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resonances:  and ρ K⋆(892)
Angular momentum on the lattice

Infinite volume:
• ܱ 3 symmetry
• Infinite irreps ܬ = 0±, 1±,…

A lattice QCD study of the mesonȡ 9

Finite volume box:
• ܱ symmetry
• 10 irreducible representations

Many-to-one mapping

[R.C Johnson]

•  symmetry 
• scattering amplitude  
• partial wave expansion 
•  infinite irreps ( )
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going to the lattice

• discrete symmetries,  
• periodic BC 
• can relate to scattering 
•  - no SP-wave mixing 
•  - SP-wave mixing 
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mM1 ≠ mM2

Angular momentum on the lattice

Infinite volume:
• ܱ 3 symmetry
• Infinite irreps ܬ = 0±, 1±,…

A lattice QCD study of the mesonȡ 9

Finite volume box:
• ܱ symmetry
• 10 irreducible representations

Many-to-one mapping

[R.C Johnson]
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LL & Prelovsek 1202.2145 

https://arxiv.org/abs/1202.2145


lattice states: energies

discrete spectrum where:

C(2)
L = C(2)

∞ − A′ 

1
F−1(E⋆) + T(E⋆)

A

Luscher NPB354 
Rummukainen, Gottlieb hep-lat/9503028 
Kim, Sharpe, Sachrajda hep-lat/0507006  
Leskovec, Prelovsek hep-lat/1202.2145  
Briceno 1401.3312 
Briceno, Dudek, Young 1706.06223 
Woss, Wilson, Dudek 2001.08474 
[and many more] 
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lattice states: normalization

R = lim
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Infinite volume:
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Finite volume box:
• ܱ symmetry
• 10 irreducible representations

Many-to-one mapping

[R.C Johnson]

• many-to-one mapping from IV 
• no PW mixing
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Figure 2: The mesh Pd (11) for d = ex + ey and m1 6= m2 (A 6= 1) is plotted in (c), while
(a) and (b) show the steps how to get it.

CMF frame. We will provide useful examples of quark-antiquark and meson-meson
interpolators, that satisfy this property and be used in the actual simulations to extract
the phase shifts.

All these reasons prompt us to consider the symmetries of the mesh Pd (11) for separate
cases of d.

3.1 P = (2⇡/L)(ex + ey) and consequences of C2v symmetries

We first explain the case of the momentum d = ex + ey in detail, since it is general enough
to illustrate the procedure and since the corresponding group has only few elements. All
the results can be easily generalized to the case d = N(ex + ey) or any permutation in the
direction.

We first need to determine the symmetry transformations R̂ that leave Pd invariant. The
mesh Pd (11) can be visualized in Fig. 2c and is obtained in two steps:

1. First the cubic mesh r = n 2 Z
3 in Fig. 2a is shifted by �

1
2Ad / ex + ey and since

A 6= 1 for m1 6= m2 (8), the origin is not in the center of the unit cell in xy plane (Fig.
2b). The inversion I with respect to the origin is lost as a symmetry at this stage, so
the corresponding group G will not contain I; this is a major di↵erence with respect to
degenerate case m1 = m2, when the origin is at the center of the unit cell in xy plane
and I is the symmetry. We will see that this has important consequences, for example
that sectors with even and odd l will not decouple, which will present challenges in
certain cases.

2. In the second step �̂
�1 contracts the distances in the direction v / ex + ey and keeps

the distances perpendicular to that, so the mesh is not modified in z direction.

The resulting unit cell in Fig. 2c has the form of rhombic prism and the mesh Pd is invariant
only under four transformations R̂ listed in Table 1. There Id denotes the identity, Cn(V)
denotes a rotation by 2⇡/n around V, while �(V) denotes the reflection with respect to the
plane perpendicular to V. These four transformations form group C2v, which has only one-
dimensional irreducible representations. For the one-dimensional irreducible representation

12

E⋆
thr

{E⋆
n }

Λ



14

0.42 0.48 0.54 0.60
a
p

s

0

45

90

135

180

± 1
[± ]

NR I
¬2

dof = 7.03
12

0.42 0.48 0.54 0.60
a
p

s

0

45

90

135

180

± 1
[± ]

NR II
¬2

dof = 5.37
11

0.42 0.48 0.54 0.60
a
p

s

NR III
¬2

dof = 6.62
12

BW I

BW I +
nonresonant

nonresonant

BW I

BW I +
nonresonant

nonresonant

BW I

BW I +
nonresonant

nonresonant

BW I

BW I +
nonresonant

nonresonant

FIG. 8. Contribution of nonresonant background models as described in Section II to the resonant Breit-Wigner
BW I. None of the background phase shift models shows a strong sign of deviation away from 0.

