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How do we quantify direct CP violation in 3 body decay?
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m;; - invariant mas of a final state particle

Visualizes the differential decay
B rate across the phase space of the
three-body decay
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How do we quantify direct CP violation in 3 body decay?

pPy,my
P, M—C% Py my dF;B;f) + dFEjB;f ) & Visualize using Dalitz plots!

Pg, mg
2 2
mg; :(jl)erpj)
10_\\I\||VE\‘V\II‘rvwwllllw

m;; - invariant mas of a final state particle

Visualizes the differential decay
B rate across the phase space of the
three-body decay

Compare particle and its antiparticle
distribution

(N IR PO B R R . . .
% 1 2 3 1 5 =9 Hints to CP violation
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How do we quantify direct CP violation in 3 body decay?

Py my
P, M—C:é Py, my dF(B ) * dFEiB;f ) & Visualize using Dalitz plots!
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Direct CPV manifests as local density
> asymmetries between conjugate Dalitz plots!
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Use a Test Statistic L

Unbinned Test Statistic
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] = e.g. Energy Test ' interpret!



mailto:youssead@ucmail.uc.edu

University nf.l@

CINCINNATI Current State of the art

Model the amplitude sl Very Complicated!

Washes out
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Use a Test Statistic

Unbinned Test Statistic

Hard to
] = e.g. Energy Test ' interpret!
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What requirements do we need?

Is it highly Can we
sensitive to CP interpret
violation? it?

Earth Mover‘s Distance
(EMD) as test statistic
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CINCINNATI Motivation

What requirements do we need?

Is it highly Can we
sensitive to CP interpret
violation? it?

Earth Mover‘s Distance
(EMD) as test statistic

Comparable sensitivity Tells us which part of
» to established method! » the Dalitz plot the CPV
(Comparison with the originated from!

Energy Test)
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CINCINNATI Energy Test

The energy test has already been successfully applied to search
for CPV in multibody decays LHCB Collaboration, Phys. Lett.

B 740 (2015) 158



sciencedirect.com/science/article/pii/S0370269314008454?via%3Dihub
sciencedirect.com/science/article/pii/S0370269314008454?via%3Dihub
mailto:youssead@ucmail.uc.edu

University of ‘l@

CINCINNATI Energy Test

The energy test has already been successfully applied to search
for CPV in multibody decays LHCB Collaboration, Phys. Lett.

B 740 (2015) 158

Unbinned two-sample test utilizing a test Weighting distance
statistic- function:
W) ; Ny W;
T = ZJ' oo '?Ji . o . _ —d2 20’2
Z 1 Z N(N —1) Zvv vij = ¢(dij30) = e 2
i j>i 1.1 .7
L J | J\ J
Y Y Y i_pgo 1
0,D0 T 1— samplie
Sum over Sum over Sum over [ B (B ) - f (f ) ] j- B° sample
index i index j indices i,j

eassure of CP Violation
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The energy test has already been successfully applied to search
for CPV in multibody decays LHCB Collaboration, Phys. Lett.
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Unbinned two-sample test utilizing a test Weighting distance
statistic- function:
W) ; Ny W;
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CINCINNATI Energy Test

The energy test has already been successfully applied to search
for CPV in multibody decays LHCB Collaboration, Phys. Lett.

B 740 (2015) 158

Unbinned two-sample test utilizing a test Weighting distance
statistic- function:
1) W N ;
T = ZJ' oo '?Ji . o . _ —d2 20’2
Z 1 Z NN —1) N Vi = (dij;0) = e/
i j>i 1.1 .7
L J | J\ J
Y Y Y {_ Bo 1
0,D0 T 1— samplie
Sum over Sum over Sum over [ B (B ) - f (f ) ] j- B° sample
index i index j indices i,j
Events from two identical distribution = T close to zero Perform a
hypothesis test to

Events from two dissimilar distribution = T is non zero obtain a p-value!

eassure of CP Violation
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CINCINNATI Energy Test

The energy test has already been successfully applied to search
for CPV in mu].tibOdy decays LHCB Collaboration, Phys. Lett.

B 740 (2015) 158

Unbinned two-sample test utilizing a test

statistiC' ction
NN
i Utj Jij 2 2
T = ~ ) _ _—di. 20
Z N(N —1) Z _ 7 — 't[)(dij,O') =€ "J/
i j>i
: 0
0,50 = ] i— B” sample
Sum over Sum over [ B (B)->f() j — B® sample
index i indices i,j
Events from two identical distribution = T close to zero Perform a

hypothesis test to

Events from two dissimilar distribution = T is non zero obtain a p-value!

sure of CP Violation
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CINCINNATI Energy Test

The energy test has already been successfully applied to search
for CPV in mu].tibOdy decays LHCB Collaboration, Phys. Lett.

