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Quantum mechanics of B mesons AT
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We will focus on Bs mesons with quark content bs.
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Quantum mechanics of B mesons AT

eeeeeeeeeeeeeeeeeeeeeeeeeeeeee

We will focus on B, mesons with quark content bs.

Wigner-Weisskopf-approximation

Relation between self-energy and scattering matrix elements (Nierste 2009; Weisskopf and Wigner
1930; Lee, Oehme, and Yang 1957):

. 1
—i(2m)*0W (pi — p)) =y = 77— (BilS|B)) (1)
2Mp
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We will focus on B, mesons with quark content bs.

Wigner-Weisskopf-approximation

Relation between self-energy and scattering matrix elements (Nierste 2009; Weisskopf and Wigner
1930; Lee, Oehme, and Yang 1957):

. 1
—i(2m)*6W(p; — pj)x; = M<Bi|5|31> (1)

Y=M-— %F appears in the Schrédinger equation:

. d IB(t)>> (IB(t)>)
i— {5 =2z . 2
5 () == (3o ®
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Quantum mechanics of B mesons AT

eeeeeeeeeeeeeeeeeeeeeeeeeeeeee

We will focus on B, mesons with quark content bs.

Wigner-Weisskopf-approximation

Relation between self-energy and scattering matrix elements (Nierste 2009; Weisskopf and Wigner
1930; Lee, Oehme, and Yang 1957):

. 1
—i(2m)*6W(p; — pj)x; = M<Bi|5|31> (1)

X=M-— %F appears in the Schrédinger equation:
d (1B(t) _ s (1B(1))
at (pten) == (1860 )

Mass vs flavour eigenstates

m Diagonalising ¥ — eigenstates B; and By
a AM = My — M; and AT =T — 'y related to off-diagonal elements
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Introduction to B meson observables ﬂ(“'

Mass difference

u Off-diagonal matrix element — mass
difference

AMEMH—ML

:2|M12|—|—(9<|r12|2> )

|Mi2|?

a Dispersive part of self-energy —
off-diagonal matrix element

*
M _ 212 + 221 4
p = 2720 (4)
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Introduction to B meson observables

Mass difference Lifetime difference

u Off-diagonal matrix element — mass

difference

AMEMH—ML

— 2|M12| + 10} ( |r12|2 )
|M12|?

a Dispersive part of self-energy —
off-diagonal matrix element

Z12 i 231

My = >
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a Off-diagonal matrix element — width

difference
AI’ = I'L — I'H
(3) F1af?
= —2|F12| COS(¢r — ¢)M) + (@) (|M12|2>
(5)
a Absorptive part of self-energy —
off-diagonal matrix element
4
( ) _Q:_I_le—fél (6)
2 2
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Previous calculations ﬂ(“.

Comparison of theory and experiment from 2020

Experimental results ((HFLAV) 2020; Aad et al. 2021; Sirunyan et al. 2021) vs prior calculations
(Beneke, Buchalla, Greub, et al. 1999; Ciuchini, Franco, Lubicz, and Mescia 2002; Ciuchini, Franco,
Lubicz, Mescia, and Tarantino 2003; Lenz and Nierste 2007; Asatrian, Asatryan, et al. 2020;
Asatrian, Hovhannisyan, et al. 2017; Aaij et al. 2019; Aaltonen et al. 2012; Abazov et al. 2012):

(AP = (0.085 + 0.005) ps ! (7)
(ar)th = (0.077 +0.015per, £ 0.0025 5 % 0.017; /mb) ps~!  (pole) (8)
(Ar)yth = (o 088 = 0.011pers, + 0.002 5, + 0. 0141/,,,,,) -1 (MS) (9)
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Operator product expansion

B mixing to leading order:

w
b—>— NN
u/c u/c —_—
W
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Effective field theory (1) IT

eeeeeeeeeeeeeeeeeeeeeeeeeeeeee

Integrate out heavy W boson first:

|AB| =1 effective Hamiltonian

2
4G * CC * pcu * Huc * puu
241881=1 _ —; Z G (Vs VP + Vao Vi PP + Vi VAP + Vs Vis P
. (11)
4G .
_72F VRVAS (Z GP; + cgpg) +> GE+he.

Jj=3
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Operator definitions ﬂ(“.

