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Baryon kurtosis as a critical signature

3

M.A. Stephanov PRL (2011)

• Higher order susceptibilities diverge with higher 
power of the correlation length, . 

• Related to moments of the net-proton 
distribution  can be measured experimentally.
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• Universal qualitative behavior from 3D Ising model without the inclusion of 
all sub-leading terms ( ) $$B
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➤ Ongoing search for critical point requires support from theory community to provide 
candidates for criticality-carrying observables

➤ Higher order susceptibilities diverge with higher power of the 
correlation length,  

➤ Related to moments of the net-proton distribution: can be measured 
experimentally

κ4 ∝ ξ7

Search for Criticality

NSAC 2015 Long Range Plan for Nuclear Physics 
M. Stephanov, K. Rajagopal and E. Shuryak, PRD (1999) 
M. Stephanov, PRL (2011)
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and ! = 5, which are within few percent of their exact
values in three dimensions. The result of Eq. (9) can then
be simplified to

"4(t,H) = !12
81! 783#2 + 105#4 ! 5#6 + 2#8

R14/3(3! #2)3(3 + 2#2)5
. (10)

We represent "4(t,H) graphically as a density plot in
Fig. 1. We see that the 4-th cumulant (and kurtosis)
is negative in the sector bounded by two curved rays
H/t!" = ±const (corresponding to # " ±0.32).
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FIG. 1: (color online) (a) – the density plot of the function
!4(t,H) given by Eq. (10) obtained using Eq. (9) for the linear
parametric model Eqs. (6), (7), (8) and " = 1/3, # = 5. The
!4 < 0 region is red, the !4 > 0 – is blue. (b) – the dependence
of !4 on t along the vertical dashed green line on the density
plot above. This line is the simplest example of a possible
mapping of the freezeout curve (see Fig. 2). The units of t,
H and !4 are arbitrary.

Also in Fig. 1 we show the dependence of "4 along a
line which could be thought of as representing a possible
mapping of the freezeout trajectory (Fig. 2) onto the tH
plane. Although the absolute value of the peak in "4

depends on the proximity of the freezeout curve to the
critical point, the ratio of the maximum to minimum
along such an H = const curve is a universal number,
approximately equal to !28 from Eq. (10).

µB, GeV

, GeV

0

0.1

T

t

1

H

critical
point

freezeout
curve

nuclear
matter

QGP

hadron gas

FIG. 2: A sketch of the phase diagram of QCD with the freeze-
out curve and a possible mapping of the Ising coordinates t
and H .

The negative minimum is small relative to the positive
peak, but given the large size of the latter, Ref.[7, 15],
the negative contribution to kurtosis may be significant.
In addition, the mapping of the freezeout curve certainly
need not be H = const, and the relative size of the posi-
tive and negative peaks depends sensitively on that.
The trend described above appears to show in the re-

cent lattice data, Ref.[10], obtained using Pade resum-
mation of the truncated Taylor expansion in µB. As the
chemical potential is increased along the freezeout curve,
the 4-th moment of the baryon number fluctuations be-
gins to decrease, possibly turning negative, as the critical
point is approached (see Fig.2 in Ref.[10]).
Another observation, which we shall return to at the

end of the next section, is that !"4 grows as we approach
the crossover line, corresponding to H = 0, t > 0 on the
diagram in Fig. 1(a). On the QCD phase diagram the
freezeout point will move in this direction if one reduces
the size of the colliding nuclei or selects more peripheral
collisions (the freezeout occurs earlier, i.e., at higher T ,
in a smaller system).

EXPERIMENTAL OBSERVABLES

In this section we wish to connect the results for the
fluctuations of the order parameter field $ to the fluctua-
tions of the observable quantities. As an example we con-
sider the fluctuations of the multiplicity of given charged
particles, such as pions or protons.
For completeness we shall briefly rederive the results of

Ref.[7] using a simple model of fluctuations. The model
captures the most singular term in the contribution of the
critical point to the fluctuation observables. Consider a
given species of particle interacting with fluctuating crit-
ical mode field $. The infinitesimal change of the field !$
leads to a change of the e!ective mass of the particle by
the amount !m = g!$. This could be considered a def-
inition of the coupling g. For example, the coupling of
protons in the sigma model is g$p̄p. The fluctuations !fp
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➤ Critical lensing: critical point (CP) 
is an attractor of trajectories in the 
QCD phase diagram 

➤ Study how the size and shape of 
the critical region affects these 
trajectories within the Equation 
of State with a critical point 
from the 

➤ Critical regions extending along 
the T-direction show a stronger 
lensing effect 

Critical lensing in equilibrium 

10

T. Dore, DM, 
et al 

2207.04086

Along the crossover, we have 
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Small  results in smaller 
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Equation of state for QCD with a critical point

4

Up to !("B4):
P. Parotto, DM, et al PRC (2020)

