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Explore the phase diagram of 
QCD by using heavy-ion collisions 

Measure cumulants of conserved 
charges 

Can critical fluctuations survive in 
a hadronic medium?

Bzdak et al. Phys.Rept. 853 (2020) 1-87

Introduction



Jan Hammelmann CPOD2022 3

Motivation

cumulants κ(t)

Initialize the 
system near 
equilibrium with 
critical 
fluctuations

Evolve the system 
with hadronic 
interactions 
(hadronic transport)

Measure final 
state cumulants
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Coupling of cumulants

Couple critical mode to the distribution function of the hrg 

   with              

  
Cumulants of e.g. the net charge number can be decomposed into 

 
   

Goal: Find the distribution  of the system

fi = f eq
i + δfi δfi = − δσ

gi
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i
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κnetp
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n + (−1)nκp̄
n + κcritical
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κ totp

n = κp
n + κp̄

n + κcritical
n
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Initial state with critical cumulants

Phys.Rev.D 60 (1999) 114028
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Phase diagram
3d Ising model 

⟨(δσ)n⟩c = ( T
VH0 )

n−1
∂n−1M
∂hn−1

r

Same parameters as in 
Eur.Phys.J.C 77 (2017) 4, 210 

   
   
   

μcp
B = 0.39 GeV

ΔTcp = 0.02 GeV
Δμcp

B = 0.42 GeV

Applicable near the scaling 
region of the critical point
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Maximum information entropy 
distribution
Reconstruct the (anti-)particle distribution by assuming the information entropy is 
maximized 

                                             

Solve for  for  given moments by using Lagrange multipliers  results in: 

                                           

                                           

S = − ∑
i

P(Ni) ln P(Ni)

P(N ) nm λk

P(Ni) = exp {
nm

∑
k=0

λkNk
i }

With the input of  generate  for κnet/tot
i Pnet/tot(N) p, n, π, Δ, . . .
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£Distributions

Proton number fluctuation      gp = 2.0
Maximum information entropy 
distribution successfully 
generates simultaneously all 
critical cumulants 

Critical point fluctuations 
dominant around 

 

For  the poisson/
skellam distributions are 
restored

s = 10 − 20 GeV

gp → 0

Maximum information entropy 
distribution
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Model
SMASH (Simulating Many Accelerated Strongly-interacting Hadrons) 
https://smash-transport.github.io/ 

Employ geometric collision criterion 

 

Incorporates particles with masses up to  

Types of processes are:  

•  resonance formation / decay 

•  elastic / inelastic interactions 

• String excitation 

• No potentials, only the cascade mode

πd2
⊥ < σtot

∼ 2 GeV

2 ↔ 1

2 ↔ 2

Pb-Pb collision with 17.3 GeV 
center-of-mass energy 

(by J. Mohs)
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Treatment of resonances
Spectral functions 
Unstable particles are represented by 
relativistic Breit-Wigner spectral functions 

Decay widths 
Particle stable if width < 10 keV 

 

Treatment of Manley et al.  

(π, K, Δ, . . )

ΓR→ab = Γ0
R→ab

ρab(m)
ρab(M0)

𝒜(m) =
2𝒩
π

m2Γ(m)
(m2 − M2

0)2 + m2Γ(m)2

Phys. Rev. D 45, 4002 (1992)

Phys.Rev.C 94 (2016) 5, 054905
N*(1440)+



Jan Hammelmann CPOD2022 10

Model setup
Initial conditions 
Uniformly place particles in a sphere with 
radius  

Momentum space 
Initialize the system with  along a 
freeze-out curve Phys.Lett.B 738 (2014) 305-310 

 
 

R

T, μBQS

f(p) ∼ e− u ⋅ p
T

ur = β
r
R

β = 0.5 exp. data from Phys.Rev.C 96 (2017) 4, 044904

Remark 
No critical fluctuations in momentum space 
No modification of transport coefficients 
No continuous adding of critical fluctuations
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Collision chemistry and 
observables

Resonance formation/decays 
dominate the dynamics of the 
evolution 

Similar at different energies 

Dynamics influences individual 
cumulants strongly in comparison to 
the initial state 

Cumulants 
 ,     
 

 

κi = ⟨(δN)i⟩c δN = N − ⟨N⟩
σ/M = κ2/κ1
Sσ = κ3/κ2
κσ2 = κ4/κ2
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Critical initialization
Two distinct cases 
1. Coupling of only nucleons ( ) 
2. Coupling of nucleons + mesons and baryons ( )

gp = 2, 4
gp = 2+

Even in the case where only nucleons are coupled to the critical field, fluctuations of 
 are affected 

No large difference between  and 
netΔ

gp = 2 gp = 2+

0.3 < p < 2.0 GeVNet proton/delta fluctuations
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Distinguish between two cases:

1:  κinitial
i κfinal

i
Dynamical evolution

2:  κinitial
i κfinal

i
Directly perform decays

Eliminate decays as source of fluctuations 

Define:    κ̃i = κdynamical
i /κdirect decays

i

HRG initialization  0.3 < p < 2.0 GeV

Isospin fluctuations affect  
in dependence of the energy 
( )

κ2

T, μB

Impact of the dynamical 
evolution

Phys.Rev.C 85 (2012) 021901
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Impact of the dynamical 
evolution

 0.3 < p < 2.0 GeV

Large modification of 
proton number 
fluctuations in the 
evolution due to 
isospin randomization



Jan Hammelmann CPOD2022 15

0.3 < p < 2.0 GeVnet proton

net nucleon
Net proton  
gets washed out by 
the dynamical 
evolution 

 very similar 
compared to 

κσ2 > 0

gp = 2+
gp = 2

Impact of the dynamical 
evolution
Final state cumulants
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Conclusion and outlook
 Conclusion 

• Successfully studied the fate of critical fluctuations in a hadronic medium 
• Correlations survive the hadronic phase if the coupling is strong enough 
• Resonance formation/decay are the most important interactions which 

change the initial fluctuations 

 Outlook 

• Improve the method towards larger couplings  
• Study mapping between proton and baryon fluctuations 
• Continuously add critical fluctuations 


