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NNLO CORRECTIONS
PERTURBATIVE INSTABILITY AT SMALL =x

THEORY

e Perturbation theory unstable

e leading log approx no good
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RESUMMATION

THE APPROACH OF ALTARELLI, BALL, S.F.

e PERTURBATIVE STABILIZATION (ns = 0)
— DUALITY (MOMENTUM CONSERVATION)
— EXCHANGE SYMMETRY

— RUNNING COUPLING

e EXTENSION TO THE QUARK SECTOR
— ny # 0 RESUMMATION

— CHOICE OF FACTORIZATION SCHEME

e RESULTS
— SPLITTING FUNCTIONS

— QUARK AND GLUON EVOLUTION



THE FIRST INGREDIENT: DUALITY (fixed coupling)

THE ALTARELLI-PARISI EQN IS AN INTEGRO-DIFFERENTIAL EQUATION = IT CAN
BE EQUIVALENTLY VIEWED AS QQ—EVOLUTION EQUATION FOR x—MOMENTS
(usual RG eqn.), OR z—EVOLUTION EQUATION FOR (Q°~MOMENTS (BFKL eqn.)

EVOLUTION IN ¢ = In Q? EVOLUTION IN £ =In1/x
LGN, 6) = 7(N,as) GIN,1)  LG(E, M) = x(M,a,) G(¢, M)
MELLIN £—MOMENTS MELLIN QQ*~MOMENTS
G(N.t) = [Pdce™MEGe,t)  G(&,M) = [ dte ™M G(& 1)

THE TWO EQUATIONS HAVE THE SAME SOLUTIONS
PROVIDED THE EVOLUTION KERNELS ARE RELATED BY

X(V(V, as), as) = N
YX(M, as), as) = M

& BOUNDARY CONDITIONS RELATED BY
Ho[M] — Go(N) = Ho[v(N, as)]/x" (v(N, as))



... CAN SWITCH FROM LLQ? TO LL1/x

CHOOSING THE EVOLUTION KERNEL
In 1/ EVOLUTION
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. .. IN EITHER EQUATION!
In Q? EVOLUTION
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DOUBLE-LEADING EVOLUTION

4 leading &
next—to—leading

X DL kernel
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DOUBLE-LEADING EVOLUTION
MOMENTUM CONSERVATION!
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THE SECOND INGREDIENT: EXCHANGE SYMMETRY

DIAGRAMS FOR In 1 / x EVOLUTION KERNEL

k? = Q7
digG<£a M) — X(M7 Oés) G(£7 M)
oo dQ2 QQ —M QQ
X(faM)Zf_OOW (1?2) x(& 2=)
SYMMETRIC UPON INTERCHANGE
OF INITIAL AND FINAL PARTON VIRTUALITIES 5 5
Q< k

Q*—kPe M—1-M
COLLINEAR RES. OF ﬁ POLES <+ ANTICOLLINEAR RES. OF ﬁ POLES

SYMMETRY BREAKING
e DIS KINEMATIC VARIABLES s = %2 (small x)
e RUNNING OF THE COUPLING «,((Q?)

BOTH CAN BE DETERMINED EXACTLY



SYMMETRIZED EXPANSION
THE Y KERNEL
MOMENTUM CONSERVATION + SYMMETRY=>Y ALWAYS HAS A MINIMUM

SYMMETRIC VARIABLES
2.0
e LO, NLO SYMMETRIC RE-
SUMMED CLOSE TO EACH 15
OTHER

~<

e Y\ IS AN ENTIRE FCTN 10
(QUADRATIC APPROX. IS
EXCELLENT!) 0.5

T
V7,

e RESUMMED NLO HIGHER
THAN LO 0.0




SYMMETRIZED EXPANSION

THE Y KERNEL
MOMENTUM CONSERVATION + SYMMETRY=Y ALWAYS HAS A MINIMUM

ASYMMETRIC VARIABLES

LO, NLO SYM. CLOSE TO =20
EACH OTHER

s |

BFKL LO

LO, NLO syM. CLOSE TO !5
AP

CURVATURE & INTERCEPT *°
SAME IN SYM. & ASYM.
VARIABLES 0.5

ABF

CCSS

RESULT DETERMINED BY NLO DGLAP

0.0 A
MOM. CONS. + SYM. / \ BFKL NLO
COMPARE CCSS 0 0.5




THE THIRD INGREDIENT: RUNNING COUPLING

e THE RUNNING OF THE COUPLING «(t) = ay, |1 — Boar,t + .. ]
(t =In 3—22) IS LEADING LOG Q?, BUT NEXT-TO-LEADING LOG %

¢ UPON M-MELLIN TRANSFORMATION (In 2 EVOLUTION) «,(t) BECOMES AN

OPERATOR:

a2

7

O

+ O(Oz 2)
1—5()04“2%\4 a

= EVOLUTION EQUATION
for G(N, M) with b.c. Ho(M)

NG(N, M) = x(éy, M)G(N, M) + Ho(M)

e NOTE: OPERATOR ORDERING < ARGUMENT OF THE COUPLING
[ 2 5, [an@) K@) + a2 () KR Q1K) Gl 1?)