• Map a parameterization of the 3D Ising model critical point to QCD variables 
(BEST EoS): 

P(T, !B) = T4 !
n

cNon#Ising
n (T )( !B

T )
n

+ PQCD
crit (T, !B)

• Reconstruct QCD pressure via Taylor 
expansion using coefficients extracted on the 
lattice: T4cLAT

n (T ) = T4cNon#Ising
n (T ) + cIsing

n (T )

Up to !("B4) + strangeness neutrality:
J.M. Karthein, DM, et al EPJ+ (2021)

• Reduce number of free parameters by 
imposing:

See talk by T. Dore on Thursday

3

Kurtosis and Critical Lensing in Equilibrium

T. Dore, J.M. Karthein, D. Mroczek et al, PRD (2022)
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Experimental Particle Distributions and Moments

➤ Event-by-event fluctuations are available for several particle species, including 
updated results from the BES program on net-proton fluctuations in search of the 
QCD critical point

STAR Collaboration (L. Adamczyk et al.), PRL (2014), PRL (2021)
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FIG. 1. Event-by-event net-proton number distributions for head-on
(0-5% central) Au+Au collisions for nine

p
sNN values measured by

STAR. The distributions are normalized to the total number of events
at each

p
sNN. The statistical uncertainties are smaller than the sym-

bol sizes and the lines are shown to guide the eye. The distributions
in this figure are not corrected for proton and anti-proton detection
efficiency. The deviation of the distribution for

p
sNN = 54.4 GeV

from the general energy dependence trend is understood to be due to
the reconstruction efficiency of protons and anti-protons being dif-
ferent compared to other energies.

inverse hyperbolic tangent of the component of speed parallel
to the beam direction in units of the speed of light. The pre-
cise measurement of dE/dx with a resolution of 7% in Au+Au
collisions allows for a clear identification of protons up to 800
MeV/c in transverse momentum (pT). The identification for
larger pT (up to 2 GeV/c, with purity above 97%) is made by
a Time Of Flight detector (TOF) [34] having a timing resolu-
tion of better than 100 ps. A minimum pT threshold of 400
MeV/c and a maximum distance of closest approach to the
collision vertex of 1 cm for each p( p̄) candidate track is used
to suppress contamination from secondaries and other back-
grounds [15, 35]. This pT acceptance accounts for approx-
imately 80% of the total p + p̄ multiplicity at mid-rapidity.
This is a significant improvement from the results previously
reported [35] which only had the p + p̄ measured using the
TPC. The observation of non-monotonic variation of the kur-
tosis times variance (ks2) with energy is much more signif-
icant with the increased acceptance. For the rapidity depen-
dence of the observable see Supplemental Material [34].

Figure 1 shows the event-by-event net-proton (Np �Np̄ =
DNp) distributions obtained by measuring the number of pro-
tons (Np) and anti-protons (Np̄) at mid-rapidity (|y| < 0.5) in
the transverse momentum range 0.4 < pT (GeV/c)< 2.0 for
Au+Au collisions at various

p
sNN. To study the shape of

the event-by-event net-proton distribution in detail, cumulants
(Cn) of various orders are calculated, where C1 = M, C2 = s2,
C3 = Ss3 and C4 = ks4.

Figure 2 shows the net-proton cumulants (Cn) as a func-
tion of

p
sNN for central and peripheral (see Supplemental

Material [34] for a magnified version). Au+Au collisions.
The cumulants are corrected for the multiplicity variations
arising due to finite impact parameter range for the measure-
ments [7]. These corrections suppress the volume fluctuations
considerably [7, 36]. A different volume fluctuation correc-
tion method [37] has been applied to the 0-5% central Au+Au
collision data and the results were found to be consistent with
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FIG. 2. Cumulants (Cn) of the net-proton distributions for central
(0-5%) and peripheral (70-80%) Au+Au collisions as a function of
collision energy. The transverse momentum (pT) range for the mea-
surements is from 0.4 to 2 GeV/c and the rapidity (y) range is -0.5 <
y < 0.5.

those shown in Fig 2 . The cumulants are also corrected for
finite track reconstruction efficiencies of the TPC and TOF
detectors. This is done by assuming a binomial response of
the two detectors [35, 38]. A cross-check using a different
method based on unfolding [34] of the distributions for central
Au+Au collisions at

p
sNN = 200 GeV has been found to give

values consistent with the cumulants shown in Fig. 2. Further,
the efficiency correction method used has been verified in a
Monte Carlo calculation. Typical values for the efficiencies
in the TPC (TOF-matching) for the momentum range stud-
ied in 0-5% central Au+Au collisions at

p
sNN = 7.7 GeV are

83%(72%) and 81%(70%) for the protons and anti-protons,
respectively. The corresponding efficiencies for

p
sNN = 200

GeV collisions are 62%(69%) and 60%(68%) for the protons
and anti-protons, respectively. The statistical uncertainties
are obtained using both a bootstrap approach [28, 38] and
the Delta theorem [28, 38, 39] method. The systematic un-
certainties are estimated by varying the experimental require-
ments to reconstruct p ( p̄) in the TPC and TOF. These require-
ments include the distance of the proton and anti-proton tracks
from the primary vertex position, track quality reflected by the
number of TPC space points used in the track reconstruction,
the particle identification criteria passing certain selection cri-
teria, and the uncertainties in estimating the reconstruction ef-
ficiencies. The systematic uncertainties at different collision
energies are uncorrelated.

