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• Hydrodynamic cell:
densities are averaged over b:

• Hydro equations: evolution of densities.

[An, Basar, Stephanov, Yee 1902.09517]
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o The separation of scales   
or equivalently 

Suggest to work with 
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(Critical) Slowing down & Hydro+
Near the critical point :
• Relaxation time of the slow mode diverges: “critical slowing down”
[Berdnikov, Rajagopal 992274]

• To extend the hydro regime back to the expected range             ,
We must include them in the hydro picture       
This is the philosophy of the Hydro+.     [Stephanov, Yin 1712.10305]
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Hydro+
The simplest setup: 

“single-mode hydro+”
there is only one single slow mode with decay rate

[Stephanov, Yin 1712.10305]

Hydro+ eqs. = hydro eqs. + relaxation eq. of the slow mode  

(+) indicates that thermo functions are now functions of                
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• Linearizing equations gives:

Due to the slow mode:

• In terms of dimensionless quantities

[NA, Kaminski 2112.14747]
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• There are three modes:

Interestingly:

• 4 branch points:

[NA, Kaminski 2112.14747]

The story begins…
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Characteristic momentum of Hydro+

• At         , the slowest modes are the two sound modes
• At         , the slow mode is the slowest mode

We refer to          xxxxxxxxxxxxx as the
characteristic momentum of Hydro+

beyond which, the standard hydrodynamics breaks down.
[NA, Kaminski 2112.14747]



Hydro+ near the QCD critical point
• The slowest mode is the             corresponding to order parameter field.

The slow mode of Hydro+,
it is called                   : 



Hydro+ near the QCD critical point
• The slowest mode is the             corresponding to order parameter field.

The slow mode of Hydro+,
it is called                   : 

• In our calculations we choose to work with:



Hydro+ near the QCD critical point
• The slowest mode is the             corresponding to order parameter field.

The slow mode of Hydro+,
it is called                   : 

• In our calculations we choose to work with:

• We also parametrize      as         
[Rajagopal, Ridgway, Weller, Yin 1908.08539]
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• Thi is the Q-dependent version of                   in the single-mode Hydro+.
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• Then the above picture can be applied to any point            near the critical 
point (in the phase space):

• We limit our study to small      region; 

• Only           modes satisfying                         contribute.



Characteristic momentum near CP

Only           modes with                                contribute



Contributing modes

At any T, only modes
with                               .              

contribute to        .                               



near the critical point 

• The larger xxxxx the more enhancement in the speed of sound.
• The enhancement of the speed of sound in any case. 

(similar to bulk viscosity enhancement  [Martinez, Schafer, Skokov 1906.11306])
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Outlook
In an upcoming work:    [NA Kaminski Tavkol To Appear]

We show that:

Collison between (modified)hydro and 
non-hydro mode in the complex momentum plane.
Equivalently, due to some BP singularity.

• Hydro+ near the critical point is able to give the longtime tails.
[Stephanov, Yin 1712.10305]

• It would be interesting to go beyond assumptions in this work and extract a 
modified dispersion relation near the critical point.
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Bound

Needs improvement …