Model �2

dof am⇢ g⇢⇡⇡

NR I 0.586 0.4600(19)(13) 5.74(17)(14) A = 0.16(31)(18)�

NR II 0.488 0.4602(19)(13) 5.84(21)(20) A = �2.9(2.7)(3.4)� a
�2

B = 19.2(16.6)(20.1)�

NR III 0.552 0.4601(19)(13) 5.74(16)(13) aa
�1
1 = �19.8(27.4)(98.1)

TABLE V. Parameters of the phase shift model combining the resonant Breit-Wigner model BW I and various
nonresonant models.

glect these contributions in the evaluation of �2. The
cross-correlations are nevertheless accounted for in
our estimates of the parameter uncertainties, which
are obtained by jackknife resampling.

The fit of the simplest possible model, BW I, is
shown as the blue curve in Fig. 7 and the resulting
parameters m⇢ and g⇢⇡⇡ are given in the first row
of Table IV. As before, the first uncertainty given
is statistical, and the second uncertainty is the sys-
tematic uncertainty arising from the choice of tmin.
To obtain the latter, we repeated the Breit-Wigner
fit for the phase shifts extracted with tmin+a for all
energy levels, and then applied Eq. (42) to m⇢ and
g⇢⇡⇡. We follow the same procedure for all other
models.

We then investigate the e↵ect of adding the Blatt-
Weisskopf barrier factors [39] to the decay width
appearing in the Breit-Wigner parametrization of
�1(s), which leads to model BW II. The resulting

fit is shown as the red curve in Fig. 7 (alongside
the blue BW I curve) and the resulting parameters
are given in the second row of Table IV. The BW II
model appears to give a slightly better description of
the data at high invariant mass, but the paramaters
m⇢ and g⇢⇡⇡ are essentially unchanged. Further-
more, the centrifugal barrier radius r0 is consistent
with zero at the 1.1� level, indicating that it is not a
very significant degree of freedom. We note that this
could be related to the high pion mass used in our
calculation, which limits the phase space available
for the decay and suppresses the centrifugal barrier
e↵ect.

We continue by investigating whether there is a
nonresonant contribution to the scattering phase
shift. We first add a nonresonant contribution to
the resonant model BW I. In Fig. 8 we compare
the resonant-only fit (blue curve) with the full fits
for three di↵erent forms of the nonresonant contri-
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FIG. 9. Contribution of nonresonant background models as described in Section II to the resonant Breit-Wigner
model BW II. None of the background phase shift models shows a strong sign of deviation away from 0.

Model �2

dof am⇢ g⇢⇡⇡ (ar0)
2

NR I 0.470 0.4599(19)(26) 5.83(20)(21) 15.8(23.5)(1825.8) A = �0.28(0.73)(12.56)�

NR II 0.452 0.4596(20)(14) 5.77(21)(20) 107.0(440.9)(631.0) A = 1.3(4.5)(5.3)� a
�2

B = �19.8(16.0)(17.0)�

NR III 0.421 0.4595(18)(8) 5.78(20)(9) 109.7(128.7)(117.6) aa
�1
1 = 2.4(1.7)(2.4)

TABLE VI. Parameters of the phase shift model combining the resonant Breit-Wigner model BW II and various
nonresonant models.

butions (red curves). For clarity we also show the
nonresonant contributions obtained from the full fits
separately (orange curves). The fit results are given
in Table V. We find that the parameters of each of
the three parametrizations NR I (constant phase),
NR II (a nonresonant phase depending linearly on
s), and NR III (zeroth-order ERE) are consistent
with zero, and the results for m⇢ and g⇢⇡⇡ also do
not change significantly.

Performing the analoguous analysis for the res-
onant model BW II gives the phase shift curves
shown in Fig. 9 and fit parameters in Table VI.
Again, the parameters of the nonresonant contribu-
tion are consistent with zero, and m⇢ and g⇢⇡⇡ do

not change significantly. When adding the nonres-
onant contributions to the BW II model, the un-
certainty of the centrifugal barrier parameter r0 in-
creases substantially.

