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» 3-loop matching of the polarized quark and gluon TMDs

* “Linearly polarized Gluon TMD PDFs and FFs at N3LO”
* “The TMD helicity distribution and fragmentation functions at N*LO”
* “The transversely polarized quark TMD PDFs and FFs at N3LO”
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Research backgrounds and significance

@ Precision physics on the LHC and the EIC, TMDs are building blocks
for TMD factorization, e.g.

@ Transverse EEC [H. T. Li, I. Vitev, Y. J. Zhu (2021)]

@ Di-lepton Rapidity Distribution [X. Chen, T. Gehrmann, N. Glover,
A. Huss, T. Z. Yang and H. X. Zhu (2022)]

© Higgs transverse momentum distribution [D. Boer,. .. (2012)]

@ Spin puzzles, small-x quark helicity distribution [Kovchegov,. .. (2017)]

e Gauge invariance and (non-)universality, factorization violation
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Outline

@ Operator definitions
@ Computational challenges and solutions

@ Problem 1: Rapidity divergence and unconventional Feynman integrals
Solution 1: Exponential regulator and generalized IBP identities

@ Problem 2: 5 prescriptions (HVBM or Larin™) and spurious anomaly
Solution 2: Not clear for flavor exchanging channel

© Problem 3: Perturbative convergence
Solution 3: Resummation of small-x double logarithms

@ Results and symmetries

@ Crossing symmetry, analytic continuation ( x — 1/x) from bare TMD
beam functions to bare TMD fragmentation functions

@ Reciprocity relation, linking space-like and time-like splitting functions

@ Soft-rapidity correspondence ( vE(e*) = %), the N*LO rapidity
anomalous dimension
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TMD distributions as unintegrated parton distributions

@ Collinear PDFs

@ unpolarized PDF f(x, uu),parton densities with momentum fraction x

@ helcity distribution Af(x, 1), parton densities weighted with helicity

© transversity distribution §f(x, 1), asymmetries of transversely polarized

partons densities in a fully transversely polarized target
o TMD PDFs [ d2kr f™P(x, k) = f(x) (naive)
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Operator definitions and matching

@ Collinear helicity PDFs

1
Marg Ap(x) = m

dw_ . _ _ _ +n/
—/e 5P (P 1T (w0, 07) T2 WP, M)

2 2
TMD helicity distribution as lightcone correlation functions

1 i
)\targAf(X, kT) = W< bk,bk—|P7 )\targ>
dw=d>wr _pt i _
:/(27033 HPTWTHIET VT (P Atarg |9 (W, wr)
Matching onto collinear PDFs

Afin(x, wr) Z/ — ACyi(&, wr) Adjyn(x/€) + O(WrA§ep)

/dsz<P7 )\targ|b]1+bk+ - b};,bkflpa >\targ>

P, )‘targ‘b}LﬁLbk—&- -

’Y 75 \II|P )\targ>
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Symmetries and polarization dependence

@ Consequence of parity symmetry

matrix elements are linear in target helicity

@ Proof by successive action of parity and rotation (U = f?p)

S

|
S

so that

(P;+|0|P; +) = (P;—|UTOU|P; -) =

bl by — bl by

bl b — bl by,
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The density matrix description

o the helicity density matrix

. 1 1
Itarg ZQ\P; +)(P; +| — EIP; —)(P; —|

12(uruy —u-u_)= —Pys/2 quark
1/2(eher — et ey = —ilelecrom oluon

@ TMD helicity distribution
- . . 1 . . .
AF Gz ) =Tr [FuargO] = 5 (+1O1+) = (-101-)) = (+1O]+)
where

YulJiao Zhu (Bonn U.) 2nd Sept, 2022 8 /30



The integrand

e Kinematics (7 = 1/v, the inverse of rapidity scale)

)Paa be Sp] (—l Sp] /(71

—ppr 2K K+
]b/.':llre /dPS e }+e lKJ_hJ_é(P

sl.X _
Spjgeia -

@ Spin density matrix
% _ specifying how initial states are prepared
[PV _ specifying how final states are measured

11, 1 o
Fq :{§P7 EP757 EP’)’?_’%} I‘g = {_g# s l€'lj_
1.1, 1 _ ,
Fq :{Eﬁ’ 5%757 5?177_75} Fg = {*g'uy, l€lj_y}
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The exponential rapidity regulator