B 740 (2015) 158

Unbinned two-sample test utilizing a test W \ing distance
statistic: /\\ ction
= . RN (A

W , .
T= ; VJ— 1) +i Can we come up with a }ij;0) = o—d3;/20°
L — ¢ more interpretable
Surm over test statistic? @ | ;;gz sample
index i AN = oy
Events from two identical distribution = T close to zero Perform a
Events from two dissimilar distribution = T is non zero } l:)}ll)ligitllllzsi)s_‘t,zitu:?

ssure of CP Violation
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Meassure of CP Violati



mailto:youssead@ucmail.uc.edu

””E“fffii’c"fl&gﬂ Optimal Transport (OT)

What is the most optimal way to move one sample to another?

Example from: Marco Cuturi, MLSS
summer school presentaation

Meassure of CP Vi



mailto:youssead@ucmail.uc.edu

””E“fffii’c"fl&gﬂ Optimal Transport (OT)

What is the most optimal way to move one sample to another?

Goal of OT: Find the most “natural” way to move points  Fmle fom: Marco Cuturi, MLSS

summer school presentaation



mailto:youssead@ucmail.uc.edu

”“E“:Tfii’c"il&{ﬂ Optimal Transport (OT)

What is the most optimal way to move one sample to another?

Goal of OT: Find the most “natural” way to move points Pl fom: Marco Cuurl MLSS

summer school presentaation

sure of CP Violation



mailto:youssead@ucmail.uc.edu

”“E“:Tfii’c"il&{ﬂ Optimal Transport (OT)

What is the most optimal way to move one sample to another?

Goal of OT: Find the most “natural” way to move points Pl fom: Marco Cuurl MLSS

summer school presentaation

sure of CP Violation



mailto:youssead@ucmail.uc.edu

”“E“:Tfii’c"il&{ﬂ Optimal Transport (OT)

What is the most optimal way to move one sample to another?

cost(z,Y)

Goal of OT: Find the most “natural” way to move points Pl fom: Marco Cuurl MLSS

summer school presentaation

sure of CP Violation
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Unarﬁvcoil&{m Optimal Transport (OT)

What is the most optimal way to move one sample to another?

cost(x,Y)

Sum over the cost of
— the optimal path =

Q\ks’ Wasserstein (Earth
[ —— Mover‘s) distance

Goal of OT: Find the most “natural” way to move points Pl fom: Marco Cuurl MLSS

summer school presentaation

sure of CP Violation
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Wasserstein distance (WD)

N _r 1/q
s
W,y(€,€) [{frgg})}ZZf” ij }

i=1 j=1

oW, (1)
&~ N(ji=10,0],¢=[1,1])
€ ~ N(ji = [10,10],5 = [1,1])
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CINCINNATI Wasserstein Distance
Wasserstein distance (WD) 125 W, (i) i
B e E~N(i=[0,0],6 =[1,1]) o ste
N N 1/q 1004+ E~N(E=[10,10,5=[1,1])
V,(E.E) min fﬂ d;, } '
Events from tw. . =0
vents from two

identical distribution Small Wq 25

Events from two =P Larger Wq -0
dissimilar distribution 95
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CINCINNATI Wasserstein Distance

Wasserstein distance (WD) 1

r _F l/q
e, &)= i, 33 1,0

i=1 j=1

Events from two
identical distribution

=  Small Wq

Events from two =P Larger Wq
dissimilar distribution

Perform a
hypothesis test to
obtain a p-value!

oW, (1)
E~ N(ji=[0,0,6=[1,1])
€ ~ N(fi=[10,10],5 = [1,1])
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Pg, Mg

eassure of CP Violation



mailto:youssead@ucmail.uc.edu

”“g,';\‘;g;,]\,‘&gﬂ Application to 3 Body decay

/\/pl’ my
P M \/’\\ Py, My

Pg, Mg
Sample Size = ~10° Sample Size = ~10°> — 10°
B > K*mnm® D° -t nO®
B - K mn*tm® D 5w rtw”®
EMD as a test LModified“ EMD as
statistic a test statistic

eassure of CP Violati
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”“g,';\‘;g;,]\,‘&gﬂ Application to 3 Body decay

/\/pl’ my
P M \/’\\ Py, My

Pg, Mg
f Sample Size = ~103 \ Sample Size = ~105 — 10°
B > Kt n® D -t nw®
B - K mntn® D > ntnO®
EMD as a test LModified“ EMD as

k statistic / a test statistic

eassure of CP Violati
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CINCINNATI Hypothese Test