We work in the Chetyrkin-Misiak-Miinz (CMM) (Chetyrkin, Misiak, and Miinz 1998) basis:

a Current-current operators

PP = (biy" PLTE pi) (@ PL T 1), P3P = (bi* PLpi) (@7, PLs))-
Motivation Calculation Results
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Operator definitions ﬂ(“.

We work in the Chetyrkin-Misiak-Miinz (CMM) (Chetyrkin, Misiak, and Miinz 1998) basis:

a Current-current operators

PP = (biy* P T p) Gk vu PL Tis1), P3P = (biy" PLpi) (7 PLs))-

a Penguin operators, e.g.

— (p~M . a: .
Ps = (biy" Pys;) E (@7.9)-
q
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Operator definitions

We work in the Chetyrkin-Misiak-Miinz (CMM) (Chetyrkin, Misiak, and Miinz 1998) basis:

a Current-current operators

Pqp = (b:V PLT PJ)(CIWMPL Tasi),

a Penguin operators, e.g.

P3P = (biy* PLpi) (G, PLs;)-

Ps = (b Pisi) Y (G7u))-

a Chromomagnetic operator
Ps =

Calculation
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Operator definitions ﬂ(“.

We work in the Chetyrkin-Misiak-Miinz (CMM) (Chetyrkin, Misiak, and Miinz 1998) basis:

a Current-current operators

PP = (biy* P T p) Gk vu PL Tis1), P3P = (biy" PLpi) (7 PLs))-

a Penguin operators, e.g.

Ps = (b Pisi) Y (G7u))-
q

a Chromomagnetic operator
&s

1672

Pg mb(bo PLT )Ga

pv

® Evanescent operators E; vanish in 4 dimensions, see later
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Effective field theory (1) ﬂ(“.

Evaluating the absorptive part of the matrix element:

1 =T - A
> dadsIm(Map) = =573 Aas [H27(BIQIB) + Fg”(B|Qs|B)| + O ( ;ZD>
a,f a,B
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Effective field theory (1) IT
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Evaluating the absorptive part of the matrix element:

SN AAm(Ma) =~ 573 Ak [He (B1QIB) + A BIsIE)] + 0 (P22 19
B a,B

|AB| = 2 transition operator

With Heavy Quark Expansion (HQE) (Khoze and Shifman 1983; Khoze, Shifman, et al. 1987; Blok
et al. 1994; Lenz 2014):

TIABI=2 = Absi / d*x T HIABIE ()R I2B1=1 (o).

GEm? o o |AB|=2 (16)
=157 |HQ+ HsQs + Z Hg | +he + T
)\a = V;s Vab (17)
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Effective field theory (1) IT
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Evaluating the absorptive part of the matrix element:

1 - ~ P A
SN AAm(Ma) = ~57 3 Ak [He (E1QIB) + A BIsIE)] + 0 (P22) 19
a,B

|AB| = 2 transition operator

With Heavy Quark Expansion (HQE) (Khoze and Shifman 1983; Khoze, Shifman, et al. 1987; Blok
et al. 1994; Lenz 2014):

TIABI=2 = Absi / d*x T HIABIE ()R I2B1=1 (o).

G2 |AB| > (16)
=57 HQ+HSQS+ZHEE +he + T
)\a = V;s Vab (17)
Motivation Calculation Results References
0000 000080000 0000000

Pascal Reeck — NNLO QCD corrections to Al'(s) Santiago de Compostela, CKM 2023 11/27



Obtaining I},

CKM elements factorise:

Motivation
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M2 = —(A215 + 22\, \TY5 + A2TL8)
Hio = —(A2HSS + 2X\uAHiS + A2H)

Calculation Results
000008000 0000000

Santiago de Compostela, CKM 2023

(18)
(19)

References

12/27



Obtaining I, T

eeeeeeeeeeeeeeeeeeeeeeeeeeeeee

CKM elements factorise:

M2 = —(A2T55 + 20, A\ T8 + N2y (18)
Hia = —(A2HES + 2)\,A H{’2C+)\2H Y) (19)

"1, in terms of low-energy matrix elements

G2
= = L hedol == S Aodogimit T (161018 + g B10s1B)] + 0 (22 o)
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A
A