The large values of C3 and C4 for central Au+Au collisions
show that the distributions have non-Gaussian shapes, a possi-
ble indication of enhanced fluctuations arising from a possible
critical point [11, 22]. The corresponding values for periph-
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FIG. 1. Event-by-event net-proton number distributions for head-on
(0-5% central) Au+Au collisions for nine

p
sNN values measured by

STAR. The distributions are normalized to the total number of events
at each

p
sNN. The statistical uncertainties are smaller than the sym-

bol sizes and the lines are shown to guide the eye. The distributions
in this figure are not corrected for proton and anti-proton detection
efficiency. The deviation of the distribution for

p
sNN = 54.4 GeV

from the general energy dependence trend is understood to be due to
the reconstruction efficiency of protons and anti-protons being dif-
ferent compared to other energies.

inverse hyperbolic tangent of the component of speed parallel
to the beam direction in units of the speed of light. The pre-
cise measurement of dE/dx with a resolution of 7% in Au+Au
collisions allows for a clear identification of protons up to 800
MeV/c in transverse momentum (pT). The identification for
larger pT (up to 2 GeV/c, with purity above 97%) is made by
a Time Of Flight detector (TOF) [34] having a timing resolu-
tion of better than 100 ps. A minimum pT threshold of 400
MeV/c and a maximum distance of closest approach to the
collision vertex of 1 cm for each p( p̄) candidate track is used
to suppress contamination from secondaries and other back-
grounds [15, 35]. This pT acceptance accounts for approx-
imately 80% of the total p + p̄ multiplicity at mid-rapidity.
This is a significant improvement from the results previously
reported [35] which only had the p + p̄ measured using the
TPC. The observation of non-monotonic variation of the kur-
tosis times variance (ks2) with energy is much more signif-
icant with the increased acceptance. For the rapidity depen-
dence of the observable see Supplemental Material [34].

Figure 1 shows the event-by-event net-proton (Np �Np̄ =
DNp) distributions obtained by measuring the number of pro-
tons (Np) and anti-protons (Np̄) at mid-rapidity (|y| < 0.5) in
the transverse momentum range 0.4 < pT (GeV/c)< 2.0 for
Au+Au collisions at various

p
sNN. To study the shape of

the event-by-event net-proton distribution in detail, cumulants
(Cn) of various orders are calculated, where C1 = M, C2 = s2,
C3 = Ss3 and C4 = ks4.

Figure 2 shows the net-proton cumulants (Cn) as a func-
tion of

p
sNN for central and peripheral (see Supplemental

Material [34] for a magnified version). Au+Au collisions.
The cumulants are corrected for the multiplicity variations
arising due to finite impact parameter range for the measure-
ments [7]. These corrections suppress the volume fluctuations
considerably [7, 36]. A different volume fluctuation correc-
tion method [37] has been applied to the 0-5% central Au+Au
collision data and the results were found to be consistent with
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FIG. 2. Cumulants (Cn) of the net-proton distributions for central
(0-5%) and peripheral (70-80%) Au+Au collisions as a function of
collision energy. The transverse momentum (pT) range for the mea-
surements is from 0.4 to 2 GeV/c and the rapidity (y) range is -0.5 <
y < 0.5.

those shown in Fig 2 . The cumulants are also corrected for
finite track reconstruction efficiencies of the TPC and TOF
detectors. This is done by assuming a binomial response of
the two detectors [35, 38]. A cross-check using a different
method based on unfolding [34] of the distributions for central
Au+Au collisions at

p
sNN = 200 GeV has been found to give

values consistent with the cumulants shown in Fig. 2. Further,
the efficiency correction method used has been verified in a
Monte Carlo calculation. Typical values for the efficiencies
in the TPC (TOF-matching) for the momentum range stud-
ied in 0-5% central Au+Au collisions at

p
sNN = 7.7 GeV are

83%(72%) and 81%(70%) for the protons and anti-protons,
respectively. The corresponding efficiencies for

p
sNN = 200

GeV collisions are 62%(69%) and 60%(68%) for the protons
and anti-protons, respectively. The statistical uncertainties
are obtained using both a bootstrap approach [28, 38] and
the Delta theorem [28, 38, 39] method. The systematic un-
certainties are estimated by varying the experimental require-
ments to reconstruct p ( p̄) in the TPC and TOF. These require-
ments include the distance of the proton and anti-proton tracks
from the primary vertex position, track quality reflected by the
number of TPC space points used in the track reconstruction,
the particle identification criteria passing certain selection cri-
teria, and the uncertainties in estimating the reconstruction ef-
ficiencies. The systematic uncertainties at different collision
energies are uncorrelated.