@ Soft sector [Y. Li, D. Neill and H. X. Zhu(2016)]

Share = lim Te{(0[[SS,)(—ibor, —iboT, b1 )[ShSa](0)|0)}|r=1/,
T—
@ Collinear sector [ Luo, Wang, Xu, Yang, Yang, H. X. Zhu (2019)]

db_ _;
bare —_1 —ixb_P4 /2
B/ (% biyv) = llg(l) or ¢ :

x {(N(P)|¢(—ibor, b_ — ibor, b1 )Tt(0)|N(P))[},=1,

@ Finite renormalized TMD distributions are regulator independent!
Oy [TMDs®(x, b, )] = 9, [AC(x, by, v)\/S(by,v)] =0
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The IBP identities for unconventional Feynman integrals

o Generalized IBP equations [T. Z. Yang, H. X. Zhu , Y. J. Zhu (2020)]

— [P [ R
[ jargei [ bor gt + 5| FULY) a=K
J dPge™ " 2 F({1}) q+ K

e Asymptotic expansion in the rapidity (7 = 1/v)

fizr. ) 23N 90z ) b
j k=0 ><

@ e—forms
Oxf (x,€) = € Myf(x, €)
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v5 in D = 4 — 2¢ dimensions

e HVBM (or Larin) scheme [Larin, 1993]
1. Evaluate integrals first
a) Multilinear property Tr[}1 ]2 ... v5] = U B x ... Tr[y*1y#2 . ~s5]
b) Evaluate tensor-like Feynman integrals and phase space integrals in
D-dimensions
2. Begin explicit definition of -5
c) Replace the y5-matrix by

i PO AT
Y5 = geupa‘r’y v or 75 = 246;1;)(77'7 ’Y ’Y 7

d) Compute trace of Dirac matrix in D dimensions
e) Contract Levi-Civita tensors in four dimensions

o Larin™ scheme [Reyes, Scimemi, Vladimirov (2017)]

af
lE
’}’ v5 — T,y YaV8 5 ejl_lﬁlejt_zﬁz _ _gflazgfﬂz + gfﬁzgflaz
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v5 in D = 4 — 2¢ dimensions

Anti-commutative property of v5 and cyclicity of the trace can not be
true at the same time | HVBM scheme of ~5 is not anti-commutative!

1. The non-singlet axial-vector current not conserved

consequences: { 2. Violation of the Adler-Bardeen theorem

Non-renormalization of massless non-singlet axial current
1 _ ns= — 1) —
a,U[]5ns:+]R - 07 quq +(N - 1) =0
o Adler-Bardeen theorem

VAT ES asnfTF[FF]R

Gauge invariance

Lorentz symmetry
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v5 in D = 4 — 2¢ dimensions

o Refactorization ( TMD distributions are physical and scheme
irrelevant )

CHVEM g gHVBM _ (Cmé@ Zs—l) ® (Zs ® ¢W)

where

0
Zs = { K 1 } s Zqq =1+ as'z\) + 6152(2;(»? + Zr(é)) .

0
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v5 in D = 4 — 2¢ dimensions

@ Anti-commutative 75 for the non-singlet sector

Vs

: 7 N

' ns,+ unpo N

| 2 (N) = 28 1+Z( 5)" 2, V)
jr HVBM

§ig 22 connected fermion ling

AP™=H(N

antib

1) =0

«@
[Larin (1993)] 2"t |y_y =1 — (—S

>4c +(°‘5)2[2zc 7 e +2CN]+<QX)3( )
1) T P Ty AT g M

4
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v5 in D = 4 — 2¢ dimensions

@ ‘Reading point scheme’ of 75 for pure singlet [ Kreimer (1993)]:

first anticommutate -5 to another vertex in the diagram and then
calculate loop integration in D dimension

\ .
. e . singlet - o
—\ a) vanishing anomaly:AP; =" (N = 1) =0
]
NLO 39— 19 £0TTs b G 05 T 4401
Y
£ [0 b6 505 )
NNLO Q'—q

b) [Y. Matiounine, J. Smith and W. L. van Neerven (1998)]

3 2
(2) ) 2 N>+ N-—-3N -2
zs’ (N) = Alyg — AChypm = —4Cr Ny N3(N +1)3
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v5 in D = 4 — 2¢ dimensions