Evanescent operators

Karlsruhe Institute of Technology

a Relevant from NLO upwards P, Es
a Vanish with 4-dimensional Fierz identities
a Mix with physical operators under renormalisation
u Physical quantities independent of Cg, @ (i)
e Smosaen e B
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Evanescent operators AT

eeeeeeeeeeeeeeeeeeeeeeeeeeeeee

a Relevant from NLO upwards Py Es
a Vanish with 4-dimensional Fierz identities

a Mix with physical operators under renormalisation

u Physical quantities independent of Cg, @ (i)

Example for |AB| = 1 theory

(1) _ (B~ q k2 A3 a = a
By = (biy* 1yt Py T; )k Vo Vi Vs PL Tigs1) — 16P (21)
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Evanescent operators AT

eeeeeeeeeeeeeeeeeeeeeeeeeeeeee

a Relevant from NLO upwards Py Es
a Vanish with 4-dimensional Fierz identities

a Mix with physical operators under renormalisation

a Physical quantities independent of Cg, @ (i)

Example for |AB| = 1 theory

ESY = (Biy" 2y PLTEG) (&Y Vi Vs PLTS1) — 16P; (21)

Example for |AB| = 2 theory

E2(1) = (B,-'y“'y”’yp P, sj)(l_yﬂﬂ%yp Prsi) — (16 — 4e — 452)@ (22)
Motivation Calculation Results References
0000 000000800 0000000

Pascal Reeck — NNLO QCD corrections to Al'(s) Santiago de Compostela, CKM 2023 13/27



Physical operators and Ry in the |AB| = 2 theory AT

eeeeeeeeeeeeeeeeeeeeeeeeeeeeee

Physical operators

Q = (bin* P si)(bjyu P sj) (23)
Q = (biy* Prsj)(bjy, Pusi) (24)
Qs = (b; P.si)(b; Py sj) (25)
Qs = (bi Prs;)(b; P s) (26)
R 500000080 Sesoo0e e
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Physical operators and Ry in the |AB| = 2 theory AT

eeeeeeeeeeeeeeeeeeeeeeeeeeeeee

Physical operators

Q = (b Prsi)(bjvu Prs))
Q = (biv* P sj)(byyy PLsi)
Qs = (bi P si)(b; PLs})
Qs = (bi P.sj)(b; Pvsi)
However, we have the following linear relations:
EV=Q0-Q

Ro=2Q+ Qs+ s
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Physical operators and Ry in the |AB| = 2 theory AT

eeeeeeeeeeeeeeeeeeeeeeeeeeeeee

Physical operators

Q = (bin* P si)(bjyu P sj) (23)
Q = (biy* Prsj)(bjy, Pusi) (24)
Qs = (b; P.si)(b; Py sj) (25)
Qs = (bi Prs;)(b; P s) (26)

However, we have the following linear relations:
EV=0-Q (27)

Ro=2Q+ Qs+ s (28)

The Ry operator

w Physical operator with Aqcp/mp suppression

u Contains unsuppressed evanescent part
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Toolchain ﬂ(".

QGRAF for diagram generation (Nogueira 1993)
TAPIR to insert Feynman rules and identify topologies (Gerlach, Herren, and Lang 2023)

Amplitude evaluation with in-house tool called calc written in FORM (Ruijl, Ueda, and
Vermaseren 2017)

Kira for IBP reductions (Klappert et al. 2021)
w Master integrals evaluated with HyperInt (Panzer 2015) — only imaginary parts
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Contributions to [ {5

Contribution  Previous results

(Gerlach, Nierste, Shtabovenko,
Steinhauser 2022)

Pio»x Ps_g 2 loops, z-exact, ng-part only!

Py x Pg 2 loops, z-exact, n¢-part only!
Ps_g x Ps_g 1 loop, z-exact, full?

P3_¢ x Pg 1 loop, z-exact, n¢-part only?
Pg x Pg 1 loop, z-exact, n¢-part only*

Piox Pis 3 loops, O(+/z), n¢-part only!