Obtain the null hypotheses pdf from your test statistic by calculating it n times

g=0.1

, ‘ Permutation Method

1000

PDF

Permuting the original Band B’samples

\ A /

Calculate the test statistic for each permutation

Master Method

SF

10-%
=» Generate an ensemble of B’and B’decay event
samples, using the B decay model for both

= Calculate the test statistic for each sample pair

Ratio

(] PRUSSNCHUINMIIUNINIMI .
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CINCINNATI Hypothese Test

Obtain the null hypotheses pdf from your test statistic by calculating it n times

q=0.1

! ‘ Permutation Method

1000

PDF

=p Permuting the original B’and B’samples

=p Calculate the test statistic for each permutation

Master Method

SF

10-%
=» Generate an ensemble of B’and B’decay event
samples, using the B decay model for both

= Calculate the test statistic for each sample pair

Ratio

N @490 ' Compare the sensitivity of W, and
0 0,005 0.0.00 Energy test using the master method
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e o NATI Results for B decay
!
g =01 L 1Z +1 (W) < pi(T),
1000 ﬁ — W, T Ne = |0 otherwise,
(&
2 50 S
/ q
0 e e s 1072
o e
’ o & 1078
= =
805 e =
10-8
0.0 = - . v .
N e 011
oy TR . . 1071 107" 107!
. T p(W,)
4 =
U7 — p=o00sm

0.007 0.008 0.000 0.010
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Results for B decay

CINCINNATI
¢=0.1 Y[+ (W) < pilT),
1000 — W, — |0 otherwise,
- -
= 500 / g=0.1 0.304
N oes N 102 ,
10 e S
i - 5 o
N 4 & 10 e
205 A &, Ak
O ’ /
10-8
0,01 _seee ~ t
Ve
B R 10-11 —
o T . 10~ 1070 107!
. T p(W,)
”]7‘ =4+0.004 AR
— p=0.005"75 X 3 3
— We have a similar
0.007 0.008 0.009 0.010

sensitivity as the ET
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CINCINNATI Can we locate the CP violation?

EMD traces the variation of the CP asymmetry across the Dalitz plot!

CP asymmetry: [ B°(B%) - K*n~n® (K-n~n?) ]

dl (512, 513) — d['(s12, 13)
dl'(312,313) + d'(s12, $13)
BaBar ampli-

tude model BarBar Collaboration, Phys. Rev.
D 83 (2011) 112010

Acp(s12.513) =

sure of CP Violation
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CINCINNATI Can we locate the CP violation?

EMD traces the variation of the CP asymmetry across the Dalitz plot!

[ B9(B% - K*n n® (K-~ n®) ]

CP asymmetry:
dl (512, 513) — d['(s12, 13)

dl'(312,313) + d'(s12, $13)
BaBar ampli-

tude model BarBar Collaboration, Phys. Rev.
D 83 (2011) 112010

Acp(s12.513) =

Wi = Z(SW’Q(i)

EMD asymmetry:
q ) i W,y (i) — 325 0Wy(0)
ch(slg,ﬁld) = ZE 5]{@*(;({) + Zi él’Vq(i)

assure of CP Violation
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CINCINNATI Can we locate the CP violation?

EMD traces the variation of the CP asymmetry across the Dalitz plot!

[ B9(B% - K*n n® (K-n*n®) ] o

CP asymmetry: 7 e 1 o I
df(§12,§13) — dF(Su, 813) £l ‘ Yo !
Acp(s12,813) = —= 3 s
CP(SIZ, g13) dr(glg, §13) + dF(S]_Q, 813) ‘,:‘ f :
BaBar ampli- L '!
e mode arBar Collaboration, Phys. Rev. =
tud del R1583.1?'1 2(::11) 11201(t) . & .ll_;f .;‘l-E-'
I’IVQE'I = Z(SWQ(E) . o Wi, CPC Acp CPC
i
EMD asymmetry: . "
_ ﬂ "= :":- 2
W (12, 513) = 2 0W,(8) = > W (d) e -
op\512,513) = TG - o
¢ i OWq (i) + 32, 6We(2)
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AT Can we locate the CP violation?

EMD traces the variation of the CP asymmetry across the Dalitz plot!

