 22] where

(0= 2 (2T) + S fon (2T a

where Ayg = Tc/1.14(4) and Tc = 0.160GeV.
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QCD Quark  perturbative é é é
> = + +

Propagator contribution non-perturbative contribution

Figure: 1. Quark propagator.

In order to calculate the nonperturbative part in QCD side, we use the quark propagator
in an external gluon field, A% (x) in the Fock-Schwinger gauge, x*A?, (x) = 0. Taking
into account one and two gluon lines attached to the quark line, the massive quark
propagator can be written in momentum space in the following form [3]:

Saa’nonperl(k) _ _jzg(tC)aa’Gi)\(O) 3 [o’,ﬁk(k—l—m)—l—(k-f—m)a,i)\]

1
(<2 —m2)
AR
(k2 _ m2)5
X (fOéB[J.V + fcx,u,Bu + fQuDB)(K + m)7

i ,
- Zgz(tctd )% Gz,e (O)wa (0)

(18)
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where,

fOéB[J.V = 'Ya(k + m)’Y,B(K + m)w#(k + m)’yl" (19)

We also need to know the expectation value (TrG, 3G, ). The Lorentz covariance at
finite temperature allows us to write the general structure of this expectation value in
the following manner:

1
(W°GagGu) = 52 (Gaupn — Gav8pu) (G367

1
+ 5 [gaugﬁu —Gav9su — 2(UaUpdp, — Ualvlpy

— UgU, Qo + uBUVga#)] (ures_u7),
(20)

where @ia is the gluonic part of the energy - momentum tensor of the QCD.
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Finally, up to terms required for our calculations, the non perturbative part of massive
quark propagator at finite temperature can be written as:

aa’nonper i cvaal ~c 1
S Pert(k) = *Zg(t ) Gmm[am(Ker)Jr(ker)am]
igz 6aa/ 3m(k2 +m k . o
+ g(kz_m2)4{ ( 2 )<GQ,BG /3>+ [m<k2—4(k~u)2>

+

(m2 — 4k - u)2> K+ 4(k - u)(k? — m?) ;A] <u“@i5uﬂ)}. 1)
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Using the above expression and after straightforward but lengthy calculations, the
nonperturbative part in QCD side is obtained as:

1 2
ppeneert / ax{ - (2:G7) 7 [6a°(—1 + x)*x* + 6mq*x?
g 72w[m2 +q2(fl+x)x]
X (=14 x)2(1 — 6x + 6x2)m®(5 — 32x + 42x2 — 20x> + 10x%)
+ mtgix ( — 14+ 95x — 140x2 + 653 + 6x* — 2x5>]
as(u*e? ub
_ s(U7Casu™ ; [x(—1+x)<4q4x2(l—3x + 2x?)?
547 [mz +02(-1+ x)x]

+  m*(12 — 35x + 21x? 4 28x% — 14x%)
m2g?x(—13 + 55x — 82x2

+ 36x3 4 6x4 — 2x5)> (q2 —4(q- u)2>] } (22)

_l’_

where, (G?) = (G¢, ;,G®*F).
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Now, we turn our attention to calculate the physical or phenomenological side of the
correlation function. For this aim, we insert a complete set of physical intermediate
state to Eq. (2) and perform integral over x. Isolating the ground state, we get

013,V (g, M)V (g, \)|35|0
nuy(q) — Z ( ‘ H‘ (q 2)>< (Zq )I I ) + , (23)
A my =4
where the hadronic states {|V (g, A))} form a complete set and ..... indicate the

contributions of excited vector mesons and continuum states.

In order to obtain thermal sum rules, now we equate the spectral representation and
results of operator product expansion for functions M, (g2, w) or M(q?, w) at sufficiently
high Qg. When performing numerical results, we shall set |q| — 0 representing the rest
frame of the particle. In this limit since the functions I, and I1; are related to each
other, it is enough to use one of them to obtain thermal sum rules. Here, we use the
function IM;.
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Equating the OPE and hadronic representations of the correlation function and
applying quark-hadron duality, our sum-rule takes the form:

f20Q4 So lal?
. VQg = 61/ [Pt,ags) + pazs (s)] & / Pts _ds + I-Itnonpert7 (24)
(m\/ JrQg) my, 4m?2 S (SJFQo) 0 s + Qg

where, for simplicity, the total decay width of meson has been neglected. In derivation
of Eq.(24) we have also used summation over polarization states,

>oa E(HA) E(VA) =—(g" - ququ/m\z/)-
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Applying Borel transformation with respect to Q§ to Eq.(24), we obtain

m So _ s
gmien(—ut) = [ dslua(s)+pu(sle W

+

lal? s
/ ds prs(s)e w2 + Brgeeent,
0
(25)

As we also previously mentioned, when doing numerical analysis, we will set |q| — 0.
In this case, the scattering cut shrinks to a point and the spectral density becomes a
singular function. Hence, the second term in the right side of Eq.(25) must be detailed
analyzed. Detailed analysis shows that

lal?

. s
‘qlmo s dSptys(S)eXp< — —) =0. (26)

In Eq.(25), §I‘|tnonperl shows the nonperturbative part of QCD after Borel
transformation, which is given by:
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1

. 1

Bnnonpert:/ dX ex G

L o 144 7w M8 x4 (=1 + x)4 p[MZX( 1+x) ]{< s

x [12M6x4(—1+x)4—m6(1—2x)2(—l—x+x ) — 12 m2 M* x2 (=1 + x)2
X (1—3%x+3x?) + m* M? x (-2 4 19x — 32x? + 11x3 + 6x* — 2x5)] + 4 as(09)
x [—8M6x3(1—2x)2(—1+x)3+m6(1—2x)2(—1—x+x2)—2m2|\/|4x2
X (=1 +%)°(—1 — 6x + 8x% — 4x3 + 2x*) + m* M? x (=2 + 3x — 12x?