Overall, we find that the minimal resonant model
BW I is su�cient for a good description of our re-
sults for the elastic I = 1 ⇡⇡ P -wave scattering.

B. Fitting a t-matrix to the spectrum

For the t-matrix fit to the spectrum, we define the
�
2 function as

�
2 =

X

~P,⇤,n

X

~P 0,⇤0,n0

✓q
s
⇤,~P
n

[avg]

�

q
s
⇤,~P
n

[model]◆
[C�1]~P,⇤,n;~P 0,⇤0,n0

✓q
s
⇤0,~P 0

n0

[avg]

�

q
s
⇤0,~P 0

n0

[model]◆
, (51)

T =
E⋆Γi

m2
R − E⋆2 − iE⋆Γi

ΓI =
g2

ρππ

6π
p3

E⋆2
ΓII =

g2
ρππ

6π
p3

E⋆2

1 + (kRr0)2

1 + (kr0)2

Alexandrou, LL, Meinel et al. 1704.05439
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Figure 2: The mesh Pd (11) for d = ex + ey and m1 6= m2 (A 6= 1) is plotted in (c), while
(a) and (b) show the steps how to get it.

CMF frame. We will provide useful examples of quark-antiquark and meson-meson
interpolators, that satisfy this property and be used in the actual simulations to extract
the phase shifts.

All these reasons prompt us to consider the symmetries of the mesh Pd (11) for separate
cases of d.

3.1 P = (2⇡/L)(ex + ey) and consequences of C2v symmetries

We first explain the case of the momentum d = ex + ey in detail, since it is general enough
to illustrate the procedure and since the corresponding group has only few elements. All
the results can be easily generalized to the case d = N(ex + ey) or any permutation in the
direction.

We first need to determine the symmetry transformations R̂ that leave Pd invariant. The
mesh Pd (11) can be visualized in Fig. 2c and is obtained in two steps:

1. First the cubic mesh r = n 2 Z
3 in Fig. 2a is shifted by �

1
2Ad / ex + ey and since

A 6= 1 for m1 6= m2 (8), the origin is not in the center of the unit cell in xy plane (Fig.
2b). The inversion I with respect to the origin is lost as a symmetry at this stage, so
the corresponding group G will not contain I; this is a major di↵erence with respect to
degenerate case m1 = m2, when the origin is at the center of the unit cell in xy plane
and I is the symmetry. We will see that this has important consequences, for example
that sectors with even and odd l will not decouple, which will present challenges in
certain cases.

2. In the second step �̂
�1 contracts the distances in the direction v / ex + ey and keeps

the distances perpendicular to that, so the mesh is not modified in z direction.

The resulting unit cell in Fig. 2c has the form of rhombic prism and the mesh Pd is invariant
only under four transformations R̂ listed in Table 1. There Id denotes the identity, Cn(V)
denotes a rotation by 2⇡/n around V, while �(V) denotes the reflection with respect to the
plane perpendicular to V. These four transformations form group C2v, which has only one-
dimensional irreducible representations. For the one-dimensional irreducible representation
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• S-wave only 
• S- and P-wave 
• P-wave only
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FIG. 7. S- and P -wave phase shift results from both ensembles, labeled here by to their pion masses. The four
di↵erent plots di↵er in the type of parametrization used for the S-wave amplitude. From top-left to right-bottom:
Chung’s parametrization [Eq. (13)], e↵ective-range expansion [Eq. (19)], Bugg’s parametrization [Eq. (22)], and
conformal-map parametrization [Eq. (24)]. The parametrization for the P -wave amplitude was always of the form
given in Eq. (13).