The large values of C3 and C4 for central Au+Au collisions
show that the distributions have non-Gaussian shapes, a possi-
ble indication of enhanced fluctuations arising from a possible
critical point [11, 22]. The corresponding values for periph-
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Early Estimates of Equilibrium Fluctuations

➤ Order-of-magnitude predictions of volume-
independent normalized cumulants from 2010 
relied on ansätze 

➤ Original estimates used parametrized 
correlation length with width Δ

C. Athanasiou, K. Rajagopal, M. Stephanov, PRD (2010)
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FIG. 2: The µB-dependence of !4p, the normalized 4th cu-
mulant of the proton number distribution defined in (1.13),
with a µB-dependent ⇠ given by (1.17). We only include the
Poisson and critical contributions to the cumulant. In the top
panel we choose µc

B = 400 MeV and illustrate how !4p is af-
fected if we vary the width � of the peak in ⇠ from 50 to 100
to 200 MeV, as in Fig. 1. The inset panel zooms in to show
how !4p is dominated by the Poisson contribution well below
µc
B . In the lower panel, we take � = 100 MeV and illustrate

the e↵ects of changing µc
B and of reducing the sigma-proton

coupling gp from our benchmark gp = 7 to gp = 5.

reasons, because their fluctuations are proxy to the fluc-
tuations of the conserved baryon number [30] and be-
cause their coupling to the critical mode � is relatively
large.

We have defined the normalized cumulants of the pro-
ton and pion distributions in (1.13) and (1.12) and the
normalized mixed cumulants in (1.15). Fig. 2 shows how
!4p might look like, with ⇠(µB) given by Eq. (1.17). We
illustrate how !4p changes if we vary the location of the
critical point µc

B and the width � of the peak in Fig. 1,
as well as the sigma-proton coupling gp. As we shall see
in Section IIA, there are four nonuniversal parameters
that (for a given ⇠max) govern the height of the peaks
of the normalized cumulants. These include gp and the
sigma-pion coupling G, as well as two parameters �̃3 and
�̃4 that we shall define in Section IIA. We have used as
our benchmark values G = 300 MeV, g = 7, �̃3 = 4 and
�̃4 = 12. As we shall discover in Section II and discuss
at length in Section III, the heights of the peaks of dif-
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FIG. 3: The µB-dependence of selected normalized cu-
mulants, defined in (1.12), (1.13) and (1.15), with a µB-
dependent ⇠ given by (1.17) as in Fig. 1. We only include
the Poisson and critical contributions to the cumulants. We
have set all parameters to their benchmark values, described
in the text, and we have chosen the width of the peak in
⇠ to be � = 100 MeV. Note the di↵erent vertical scales in
these figures and in Fig. 2; The magnitude of the e↵ect of
critical fluctuations on di↵erent normalized cumulants di↵ers
considerably, as we shall discuss in Sections II and III. As we
shall also discuss in those Sections, ratios of the magnitudes
of these di↵erent observables depend on (and can be used to
constrain) the correlation length ⇠, the proton number den-
sity np, and four non-universal parameters. We shall also see
in Section III that there are ratios among these observables
that are independent of all of these variables, meaning that
we can predict them reliably. For example, we shall see that
critical fluctuations must yield !2

2p2⇡ = (!4p�1)(!4⇡�1) and
!3
2p1⇡ = (!3p � 1)2(!3⇡ � 1) and !3

1p2⇡ = (!3p � 1)(!3⇡ � 1)2.
(The subtractions of 1 are intended to remove the Poisson
background; in an analysis of experimental data these sub-
tractions could be done by subtracting the !ip or !j⇡ de-
termined from a sample of mixed events, as this would also
subtract various other small background e↵ects.)

ferent normalized cumulants are a↵ected di↵erently by
variations in these four parameters. Fig. 3 shows how six
more di↵erent normalized cumulants vary with µB . In
this figure we keep all parameters set at their benchmark
values, deferring a discussion of how these peaks change
with parameters to Section III.
In the case of free particles in the classical Boltzmann

4

point, the equilibrium correlation length ⇠eq is very long
and there is not su�cient time for the actual correlation
length ⇠ achieved in a collision to reach ⇠eq [21]. Lets sup-
pose that ⇠ reaches ⇠eq for |µB � µc