2 loops, O(z), full
2 loops, O(z), full
2 loops, O(z), full
2 loops, O(z), full
2 loops, O(z), full
3 loops, O(z), full

1(Asatrian, Asatryan, et al. 2020)

2(Beneke, Buchalla, and Dunietz 1996)
Motivation Calculation
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Improving numerics

Recall,
2 cc )"J cc uc /\U 2 uu cc uc
Mo=—-A; (T2 +2— (M5 —T5)+ | ) (M2 +T55—2M13) (29)
At At

My < N2Mpf2Bg (30)
Motivation Calculation Results References
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Improving numerics

Recall,
2 cc )"J cc uc /\U 2 uu cc uc
Fo=—-A [T +2— (M5 —T5)+ | ) (M2 +T55—2M13) (29)
At At
2 2

My o \2Mgf3Bg (30)
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Improving numerics

Recall,
2 )\u /\u 2
Mo = = [T+ 23505 — 15 + (§4) (T8 + 755
)\t )\t
M12 X )\%M,gféBQ
Moreover, _
(B|Qi|B) o< M5f3B;
Motivation Calculation Results
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Improving numerics IT

eeeeeeeeeeeeeeeeeeeeeeeeeeeeee

Recall,
2 cc )‘U cc uc >‘U 2 uu cc uc
Mo =-XA [T+ 2>\—t( 1 —Ti5)+ W (Fz + T3 —2ri3) (29)
My < N2Mpf2Bg (30)
Moreover, _
(B|Qi|B) x M2f3B; (31)
AT without knowledge of |V,
N y
Al = <m> (AM)E P (32)
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Numerical results

eeeeeeeeeeeeeeeeeeeeeeeeeeeeee

AT to NNLO

Ars +0.53 +0.09 =8
A |z = (37088 8%, 0. L 0781/, 0.05mpu ) X 1073, (33)
Ars +0.23 +0.09 -3
ol = (433483 e H8 i1/, £ 01255, & 0.78/m, & 0.050mpu) X 1075, (34)
s IMS
Ars +0.36 +0.09 -3
S| = (4204838, F0% e m, £ 0125, % 0.781/m, £ 005t ) X 1070 (35)
slps
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Numerical results AT

aaaaaaaaaaaaa

«««««««««««««««««

AT to NNLO

Al
+0.53 +0.09 : _ s
AMs pole 319 —0-58scale —0-19scale,1/m, = 0'11335 + 0'781/mb + 0'05|nput) x 1077,
_AFS 0.23 0.09 L,
| = (43382, 8%, 01255, £ 0.781/m, & 0.05impuc) x 1072,
s IMs
ATl

0.36 0.09 -3
(420788, 78%, i1/, 0125, % 0.781/m, & 0.05puc ) x 107

Overall result:
AT = (0.076 +0.017) ps
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Visualisation of results A

8 x10-3 —
MSLO
-=- MSNLO

71 —— MSNNLO |
g PSLO
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6 PSNNLO |
& Pole NNLO
£ ]
5 ST
R Bt e P ~
T ,/’/ —_——— —
==

4
3 T T T T T T T
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H =ty = e [GeV]
Motivation Calculation Results References
0000 000000000 0000800
Santiago de Compostela, CKM 2023 20/27

Pascal Reeck — NNLO QCD corrections to Al'(s)



Visualisation of results
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g X107 014 MS scheme
MSLO :
—-=- MSNLO

7 — MSNNLO | 012
N PSLO
£ ——- PSNLO 0.10 1 ATtheoinel
o s
26 PSNNLO | ATtheoexcl
R Ly s €x]
f Pole NNLO T, 0.08 |exp
= s
g T
5"’ 5 'z]‘ 0.06
>
[ theo
< 0.04 1 ( Al ) AMtheosinel

s
441 3 AM;
- AMtheoexcl
/ 0.02 q s
U
3 . . . . . . . 0.00 . . _ . .
2 3 4 5 6 7 8 9 10 0 5 10 15 20 25
=y = pe [GeV] AM [ps~1]
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Outlook ﬂ(“.

Contribution  (Gerlach, Nierste, Shtabovenko, = WIP (Chen, Nierste, Reeck,

Steinhauser 2022) Shtabovenko, Steinhauser)
Piax Ps_g 2 loops, O(z) 3 loops, O(z%7)
Py x Pg 2 loops, O(2) 3 loops, O(z%7)
Ps_¢ x P3_¢ 2 loops, O(z) 3 loops, O(z%7)
P3_6 % Pg 2 loops, O(z) 3 loops, O(z%7)
Pg x Pg 2 loops, O(z) 3 loops, O(z'9)
Piax Pio  3loops, O(z) 3 loops, O(z1?)
Motivation Calculation Results References
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Thank you for your attention!
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