4+ 31x3 —30x4 4 10x5)] } @7)

_ oY
where, ©9 = ©¢,.
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In this section, we discuss the temperature dependence of the masses and leptonic
decay constants of the J /¢» and T vector mesons. Taking into account the Egs. (26)
and (27) and applying derivative with respect to 1/M? to Eq.(25) and dividing by
themselves, we obtain

20 ds s [pra(s) + pas (N exp (= 13 ) + NP (M2, T)

m2 (T) = 24 )
' S22 dS[o1a(s) + pa (SN exp (— 12 ) + BTN
and
nonpert m\2/
12(T) = (T)/ 5 [0a(5) + pas (S)]e 7 + BT exp (1),
(29)
where
ngonpert(M27 T ) M4 d B I-Inonpert’ (30)
dm?2
and
na(s) = grzsn(s)@ -2 [1-20 ()], 31
’ 8 2
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We use the gluonic part of the energy density both obtained from lattice QCD [20-22]
and chiral perturbation theory [19]. The total energy density obtained from lattice QCD
[20]is fitted by the following parametrization:

(©) =2(09) = 6 x 10 %exp[80(T — 0.1)](GeV*), (32)

where temperature T is measured in units of GeV and this parametrization is valid only
in the region 0.1 GeV < T < 0.17 GeV. In chiral perturbation limit, the thermal
average of the energy density is expressed as [19]:

(©) =(en) +3p, (33)

where (©14) is trace of the total energy momentum tensor and p is pressure. These
guantities are given by:
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o = (%),
p o= () o+ 2+ B Yen(- ).

(34)
where Ap = 0.275 GeV, Fr = 0.093 GeV and m, = 0.14 GeV. Also, we use the

temperature dependent continuum threshold so(T) [13] and gluon condensate (G?)
[20,21] in the following form :

T \8 > T\®
So(T) =50 [1— (=— 4m — |, 35
oM =501~ (57)"] +4m% (3) )
where T¥ = 1.1 x Tc = 0.176 GeV.

(0|G?|0)

(% = exp [12(TT—C - 1.05)] +1

(36)
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In our calculations, we use the values, m¢ = (1.3 + 0.05) GeV, m, = (4.7 £ 0.1) GeV
for quarks masses and (0 | %ast | 0) = (0.012 4+ 0.004) GeV* for gluon condensate
at zero temperature. The sum rules for the masses and decay constants also include
two parametres : continuum threshold sy and Borel mass parameter M2. The
continuum threshold, sq is not completely arbitrary and it is related to the energy of the
first exited state. Our numerical analysis show that in the intervals

Sp = (11 — 12) GeV? for the J /+ and so = (98 — 100) GeV? for the T channels, the
results weakly depend on this parameter. The working region for the Borel mass
parameter, M2 is determined demanding that both the contributions of the higher states
and continuum are sufficiently suppressed and the contributions coming from the
higher dimensional operators are small. As a result, the working region for the Borel
parameter is found to be 8 GeV? < M2 < 25 GeV? for J /¢ and

12 GeV2 < M2 < 35 GeV?2 for T mesons.
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Firstly, we calculated the values of the decay constants of the J /¢ and T mesons at

T = 0 and we obtained that f; /,, = (460 £ 22) MeV and fy = (715 £ 32) MeV. These
results are in good consistency with the existing experimental data and predictions of
the other nonperturbative models [25,26]. Finally, we plot the temperature dependence
of the decay constants and masses in figures 2-5 at different values of the sg. As
shown in these graphs, decay constants and masses remain insensitive to the variation
of the temperature up to T =2 100 MeV, however after this point, they start to diminish
increasing the temperature.At deconfinement or critical temperature, the decay
constants approach roughly to 50% of their values at zero temperature, while the
masses are decreased about 12%, and 2.5% for J /¢ and T mesons, respectively. Our
results at zero temperature as well as the behavior of the mass and decay constant
with respect to the temperature can be checked in the future experiments. Also the
temperature dependence of the considering quantities can be used in analysis of the
heavy ion collision experiments.
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Figure: 2.The dependence of the mass of J /v vector meson in GeV on temperature at
M2 = 10 GeV?.
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9.8 T T T 10.0
------------------- AA
< ‘“AA 198
A
8 TN
E‘— 9.6 '*_*A
*3
*, 196
A
Chiral, * Lattice s;=98 GeV* *
----Chiral, 4 Lattice s=100 GeV’
9.4 " " : 9.4
0.00 0.05 P&y 0.15 0.20

Figure: 3.The dependence of the mass of T vector meson in GeV on temperature at
M2 = 20 GeV2.
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0.00 0.05 0.10 0.15 0.20
T T T

0.64 10.6
S
8
= 40.4
S

----Chiral, * Lattice s=11GeV’
02 |——GChiral 4 Lattice s=12GeV* \ lo2
T T T
0.00 0.05 0.10 0.15 0.20
T(GeV)

Figure: 4.The dependence of the leptonic decay constant of J /v vector meson in GeV on
temperature at M? = 10 GeV 2.
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Figure: 5.The dependence of the leptonic decay constant of T vector meson in GeV on
temperature at M? = 20 GeV?.
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