B | & W , for some W ,
while for |µB � µc

B | . W finite time e↵ects limit ⇠ such
that it peaks at ⇠max. In principle, ⇠eq(µB) could one day
be determined from lattice QCD calculations, but these
calculations are challenging at µ 6= 0 because of the no-
torious fermion sign problem, so this day remains in the
future. At present, all we can do is require that the static
correlation length ⇠eq satisfy the constraints imposed by
the universality of critical behavior at long wavelengths.
The universal behavior is really only attained in the limit
in which W ! 0 and ⇠max ! 1, so our use of it in the
present context is illustrative but not quantitative. As
a function of µB � µc

B , in the universal regime ⇠eq must
scale as ⇠ ! f±|µB � µc

B |�⌫ , where ⌫ is the relevant
critical exponent1 and f+ and f� are the amplitudes of
the singularity on the crossover and first-order side of
the transition respectively. The precise value of the criti-
cal exponent is ⌫ = (2�↵)/3 ⇡ 0.63, with the numerical
value being that for a critical point in the Ising universal-
ity class [26]. But, in our calculation in Section II we shall
be neglecting the small anomalous dimensions associated
with nonvanishing values of the exponents ⌘ ⇡ 0.04 and
↵ ⇡ 0.1. So, to be consistent, here too we shall sim-
ply use ⌫ = 2/3. The ratio of the amplitudes f+/f� is
also a universal quantity. In the Ising universality class,
f+/f� ⇡ 1.9 [27]. Since f+/f� > 1, the correlation
length falls o↵ more slowly on the crossover side µ < µc

B .
The simplest ansatz for ⇠(µB) that we have found that

incorporates the physics that we have just described is

⇠(µB) =
⇠max

h
1 +

(µB�µc
B)2

W (µB)2

i1/3 , (1.17)

with

W (µB) = W + �W tanh
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For our illustrative model of the ⇠(µB) dependence along the

freezeout curve we are assuming that where the freezeout curve

passes the critical point it is approximately parallel to the tran-

sition line (crossover and first-order lines). The region of the

QCD phase diagram in the (µB , T ) plane near the critical point

can be mapped onto the Ising model phase diagram, whose

reduced temperature and magnetic field axes are convention-

ally denoted by t and h, respectively. Upon approaching the

Ising critical point along the t-direction, i.e., along the tran-

sition line, ⇠eq ⇠ t�⌫ ⇠ t�2/3
, while along the h-direction,

⇠eq ⇠ h�⌫/�� ⇠ h�2/5
. As long as h ⌧ t�� on the freezeout

curve, the t-like scaling dominates and, since |µB � µc
B | ⇠ t, we

obtain ⇠eq ⇠ |µB � µc
B |�⌫

. The condition h ⌧ t�� is violated

at points on the freezeout curve that are very close to the criti-

cal point, t ⇡ 0, where the h-like scaling sets in. For simplicity

we assume that this small-t segment of the freezeout curve in

the QCD phase diagram lies in a region where the equilibrium

correlation length ⇠eq already exceeds ⇠max = 2 fm, and thus

⇠ ⇡ ⇠max in this segment.
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FIG. 1: The correlation length ⇠(µB) achieved in a heavy
ion collision that freezes out with a chemical potential µB ,
according to the ansatz described in the text. We have as-
sumed that the collisions that freeze out closest to the critical
point are those that freeze out at µc

B = 400 MeV. We have
assumed that the finite duration of the collision limits ⇠ to
⇠ < ⇠max = 2 fm. We show ⇠(µB) for three choices of the
width parameter �, defined in the text. The choices of pa-
rameters that have gone into this ansatz are arbitrary, made
for illustrative purposes only. They are not predictions.

whereW and w are nonuniversal parameters to be chosen
and �W is specified by requiring that

W + �W

W � �W
=

✓
f+
f�

◆3/2

= 1.93/2 . (1.19)

We have constructed (1.17) such that ⇠ has the universal
behavior of ⇠eq when |µB � µc

B | � W (µB), but has a
peak that is cut o↵ at ⇠ = ⇠max where µB = µc

B . We
have chosen the shape of ⇠ in the vicinity of the peak
arbitrarily, for illustrative purposes, not via analysis of
the rate of growth of ⇠ during the finite duration in time
of a heavy ion collision. In Fig. 1 we show two instances
of our ansatz for ⇠(µB). They di↵er in their choice of the
width of the peak. We shall define the width � as the
distance in µB between the two points at which ⇠(µB)
crosses 1 fm, i.e. the width in µB within which ⇠ >
1 fm. The three curves in the figure have �=50, 100 and
200 MeV. In all three cases we have chosen w = 0.1�.
(With this choice, W = 0.189� and �W = 0.084�.)
There is no reason to expect that � should be small and,
indeed, in model calculations it seems to be larger than
100 MeV [28]. Ultimately � should be determined by
lattice calculations; one first attempt to do so indicates
� ⇠ 100 MeV [17, 29].