S-wave parametrization Ensemble S-wave T -matrix poles [GeV] P -wave T -matrix poles [GeV]
Conformal map C13 0.86(12) � 0.309(50) i 0.8951(64) � 0.00250(21) i

D6 0.499(55) � 0.379(66) i 0.8718(82) � 0.0130(11) i

Bugg’s parametrization C13 0.850(65) � 0.315(40) i 0.8951(64) � 0.00250(21) i

D6 0.765(90) � 0.310(28) i 0.8717(82) � 0.0133(11) i

E↵ective-range expansion C13 1.111(62) � 0.38(34) i 0.8951(64) � 0.00248(21) i

D6 0.23(67) � 0.42(37) i 0.8716(82) � 0.0131(11) i

Chung’s parametrization C13 1.14(10) � 0.176(89) i 0.8949(64) � 0.00250(21) i

D6 1.37(27) � 0.39(19) i 0.8718(82) � 0.0136(11) i

TABLE IV. Pole positions the S-wave and P -wave scattering amplitudes on the C13 [m⇡ = 317.2(2.2) MeV] and D6
[m⇡ = 175.9(1.8) MeV] ensembles.
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given in Eq. (13).

S-wave parametrization Ensemble S-wave T -matrix poles [GeV] P -wave T -matrix poles [GeV]
Conformal map C13 0.86(12) � 0.309(50) i 0.8951(64) � 0.00250(21) i

D6 0.499(55) � 0.379(66) i 0.8718(82) � 0.0130(11) i
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TABLE IV. Pole positions the S-wave and P -wave scattering amplitudes on the C13 [m⇡ = 317.2(2.2) MeV] and D6
[m⇡ = 175.9(1.8) MeV] ensembles.
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conformal-map parametrization [Eq. (24)]. The parametrization for the P -wave amplitude was always of the form
given in Eq. (13).

S-wave parametrization Ensemble S-wave T -matrix poles [GeV] P -wave T -matrix poles [GeV]
Conformal map C13 0.86(12) � 0.309(50) i 0.8951(64) � 0.00250(21) i

D6 0.499(55) � 0.379(66) i 0.8718(82) � 0.0130(11) i
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TABLE IV. Pole positions the S-wave and P -wave scattering amplitudes on the C13 [m⇡ = 317.2(2.2) MeV] and D6
[m⇡ = 175.9(1.8) MeV] ensembles.
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FIG. 7. S- and P -wave phase shift results from both ensembles, labeled here by to their pion masses. The four
di↵erent plots di↵er in the type of parametrization used for the S-wave amplitude. From top-left to right-bottom:
Chung’s parametrization [Eq. (13)], e↵ective-range expansion [Eq. (19)], Bugg’s parametrization [Eq. (22)], and
conformal-map parametrization [Eq. (24)]. The parametrization for the P -wave amplitude was always of the form
given in Eq. (13).

S-wave parametrization Ensemble S-wave T -matrix poles [GeV] P -wave T -matrix poles [GeV]
Conformal map C13 0.86(12) � 0.309(50) i 0.8951(64) � 0.00250(21) i

D6 0.499(55) � 0.379(66) i 0.8718(82) � 0.0130(11) i

Bugg’s parametrization C13 0.850(65) � 0.315(40) i 0.8951(64) � 0.00250(21) i

D6 0.765(90) � 0.310(28) i 0.8717(82) � 0.0133(11) i

E↵ective-range expansion C13 1.111(62) � 0.38(34) i 0.8951(64) � 0.00248(21) i

D6 0.23(67) � 0.42(37) i 0.8716(82) � 0.0131(11) i

Chung’s parametrization C13 1.14(10) � 0.176(89) i 0.8949(64) � 0.00250(21) i

D6 1.37(27) � 0.39(19) i 0.8718(82) � 0.0136(11) i

TABLE IV. Pole positions the S-wave and P -wave scattering amplitudes on the C13 [m⇡ = 317.2(2.2) MeV] and D6
[m⇡ = 175.9(1.8) MeV] ensembles.

parameterizations: 
• P-wave with B-W factors 
• S-wave, 4 variations 

(K-matrix, LASS-like,  
  K-matrix with Adler zero 
  conformal map with Adler 
  zero)

Rendon, LL, Meinel et al. 2006.14035



a “how-to” with B → ππ(ρ)ℓν̄

det F[ −1 + M] = 0

R = lim
E→En

E − En

F−1 + M

δ

E

Im(E)

Re(E)

E q2 q2

fR(Epole)

Lüscher analysis

Briceño-Hansen-Walker-Loud
formalism

T

T

⋆

⋆

⋆

⋆

⋆

A

Briceño-Hansen-Walker-Loud approach



3-point functions

C3,i = ⟨ Oi( ⃗p, Λ) Vμ OB( ⃗pB) ⟩
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-point function lattice data3
C3,i = < Oi( ⃗p, Λ) Vμ OB( ⃗pB)⟩
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AIC average

a multitude of models…

Jay & Neil, 2008.01069

https://arxiv.org/abs/2008.01069


det F[ −1 + M] = 0

R = lim
E→En

E − En

F−1 + M

δ

E

Im(E)

