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Lecture 4: Large 
momentum effective 

theory for parton physics



Outline

• Proton structure and 
parton physics at 
Electron-Ion collider 
(EIC)

• Calculate partons on
lattice:

Large momentum 
effective theory (LaMET)

• Recent progress



Properties of the proton

• One of the most important science drives for EIC is 
to understand the internal structure of the proton.

• Traditionally the proton was studied through either 
elastic scattering (form factors) or deep inelastic 
scattering (PDFs)

• A large class of new processes can be used to probe 
partonic structure of the proton 
• Semi-Inclusive DIS & TMD distributions (Collins et al)

• DVCS and related process & GPD (Ji, Muller et al)

• Jet production etc. 



Deaply virtual comptons
scattering
• Ji, 1996 PRL



Mass, spin, etc..

• DVCS can be used to probe form factors of energy 
momentum tensor (1996)

where A, B, C, C-har are related the mass, spin, 

and stress distributions in the proton. 



GPD & Parton distributions in 
impact parameter space (burkardt)



TMD distributions 

• Partons have 
transverse 
momentum 𝑘⊥ , 
from which one can 
define various TMD 
PDFs 
(TMD Handbook, 2022)

• TMD distributions 
can be measured in 
various high-energy 
scattering processes





Large-momentum 
expansion and EFT
Refs: arXiv: 2007.06613 AAPPS

& arXiv:2004.03543 RMP



Parton from Large momentum 
expansion a la Feynman
• Assuming large momentum limit exist, parton

physics is obtained through physical observables at 
finite momentum by Taylor expansion at 𝑃𝑧 = ∞,

where M is a bound-state scale,

𝑃𝑧 is a large-momentum scale. 



Naïve dimensional analysis

• 𝜖 =
𝑀

𝑃𝑧

2
is an expansion parameter

M =1 GeV, 𝑃𝑧 = 2 GeV 

𝜖 = 1/4

the expansion may already work!

Thus a 2 GeV proton’s structure is already similar to
that at infinite momentum!



Wave functions as function of
external momentum (‘t Hooft model

1+1 D QCD with ∞ color )



Other examples in QFT

• This is what we frequently do in QCD

Lattice QCD: approximate a continuum 

theory by a discrete one. 

cut-off  Λ → ∞, on lattice Λ = 𝜋/𝑎

0.1 fm ~ 2 GeV

HQET: 𝜖 = Λ𝑄𝐶𝐷/𝑚𝑄

using 𝑚𝑄 = ∞ to approximate

mc =1.5 GeV!



QFT subtleties  (not considered by 
Feynman)
• There is a UV cut-off Λ𝑈𝑉, 𝑓 𝑘𝑧, 𝑃𝑧 is not analytic 

at 𝑃𝑧 = ∞!

• There are two possible 𝑃𝑧 → ∞ limits:
1. 𝑃𝑧 ≪ Λ𝑈𝑉 → ∞,     IMF limit  (lattice QCD)
2. 𝑃𝑧 ≫ Λ𝑈𝑉 → ∞ LFQ limit  (HEP PDF)

• Calculating mom.dis. is done with the limit 1) and 
PDF is defined in limit 2).

• Solution: matching in EFT

The difference is perturbative!



Large momentum effective theory 
& matching condition 

Instead of the simple Taylor expansion, 

We have the relation between mom dis. in full QCD (a-
>0,P->∞) and PDFs in light-front theory (P->∞,a->0)

(Ji, 2013)



Applying for lattice QCD 
calculations 
• Challenges: 

• Renormalization of linear 
divergences

• Computing correlations at 
large distance z 

• Continuum limit

• Perturbative matching at 
high orders

• Very active direction in 
the last few years



First calculation (Yang et al, PRL (2017))

Gluons Provide Half of the Proton’s Spin
The gluons that bind quarks together in 
nucleons provide a considerable chunk of 
the proton’s total spin. That was the 
conclusion reached by Yi-Bo Yang from 
the University of Kentucky, Lexington, 
and colleagues (see Viewpoint: Spinning 
Gluons in the Proton). By running state-
of-the-art computer simulations of 
quark-gluon dynamics on a so-called 
spacetime lattice, the researchers found 
that 50% of the proton’s spin comes from 
its gluons. The result is in agreement

https://physics.aps.org/articles/v10/23


LP3 collaboration 

2018H.W.Lin et al, PRD, 2015



•Rev.Mod.Phys. 93 (2021)

3, 035005

•e-Print:

•2004.03543 [hep-ph]

https://arxiv.org/abs/2004.03543


Recent progress



How to get high-precision PDF

• Small lattice spacing limit, 𝑎 → 0

• Renormalization of linear divergences

• Matching up to two loops

• Physical point, 𝑚𝜋 → 𝑚𝜋
𝑝ℎ𝑦𝑠

• Larger momentum P

• …



Continuum limit

• For LaMET application, fine lattice spacing is 
extremely important

• Effective expansion parameter is 

𝑟 = 𝑎𝑃𝑧 ∼ 𝑎𝛾

which can be large.