& Yoo |6 () + P (M)ak | Gle, M)



RUNNING COUPLING DUALITY
THE OPERATOR APPROACH:

DUAL KERNEL INVERSION

X(OA‘877(&37 N)) =N
7(&sa X(&sa M)) =M

ACTING ON G(N, M)

DUALITY STILL HOLDS TO ALL ORDERS!:
= CAN DETERMINE 7 (¥) AS A FUNCTIONAL OF FIXED-COUPLING DUAL 7, (xs):

at LO, using xo = Na~ !, ~ # ~, because [N&™ 1, xo(M)] # 0, so

3 (N6) =50 (N6™) = - NGl (Na) [ (Ve ™) + ...

RESULTS UP TO NLO FOR ), NNNLO FOR ~ (including 3; terms)



EXACT ASYMPTOTIC SOLUTION
ASYMPTOTIC BEHAVIOUR CONTROLLED BY
MINIMUM OF Y (M) < RIGHTMOST SING. OF ~(N)
QUADRATIC KERNEL X, (&s, M) = [c(ds) + S(as) (M — My)?]

CAN SOLVE EXACTLY WITH LINEARIZED c(&s), K(és)
IN TERMS OF BATEMAN FUNCTION K, (z):
THE EFFECTIVE RESUMMED KERNEL
1.0nnnnllllllll|lll|l|

¢ G(N7 t) X K2B(as,N) [ﬁoas(t),lq(as,N)] "1
A, B DEPEND ON «y, N TRHOUGH c, kK

06 |
e ASYMPTOTIC LEADING LOG SMALL x SE- [

RIES RESUMMED ool

e BRANCH CUT IN v REPLACED BY SIMPLE

0.2 Bateman

POLE

o‘o 1 1 1 1 1 1 1 1 1 1 1 1 1 1
-0.5 0 0.5 1 1.5



FULL RESUMMATION: QUALITATIVE FEATURES: ny = 0

SINGULARITY IN ANOM. DIM. AT N = o« = ASYMPT. SMALL-x POWER G ~ ™ “

SMALL-r POWER VS. o5 SPLITTING FUNCTION
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e RESUMMED EXPANSION CONVERGES RAPIDLY

e BELOW x SJ 10_2 SPLITTING FUNCTION COINCIDES WITH SMALL x ASYMPTOTIC
SOLUTION (G. Altarelli, R. Ball, S. Forte, C. Frugiuele, 2007)

e SMALL x INTERCEPT & CURVATURE DETERMINE RESUMMED BEHAVIOUR



n; #0: THE GLUON SECTOR

Pyg, ng=20,3,4,5 (top to bottom)
NLO, NNLO, RESUMMED
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n; #0: THE GLUON SECTOR

CAN COMPARE WITH THORNE & WHITE: AGREEMENT DETERIORATES AS n ¢ # 0

Pyg, ng=20,3,4,5 (top to bottom)

THORNE & WHITE (nf = 4)
NLO, NNLO, RESUMMED

0.5 R N AL I | AL IR 0.3 LAY IR LR R L R LU AN
| XPgg :
0.4 N —
- . +
: 1 o2
02 A
I = 01 - —— NLL —
: ——— | - ABF
oL T e = e CCSS
: \ .......... NLO
[ ] vl il ol T R AT ERTIIT INSERTIT MRTIT] MAMRTTIT MEWETI
%900 10l 102 103 104 109 108 0

10°10°10%10°10%10 7" 1



n; #0: THE QUARK SECTOR

USE QoMS SCHEME: (Ball, Forte, 2005)
COINCIDES WITH MS AT LARGE z (NLO) BUT SMALL 7 R.C. SINGULARITIES IN GLUON
SECTOR
Pyg, ny = 3,4,5 (top to bottom)
NLO, NNLO, RESUMMED

0.10 LI | IIIIII| LI | IIIIII| LI | IIIIII| LI | IIIIII| /1 IIIIII| LUZ LU

0.08

Xqu

® 7,9 SAME AS IN MS

LILILEL I = S e R |

e 7. SAME AS IN Qg 0.08

e CAN DETERMINE
RESUMMED 744 0.04
(Catani & Hautmann)
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ny #0: THE QUARK SECTOR