0/B0 o — 4.0 Relative
CP asymmetry: | BB - K*n~n® (Km*n?) ] o 1

_ 7= 0.1 "
dI‘(Eu §13) — dr(&‘lg 81';) n ! 0.100 e
Acp(si2,513) = —=—— — 3 | 1— Wt » CPV
oplar, 31s) dl'(512, 513) + dI'(s12, 513) | — Wer / Acr 0075
BaBar ampli- <, :.- 0
tude model BarBar Collaboration, Phys. Rev. 5 o0 L= 0.050
D 83 (2011) 112010 L ] !
1, 0025 |-
2 /I8 = 2 L
. ) & 15 - ™ .L F0.000 :‘
I/Vq = Z (SWQ(E) - ;1 0 . - n 0025 o
i = 050
N £ rl B 0050 |
: £ 5 - % &
EMD asymmetry: =+ - . Ll Lowms o
= . Syof e e "s m  w - oz
ng(m s13) = D 0W, (1) — >, 6W,(i) "l % : o 5 @ 5% 0400
~plSi12, ¢ = : . 207 (Gev?)
ST OWL() + 37, W,(i) ok ) (GeV) R

sure of CP Violation
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D = - m® = Very small non-zero CP violation

D° > mntn® == Studied at the LHCb using the ET

Can we still use the EMD?

Earth Mover's Distance as a Meassure of CP Violation
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D = - m® = Very small non-zero CP violation

D° > mntn® == Studied at the LHCb using the ET

Can we still use the EMD?
Yes, but ...
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What about larger Data sets?

D = - m® = Very small non-zero CP violation

D° > mntn® == Studied at the LHCb using the ET

Can we still use the EMD?
Yes, but ...

= Computationally expensive

=) Very memory intensive

Earth Mover's Distance as a Meassure of CP Violation
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What about larger Data sets?

=) Computationally expensive

=) Very memory intensive
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Py, Alternative Solution

We propose two solutions

Binned Sliced
Wasserstein Wasserstein
distance distance
Not part of
this talk

Earth Mover's Distance as a Meassure of CP Violation
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Use Sliced Wasserstein Distance as
test statistic!
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Sliced Wasserstein distance

Use Sliced Wasserstein Distance as

test statistic!
Wasserstein distance (WD) 1951
Sap ok 10.0
W,(E,E) min fﬂ d;, } :
05
> 5.0

Sliced Wasserstein distance

=» Projects high dimensional data into one
dimensional “slices”

=p WD in 1D has a closed form solution

=p Sorted Difference of the two samples

SW, (i)
€ ~ N(ji =[0,0],5 = [1,1])
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How many slices do we need to converge?

Earth Mover's Distance as a Meassure of CP Violation
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e NAT] Sliced Wasserstein distance

How many slices do we need to converge?

g=1
S Starts converging at
0.0007] ' 1000 slices
UG e — 1000 slices: speed up of
= ya =)
g a factor ~7 over W,
0.000 tw,
o Yratio = —
tsw,
0.0004 : Comp of Ngjices can be done in
parallel!
by “Lratio| Nasoos & 7500] = 1
t

o,

. Does not require large
memory resources!

10! 10° 107 101

sure of CP Violation
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Sliced Wasserstein distance

f\";ﬁ(.(.h = 100

I[J[l,

Comparison with W,

Nyjices = 1000

g=1
L] 4
o ot
51071 S
7 -
— we
= R
10724 o0 o
':. € = 0.628
02 10 100
p(W,)

o s e = (.600

0T

p(STW,)

HJU,

Nojices = 10000

qg=1
'.
b ] .
.
-
Q]
o
. C
. L] 3
. .
.. L ]
e=0.618

o 0 e
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CINCINNATI Conclusion and Outlook

EMD is a robust, model independent, and
unbinned test statistic for CPV!

highly sensitive

to CPV Interpretable
Future work
® Improving the test further Public code:
® Time-dependent CPV ht;ll)ds d {1/ :\1;};11;?/[%);(1: /I?‘(,h

® Flavor Violation

Earth Mover's Distance as a Meassure of CP Violation
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Results for B decay

CINCINNATI
¢=01 L Z 1 (W) < pu(T),
1000 — W, - Ne |0 otherwise,
(&
2 50 s ¢
N R 10-2
) ~ &~ 107
= - —
205 i IS8
8 0.5 ) o
S 108
0.01_seemans
_ SR 10-11 .
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Py, Results for B decay
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e NAT] Windowed Wasserstein distance
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Windowed Wasserstein distance
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e NAT] Results for B decay
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Binned Wasserstein distance

“Normal” Wasserstein distance
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Binned Wasserstein distance

Binned Wasserstein distance
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N EINNAT] Binned Wasserstein distance
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Binned EMD
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