C. Cumulants near the critical point

We shall concentrate our analysis on observables char-
acterizing the fluctuations of pions and protons. Pions
are the most abundant species produced in relativistic
heavy ion collisions. Protons are important, among other

how
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B = 400 MeV. We have
assumed that the finite duration of the collision limits ⇠ to
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We have constructed (1.17) such that ⇠ has the universal
behavior of ⇠eq when |µB � µc

B | � W (µB), but has a
peak that is cut o↵ at ⇠ = ⇠max where µB = µc

B . We
have chosen the shape of ⇠ in the vicinity of the peak
arbitrarily, for illustrative purposes, not via analysis of
the rate of growth of ⇠ during the finite duration in time
of a heavy ion collision. In Fig. 1 we show two instances
of our ansatz for ⇠(µB). They di↵er in their choice of the
width of the peak. We shall define the width � as the
distance in µB between the two points at which ⇠(µB)
crosses 1 fm, i.e. the width in µB within which ⇠ >
1 fm. The three curves in the figure have �=50, 100 and
200 MeV. In all three cases we have chosen w = 0.1�.
(With this choice, W = 0.189� and �W = 0.084�.)
There is no reason to expect that � should be small and,
indeed, in model calculations it seems to be larger than
100 MeV [28]. Ultimately � should be determined by
lattice calculations; one first attempt to do so indicates
� ⇠ 100 MeV [17, 29].

C. Cumulants near the critical point

We shall concentrate our analysis on observables char-
acterizing the fluctuations of pions and protons. Pions
are the most abundant species produced in relativistic
heavy ion collisions. Protons are important, among other
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We now define the cumulants of the event-by-event dis-
tribution of a single observable, say x. The second and
third cumulants are given by

2x ⌘ hhx2ii ⌘ h (�x)2 i (1.2)

3x ⌘ hhx3ii ⌘ h (�x)3 i , (1.3)

where we have introduced two equivalent notations for
the cumulants. The second cumulant 2x is the variance
of the distribution, while the skewness of the distribution

is given by 3x/
3/2
2x . The fourth cumulant is di↵erent

from the corresponding fourth moment:

4x ⌘ hhx4ii ⌘ h (�x)4 i � 3 h (�x)2 i2 . (1.4)

The kurtosis of the distribution is given by 4x/2
2x.

The defining property of the cumulants is their addi-
tivity for independent variables. For example, if a and
b are two independent random variables, then i(a+b) =
ia+ib. This property is easily seen from the cumulant
generating function

g(µ) = logheµ �xi , (1.5)

which is manifestly additive. The n’th cumulant of the
x-distribution is given by

nx =
@ng(µ)

@µn

����
µ=0

. (1.6)

Using the double bracket notation introduced above,
g(µ) = hheµxii. As a result of their additivity, cumulants
of extensive variables, such as Np or N⇡, are all them-
selves extensive, meaning that they are proportional to
the volume of the system V in the thermodynamic limit.

We shall also consider mixed cumulants, which gener-
alize the more familiar Gaussian measures of correlations
to non-Gaussian measures. These are generated by

g(µ, ⌫) ⌘
X

n,m

nxmy µn⌫m

m!n!
= logheµ �x+⌫ �yi , (1.7)

and, for example, are given by

1x1y ⌘ hhxyii = h �x �y i , (1.8)

1x2y ⌘ hhxy2ii = h �x (�y)2 i , (1.9)

2x2y ⌘ hhx2y2ii
= h (�x)2 (�y)2 i � 2h �x �y i2 � h (�x)2 i h (�y)2 i ,

(1.10)

1x3y ⌘ hhxy3ii
= h �x (�y)3 i � 3 h �x �y i h (�y)2 i . (1.11)

For two extensive variables x and y such mixed cumulants
are also extensive, proportional to V .
We have described how to obtain the cumulants ix,

jy and ixjy from a data set consisting of an ensemble
of events in each of which x and y have been measured.

We can now define the intensive normalized cumulants
that we shall analyze:

!i⇡ ⌘ i⇡

hN⇡i
, (1.12)

!ip ⌘ ip

hNpi
, (1.13)

!i(p�p̄) ⌘
i(p�p̄)

hNp +Np̄i
, (1.14)

!ipj⇡ ⌘ ipj⇡

hNpii/rhN⇡ij/r
, (1.15)

!i(p�p̄)j⇡ ⌘
i(p�p̄)j⇡

hNp +Np̄ii/rhN⇡ij/r
, (1.16)

where r ⌘ i+ j.
If N⇡, Np and Np̄ are statistically independent and

Gaussian distributed, then the !2’s in (1.12), (1.13) and
(1.14) are nonzero and all the other !’s vanish.
If N⇡, Np and Np̄ are statistically independent and

Poisson distributed, then all the !i’s in (1.12), (1.13)
and (1.14) with i � 2 are equal to 1, and all the mixed
cumulants vanish and therefore so do the !’s in (1.15)
and (1.16).
In this paper we shall calculate the contributions of

critical fluctuations to the normalized cumulants (1.12),
(1.13) and (1.14) for i = 2, 3 and 4 and the normalized
mixed cumulants (1.15) and (1.16) for i’s and j’s such
that r = 2, 3 and 4.