COMPARISON WITH CCSS: QUALITATIVELY SIMILAR (BUT CCSS RISE MILDER)

Py, ny=0,3,4,5 (top to bottom) CCSS
NLO, NNLO, RESUMMED
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ny #0: THE QUARK SECTOR

COMPARISON WITH THORNE & WHITE: QUALITATIVELY NOT SO SIMILAR (TW DIP)

THORNE & WHITE
Py, ny=0,3,4,5 (top to bottom)
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THE SPLITTING FUNCTION MATRIX

NLO, , RESUMMED
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QUARK AND GLUON EVOLUTION
evolve toy G = (z,Qo) = 2~ "'%(1 — 2)°, Q(z, Qo) = %G(x,Qo), Qo = 2 GeV

GLUON QUARK
Q@ =2, 10, 100, 1000 GeV (bottom to top) NLO, NNLO, RESUMMED
103 ¢ o ' T
: xG(x - /
102 - N ]
! 10l | =
101 — - -
100 _ | 1% - —
: WA / :
100 102 103 104 105 106 100 101 102 103 104 105 106
1/x 1/x

e LO vs NLO DIFFERENCE LARGER THAN FIXED VS RESUMMED
e RESUMMED LIES BETWEEN NLO & NNLO

e RESUMMATION EFFECT SIZABLE AT MEDIUM-LARGE Q2

e RESUMMED GLUON BELOW UNRESUMMED, QUARK JUST BELOW



CONCLUSIONS

MATCHING OF ALTARELLI-PARISI AND BFKL FULLY UNDERSTOOD AT
RUNNING COUPLING LEVEL

GENERIC SMALL x BEHAVIOUR: (SOFT) SIMPLE POLE

RESUMMED PERTURBATIVE EXPANSION STABLE

RESUMMATION SOFTENS GLUONS AND QUARKS DOWN TO PRETTY LOW x



EXTRAS



SIMPLE POLE IN ANOMALOUS DIMENSION = ASYMPTOTIC SMALL-z POWER G ~ = ¢

e LEADING AND NEXT-TO-LEADING POWER QUITE FLAT, CLOSE TO EACH OTHER

e DEP. ON RENORMALIZATION GETS WEAKER = NLO STABILITY

0.30

PHENOMENOLOGY: PERTURBATIVE STABILITY

SMALL-x POWER VS. o
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ABF vs. CCSS

THE CCSS APPROACH:
e NUMERICAL BUT EXACT SOLUTION OF z-SPACE BFKL
e ABF & CCSS VERY CLOSE AT FIXED COUPLING LEVEL

e CCSS TREATS RUNNING BFKL EXACTLY, BUT GLAP AT FIXED COUPLING

SPLITTING FUNCTION GLUON CONVOLUTION
0.5 [ ll T lllllll T lllllll T lllllll T lllllll T lllllll T TT 08 il b Ik R Dk D
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04 — 5
i 0.6
0.3 [
i 0.4
s | |
0.2
0.1 |-
0.0
0.0 ¥ 11 1 1111111 1 1111111 1 1111111 uul 1 1111111 I I
™ 100 101 10° 108 104 10% 108




ABF vs. CCSS

THE CCSS APPROACH:
e NUMERICAL BUT EXACT SOLUTION OF z-SPACE BFKL
e ABF & CCSS VERY CLOSE AT FIXED COUPLING LEVEL

e CCSS TREATS RUNNING BFKL EXACTLY, BUT GLAP AT FIXED COUPLING

SPLITTING FUNCTION GLUON CONVOLUTION
0.5 T T T T TTIrIm T T TTTTT T T TTTTIT T T TTTTT T T TTTTIT UL ‘"'I ! '"""I ! ”""1 ! ”""1 ! ”""I ! ”""'I AL
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1/x o2k

e SPLITTING FUNCTIONS CLOSER THAN TH. ERROR (!)

e DIFFERENCE IN GLUON DUE TO LARGE-x TERMS



EFFECTS OF OPERATOR ORDERING

Yo 1.0 (6, M, N) = x4 (a (M + %)_1)+x3 ((1 — M+ &s)+>zo(ézs,M, N)
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RESUMMATION 2000

e DOUBLE-LEADING PERTURBATIVE EXPANSION STABLE

e STRONG DEPENDENCE ON NONPERTURBATIVE ALL-ORDER INTERCEPT
A (value of x(M) at min.)

e GOOD AGREEMENT WITH DATA IF A FITTED (FINE-TUNED)
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