@ one-loop AVV vertex in ‘reading point’ scheme

pa a,ul/ — 0| e— Apsmglet(N _ 1) -0

antib

Y pi.®

A * A
b al L ol
M v A v

1 g
G M5"" = 557 a1 a3

YulJiao Zhu (Bonn U.) 2nd Sept, 2022

17 / 30



Symmetries in TMDs

Numerics tells the values, but analytical expressions tells the symmetries.

o Crossing symmetry, relating time-like fragmentation functions to
space-like beam functions

@ Reciprocity relations of splitting functions

@ Soft rapidity correspondence
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Crossing symmetries

@ Beam and fragmentation functions are cross-section level quantities,
not analytic!
@ Holomorphic part of the beam and fragmentation functions
Holomorphic= [ [d phase] x loop amplitudes x tree*

@ analytic continuation

i7T " _
(1) (1= ) B R =F K
1 1+ip 1— 1- ZEB( )ott Zpe I? _}:(n):l“/ I?
(~1)MH (1 - z) 2B <1_Zp, 1) =F (2, K. )

where z, = 1 — 2z, and z is the usual momentum fraction
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Analytic Continuation by regions

e Typical integral for VVR (space-like) contribution

/ Py, dPl, 1
in2=¢ ix2=¢ B (h —K)2h- (K—h)Bn-(K—h —b)(h +b)2 (4 + b+ P)?

Zp = ——, crossing: P— —P,zp — €7z

j%ﬁm + subleading

oo o0
eite [ Ltz Zz iCie) + z5ei™ S 2iCL(e) + 21 T S 2,iCH(e)
i=0

i=0
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The Method of Regions (K# =1,z,=1—z =

5
ol
N—’

S

e Leading collinear-soft region (i ~ K, L || P)

/ a’n dPh 1

et R (K2 (K—h)E A (K—h—b) (h+h)? (h+h+P)?

/ daPn dPh 1 /

et R (K2 (K= ) B - (—b) (b+nP-h)? (b+P+naP-h)

€ ime
= e

—3¢34+3¢72 -3¢ +3+32¢3 + < —3-32¢3 + 4544)6}
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Fragmentation function from analytic continuation

@ It's legal to perform analytic continuation of vRR and RRR at cross section
(Re[|RRR|? +2 VRR x RR*]) level

Building blocks Lowest order asymptotic behavior
VVR x R* e(€)z, + ci(e)e™ z, + coe) ez, !

iTe
e

VRR x RR* {c?(e) +cl(e) 11’1T:| z5 + [cg(e) + ¢t (e)In 7':|

Zp

|RRR|? {cg(e) +ci(e)InT + () In 72} z,!
cg are real numbers, crossing to time-like z — —%

@ Alphabet
© RRRP?or VRR x RR*: {2z, 1—2z, 1+2z 2-2z 2z>°—2z+1}
@ Re[[RRR]? +2 VRR x RR*]: {z, 1-2z, 1+z}
Q@ WRxR*:{z, 1—-2, 142z}
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Symmetries of splitting functions

@ Agree with [Almasy, Moch and Vogt, 2011] except P;:éz)

T,(2) T,(2) _
qu ‘CLYZZ - qu ’AMV -
—26(Ca— Cp)Bo[ —4+8z+ 2 +6(1 — 2z +22%) InZ]

[nyi(N, as) — 271(1\7 + Z’Yi(N, as), as)|cryzz = Ozi’
[ZVi(N’ as) - 2'7;[:(]\] + Z’yi(N, as)a as)]AMV = 05? X ( . ) #0

@ Reciprocity relation for eigenvalues of singlet splitting functions

278 (N, as) = 291 (N + 273 (N, ), as)
271 (N, as) = 293 (N — 271 (N, ), )

~ 1 1%
where J(N, o) = — [, dx xVN71P(x, ).
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Reciprocity relation

@ Reciprocity in N/ =4 [B. Basso and G. P. Korchemsky (2007)]
27974 (N, as) = 279 7H(N + 2754, )
@ RG for EEC jet function [L. J. Dixon, |. Moult and H. X. Zhu (2019)]
dj(In %%, 1

) L PQ? R
W:/O dy y“J(In 2 ) - Pr(y, )