• Controlled extrapolation to continuum…

MSU, EMTC, BNL/ANL, LPC





Renormalization of linear 
divergences
• Renormalization of linear 

divergences causes large 
numerical uncertainties.

• The standard approaches 
(RI/MOM,ratio) could have 
large non-pert. effects

• New approaches 
• Auxiliary field approach (Green 

et al, Ji et al, 2018, 
C. Alexandrou et al, 2021)

• Hybrid renormalization (Ji et al, 
2021) 



Hybrid Renormalization 
Lattice Parton Collaboration (LPC) 

Continuum limit Pert.vs Non-pert Z



Continuum extrapolations 

MSU                                 ETMC 

2011.00964
a= 0.064,0.082,0.093

2011.14971
a=0.06,0.09,0.12



Valence pion PDF (𝑢(𝑥) − ത𝑢(𝑥))
(ANL/BNL collaboration, arXiv: 2112.02208)

• Lattice data with 2+1 flavor HISQ configurations 

• 𝑚𝜋
𝑠𝑒𝑎 = 160 MeV, 𝑚𝜋

𝑣𝑎𝑙 = 300 MeV, a = 0.04, 0.06 fm

• Renormalized spatial correlation functions for fixed 
pion external mom.

Pz = 1.45 GeV (γ=10)

1.94 GeV (γ=14)

2.42 GeV (γ=17)



Comparison with lattice result 



GPDs via LaMET

ETMC                                   MSU

PRL125 (2020)                                            2008.12474 (2020)

https://arxiv.org/abs/2008.12474


Quark transverse-plan distributions in 
the proton from lattice (H.W.Lin, PRL2021)

• MILC configurations 

a = 0.09 fm, mπ = 140 MeV

Pz = 2.2 GeV 



TMDPDF & Lattice calculations

• Started from A. Schafer et al., invariant functions,  
matching with continuum quantities?
Hagler et al, Much et al, Yoon et al. PRD96,094508 (2017)…

• A number of LaMET formulations:

Ji et al., PRD91,074009 (2015); PRD99,114006(2019) 

Ebert, Stewart, Zhao, PRD99,034505 (2019), JHEP09,037(2019)

• Collins-Soper kernel can be calculated on lattice

Ji et al., PRD91,074009 (2015); Ebert, Stewart and YZ, PRD 99(2019).M. Ebert, 
JHEP 03 (2020) 099



Soft Function
Ji, Liu, Liu, Nucl. Phys. B955 (2020)

Factorization of                          Form-factors 

form-factor of                             of heavy-quark

Light meson                               pair



Quasi-TMDPDF Factorization 
Ji, Liu, Liu, Phys.Lett.B 811 (2020)



Collins-Soper Kernel and Soft 
Factor 

P. Shanahan et al, PRD 102 (2020) 
& unpublished
Q.A.Zhang et al, PRL125 (2020)
M.Schlemmer, 2103.16991 (2021)

Q. A. Zhang et al, PRL125 (2020)
(LPC)



TMDPDF

• LPC (J.C.He et al, 2211.02340)



Light-Front Wave-Functions

• LF quantization focuses on the WFs, from which 
everything can be calculated: a very ambitious goal! 
Brodsky et al. Phys. Rept. 301 (1998) 

• However, there are a number of reasons this approach 
has not been very successful. 

• LaMET provides the practical way to calculate non-
perturbative WF, at least for lowest few components. Ji 
& Liu, to be published. 

• All WF can be computed as gauge-invariant matrix 
elements 

0 ෠𝑂 𝑧1, 𝑏1, 𝑧2, 𝑏2… , 𝑧𝑘 , 𝑏𝑘 𝑃

LPC result soon.











Lowest fock state LFWF





Outlook

• LaMET is a systematic framework to calculate 
parton physics 

• LaMET3.0 (~ 5% error?)
• Improved non-pert renormalization at large z.

• two-loop matching 

• P → 3 GeV

• Singlet quark and gluon

• GPDs & TMDs & Wigner Functions & LFWF
• More to be done!
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