B. Dependence of ⇠ on µB

We shall close this Introduction (in Section I.C) by
illustrating possible experimental outcomes of measure-
ments of the cumulants defined in Section I.A, assuming
that the matter produced at the freezeout point of the
fireball evolution for some collision energy

p
s is near the

critical point. In Section I.C we shall present only results,
while the calculations involved are presented in Section
II. What we shall calculate in Section II is the contribu-
tion of critical fluctuations to the observables defined in
Section I.A, in terms of the correlation length ⇠. In order
to give an example of possible experimental outcomes, we
need to make an illustrative choice of how the correlation
length ⇠ that is achieved in a heavy ion collision depends
on µB .
To start, let us assume that the critical point occurs

at µc
B = 400 MeV. Let us also assume that because the

fireball only spends a finite time in the vicinity of the
critical point the correlation length reaches a maximum
value of ⇠max = 2 fm in the collisions in which the freeze-
out point is closest to the critical point during an energy
scan. We stress that our choices of µc

B and ⇠max are
arbitrary, made for illustrative purposes only, and are in
no way predictions.
How does the correlation length achieved in a heavy

ion collision depend on the µB at which the matter pro-
duced in the collision freezes out? Close to the critical
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FIG. 2: The µB-dependence of !4p, the normalized 4th cu-
mulant of the proton number distribution defined in (1.13),
with a µB-dependent ⇠ given by (1.17). We only include the
Poisson and critical contributions to the cumulant. In the top
panel we choose µc

B = 400 MeV and illustrate how !4p is af-
fected if we vary the width � of the peak in ⇠ from 50 to 100
to 200 MeV, as in Fig. 1. The inset panel zooms in to show
how !4p is dominated by the Poisson contribution well below
µc
B . In the lower panel, we take � = 100 MeV and illustrate

the e↵ects of changing µc
B and of reducing the sigma-proton

coupling gp from our benchmark gp = 7 to gp = 5.

reasons, because their fluctuations are proxy to the fluc-
tuations of the conserved baryon number [30] and be-
cause their coupling to the critical mode � is relatively
large.

We have defined the normalized cumulants of the pro-
ton and pion distributions in (1.13) and (1.12) and the
normalized mixed cumulants in (1.15). Fig. 2 shows how
!4p might look like, with ⇠(µB) given by Eq. (1.17). We
illustrate how !4p changes if we vary the location of the
critical point µc

B and the width � of the peak in Fig. 1,
as well as the sigma-proton coupling gp. As we shall see
in Section IIA, there are four nonuniversal parameters
that (for a given ⇠max) govern the height of the peaks
of the normalized cumulants. These include gp and the
sigma-pion coupling G, as well as two parameters �̃3 and
�̃4 that we shall define in Section IIA. We have used as
our benchmark values G = 300 MeV, g = 7, �̃3 = 4 and
�̃4 = 12. As we shall discover in Section II and discuss
at length in Section III, the heights of the peaks of dif-
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FIG. 3: The µB-dependence of selected normalized cu-
mulants, defined in (1.12), (1.13) and (1.15), with a µB-
dependent ⇠ given by (1.17) as in Fig. 1. We only include
the Poisson and critical contributions to the cumulants. We
have set all parameters to their benchmark values, described
in the text, and we have chosen the width of the peak in
⇠ to be � = 100 MeV. Note the di↵erent vertical scales in
these figures and in Fig. 2; The magnitude of the e↵ect of
critical fluctuations on di↵erent normalized cumulants di↵ers
considerably, as we shall discuss in Sections II and III. As we
shall also discuss in those Sections, ratios of the magnitudes
of these di↵erent observables depend on (and can be used to
constrain) the correlation length ⇠, the proton number den-
sity np, and four non-universal parameters. We shall also see
in Section III that there are ratios among these observables
that are independent of all of these variables, meaning that
we can predict them reliably. For example, we shall see that
critical fluctuations must yield !2

2p2⇡ = (!4p�1)(!4⇡�1) and
!3
2p1⇡ = (!3p � 1)2(!3⇡ � 1) and !3

1p2⇡ = (!3p � 1)(!3⇡ � 1)2.
(The subtractions of 1 are intended to remove the Poisson
background; in an analysis of experimental data these sub-
tractions could be done by subtracting the !ip or !j⇡ de-
termined from a sample of mixed events, as this would also
subtract various other small background e↵ects.)

ferent normalized cumulants are a↵ected di↵erently by
variations in these four parameters. Fig. 3 shows how six
more di↵erent normalized cumulants vary with µB . In
this figure we keep all parameters set at their benchmark
values, deferring a discussion of how these peaks change
with parameters to Section III.
In the case of free particles in the classical Boltzmann
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On the sign of kurtosis near the QCD critical point

M. A. Stephanov
Department of Physics, University of Illinois, Chicago, Illinois 60607, USA

We point out that the quartic cumulant (and kurtosis) of the order parameter fluctuations is uni-
versally negative when the critical point is approached on the crossover side of the phase separation
line. As a consequence, the kurtosis of a fluctuating observable, such as, e.g., proton multiplicity,
may become smaller than the value given by independent Poisson statistics. We discuss implications
for the Beam Energy Scan program at RHIC.