N=1 (g
Solution in CFT limit: J(zQ?, 1) = Cy(as) (@)7’ ) where

Zyj\[:‘l(as) = 27%[:4(1 + 27}\[:4, as) | = 'yj\[:4(as) = ’yfgv:‘l(l,as)
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Soft rapidity correspondence

@ 4-loop rapidity anomalous dimension from CFT relations

* * * 1 *
1§ = 28T =R () = —Blas) — 26" =0
S

@ EEC in the back-to-back limit under CFT limit [ I. Moult and H. X. Zhu (2018)]

o

do 1 r _

Sleer =1 / db bjg(bQv/T — 2)H(Q, up)jdec (b, bo /b, Q)jgec (b, by /b, Q)Seec (b, s, vs)
0

1 bZ 2 b2 bz 2
oxp |:7£Fcusplog2< bg >+235 log( bffz) +(,Y3775)10g< b? >]

0 0 0

@ Using the representation of EEC as four point Wightman function in CFT [Korchemsky(2019)]

do

1
dz 4

1 , (P P
Xp |:— EFCUSP log < bé + 2Bg log b%

/db blo(BQY/T = 2)H(Q, )it (b bo /B, Qjec (b, bo /b, Q)Sgec (b, ps, vs)
0

I
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Resummation of small-x double logarithms for

15 3
as=0.118 @,=0.118
10 NLO r NLO
————— NNLO -~ NNLO
~——— NNLO + NLL 2 ——— NNLO + NLL
--s N'LO --- N'LO ]
—— ~wo 4wt T —— NLO + NNLL
—ost” n , , Y A o , ,
0.001 0,010 0.100 0001 0010 0.100
@,=0.118
@,=0.118
4f. NLO
NLO + LL NLO
_____ NNLO NLO + LL
swo+non]w O oo T NNLO
5 ——— NNLO + NLL
- N'LO 2 - ’
—— N'LO 4 NNLL| ® Tt NLo
—— N'LO 4 NNLI
=2 S
_af
104 0.001 0.010 0.100 1 104 0.001

0.010 0.100
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Summary and future directions

@ working status

> 3-loop twist-2 matching of the space-like and time-like TMDs \/
» 3-loop polarized and unpolarized splitting functions \/
» small-x resummation for time-like TMDs and DGLAP kernels \/
» 4-loop rapidity anomalous dimensions
o future directions
» Small-x resummation for helicity splitting functions and it's
contributions to the proton’s missing spin ( ‘spin puzzles' )
[Y. V. Kovchegov, D. Pitonyak and M. D. Sievert(2017)]

» Soft rapidity correspondence for multi-leg processes [@. Almelid,
C. Duhr and E. Gardi(2015)]

V2 n; - nj Ci
I's= ZT, . Tj'}/cusp In 27”2 - Z EF)/SI — Yquad

i<j i
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Appendix: Flavor decomposition

@ Decompose Sy X Zjy into irreducible components
+=[N-1+1]  (q+q)— (G + qr)

=IN-L-1] (g~ 4i) — (qk — qx)

v=[1,-1] 2.1 4i — g

s =[1,+1] >.iqi+ 4

o Non-singlet DGLAP (ns={+,-,v,s})

ddns
dln p2

:Pns®qns
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Appendix: The Method of Regions
2 _ n-K
(Ki=1,2,=1-2z=Z23)
e Leading double collinear region (I | P, L || P)
/ daPy dPh 1
TR (= K2 A (K—h) B (K—h—b) (h+b)2 (b + b+ P

/ dPn dbi, \ 1
15

T R~ P K)? 0 (—h) B (<h — b) (h + b)2 (b + L+ PY?
_ 2 72 - _ 75 2
(ll K) —ll 211'I’ZP-K—(11 I’lP-K)
21

3 3 3 3 3
_ 42| _ 2 2,9 1,9 9 _el s 8 O(2
» 2 +46 +4+4C2+( 7 4C2+ Cg)e}Jr (%)
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Appendix: The Method of
Regions(K? = 1,2, =1—z =

7|3
|~
N—

@ Leading soft region (; ~ K, b ~ K)

/ daPr, dPi 1

AT R (K2 (K= W) B (K—h — b) (b +b)?2 (b + b+ P)?

/ dP1, dPi, 1
2= i R (L — K2R (K—h)Ba-(K—h —b)(h+bk)? (2P)-(h+b)

:eiZTrezfl - 5 17

25
p | et G G = 5G| +0(9)
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