Re(E)

E q2 q2

fR(Epole)

Lüscher analysis

Briceño-Hansen-Walker-Loud
formalism

Im(E)

Re(E)

II )⋆

⋆ππ

ρ

transition amplitude

V(E⋆, q2) = F(E⋆, q2)
T(E⋆)

k

÷
Im(q2)

Re(q2) q2
MAX

B⋆

Bπ

Boyd, Grinstein, Lebed hep-ph/9412324 
Bourrely, Caprini, Lellouch 0807.2722 
Alexandrou, LL, Meinel et al. 1807.08357 =

2iV(E⋆, q2)
mB + 2mπ

ϵμναβ εν* pαpβ
B

⟨ππ, E⋆ |V |B, pB⟩∞

T =
E⋆Γi

m2
R − E⋆2 − iE⋆Γi

ΓI =
g2

ρππ

6π
p3

E⋆2

ΓII =
g2

ρππ

6π
p3

E⋆2

1 + (kRr0)2

1 + (kr0)2F(E⋆, q2) =
1

1 − q2

m2
P

∑
n,m

An,m zn(q2) (E⋆2 − E2
thr)

m

q = pf − pi

E⋆ = 2 m2
π + k2

⟨B |V |n⟩L = ⟨B, pB |V |ππ, E⋆⟩∞Rn

“Lellouch-Lüscher” factor

https://arxiv.org/abs/hep-ph/9412324
https://arxiv.org/abs/0807.2722
https://arxiv.org/abs/1807.08357
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details I

❖ FF3N0M0_TBWI 

❖  

❖

χ2/dof = 74.3 / 63 = 1.179

A0,0 = 0.2413(66)

❖     FF3N1M0_TBWI 

❖    

❖  

❖

χ2/dof = 66.8 / 62 = 1.078

A0,0 = 0.2256(87)

A1,0 = − 0.41(18)

❖    FF3N0M1_TBWI 

❖            

❖  

❖

χ2/dof = 39.1/62 = 0.630

A0,0 = 0.279(12)

A0,1 = − 0.061(13)

❖   FF3N1M1_TBWI 

❖    

❖  

❖  

❖  

❖

χ2/dof = 29.9 / 60 = 0.499

A0,0 = 0.260(16)

A1,0 = − 0.88(50)

A0,1 = − 0.031(21)

A1,1 = 1.46(82)



details II

❖ FF3N0M0_TBWII 

❖  

❖

χ2/dof = 34.3 / 63 = 0.545

A0,0 = 0.2376(71)

❖ FF3N1M0_TBWII 

❖  

❖  

❖

χ2/dof = 34.0 / 62 = 0.549

A0,0 = 0.2365(89)

A1,0 = − 0.03(22)

❖ FF3N0M1_TBWII 

❖  

❖  

❖

χ2/dof = 32.2 / 62 = 0.520

A0,0 = 0.240(23)

A0,0 = − 0.003(33)

❖ FF3N1M1_TBWII 

❖  

❖  

❖  

❖  

❖

χ2/dof = 30.4 / 60 = 0.507

A0,0 = 0.232(20)

A1,0 = − 0.27(60)

A0,1 = 0.008(28)

A1,1 = 0.45(1.02)



different parameterizations

❖  dependence statistically 
significant, albeit small 

❖ different  dependence  
in BWI and BWII  

❖ FF3N1M1_TBWII -  
chosen as central

E⋆

E⋆

E
⋆



combining the parameterizations
E

⋆

data

F(6.9) = 0.847(37)(55)
(4.3%)(6.5%)



b → sℓℓ
CPV ?

photo
couplings

❖ Vector transition amplitude 
example 

❖ similar uncertainties as FLAG! 

❖ a great start to a (more) 
complete understanding of SM 

❖ missing: 

❖  continuation to physics! 

❖  limit! 

❖ then… cf Florian Herren  
               @ Tue: 18:27

mπ

a → 0

nuclear EW



comment

Florian Herren @CKM2023:Tue-18.27

well except for the right channels…