INTRODUCTION

Mapping the QCD phase diagram as a function of
temperature T and baryochemical potential µB is one
of the fundamental goals of heavy-ion collision experi-
ments. QCD critical point is a distinct singular feature
of the phase diagram. It is a ubiquitous property of QCD
models based on the chiral symmetry breaking dynamics
(see, e.g., Ref.[1] for a review and further references). Lo-
cating the point using first-principle lattice calculations
is a formidable challenge (see, e.g., Ref.[2] for a recent
review and references). If the critical point is situated in
the region accessible to heavy-ion collision experiments
it can be discovered experimentally. The search for the
critical point is planned at the Relativistic Heavy Ion
Collider (RHIC) at BNL, the Super Proton Synchrotron
(SPS) at CERN, the future Facility for Antiproton and
Ion Research (FAIR) at GSI, and Nuclotron-based Ion
Collider Facility (NICA) in Dubna (see, e.g., Ref.[3]).

The characteristic feature of a critical point is the di-
vergence of the correlation length ! and of the magnitude
of the fluctuations. The simplest measures of fluctuations
in heavy-ion collisions are the variances of the event-by-
event observables such as multiplicities or mean trans-
verse momenta of particles. The singular, critical con-
tribution to these variances diverges as (approximately)
!2, and would manifest in a non-monotonic dependence
of such measures as the critical point is passed by during
the beam energy scan [4, 5]. In realistic heavy ion colli-
sion the divergence of ! is cut-o! by the e!ects of critical
slowing down [5, 6], and the estimates of the maximum
correlation length are in the range of at most 2 ! 3 fm,
compared to the natural 0.5!1 fm away from the critical
point. However, higher, non-Gaussian, moments of the
fluctuations depend much more sensitively on !, accord-
ing to Ref.[7]. For example, the 4-th moment grows as
!7 near the critical point, making it an attractive exper-
imental tool. In this paper we follow up on the results
of Ref.[7] to point out that the sign of the 4-th moment
could be negative as the critical point is approached from
the crossover side of the QCD phase transition.

The sign of various moments have been discussed in
the literature in related contexts: see, e.g., discussion of
the sign of the 3-rd moment in Ref.[8] or the 6-th and 8-th
moments in Ref.[9] and also numerical lattice calculations

in Ref.[10] where the possible sign change of kurtosis is
noted.
In this paper we shall address specifically the sign of

the 4-th moment (or kurtosis) and do it in a more uni-
versal and quantitative way than has been done previ-
ously, by using the known parametric form of the univer-
sal equation of state near the critical point. We empha-
size universality of the behavior of the kurtosis and draw
experimental consequences from these results.

KURTOSIS AND UNIVERSAL EFFECTIVE
POTENTIAL

Let us begin, as in Ref.[1], by describing fluctuations of
the order parameter field "(x) near a critical point using
the probability distribution

P ["] " exp {!"["]/T } , (1)

where " is the e!ective action (free energy) functional for
the field ", which can be expanded in powers of " as well
as in the gradients (we chose " = 0 at the minimum):

" =

!

d3x

"

(!")2

2
+

m2
!

2
"2 +

#3

3
"3 +

#4

4
"4 + . . .

#

.

(2)
Calculating 2-point correlator #"(x)"(0)$ we find that
the correlation length ! = m!1

! . For the moments of the
zero momentum mode "V %

$

d3x"(x) in a system of
volume V we find at tree level

$2 = #"2
V $ = V T !2 ; $3 = #"3

V $ = 2#3V T 2 !6 ;

$4 = #"4
V $c = 6V T 3 [ 2(#3!)

2 ! #4 ] !
8 .

(3)

where #"4
V $c % #"4

V $!3#"2
V $2 denotes the connected 4-th

central moment (the 4-th cumulant). The critical point
is characterized by ! & '. The central observation in
Ref.[7] was that the higher moments (cumulants) $3 and
$4 diverge with ! much faster than the quadratic moment
$2. Here we shall point out that the sign of the 4-th
moment $4 is negative in a certain sector near the critical
point. More precisely, the 4-th cumulant is negative when
the critical point is approached from the crossover side.
Let us demonstrate this in several complementary ways.
A simple way to see why the kurtosis is negative is by

following the evolution of the probability distribution of
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it can be discovered experimentally. The search for the
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(SPS) at CERN, the future Facility for Antiproton and
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Collider Facility (NICA) in Dubna (see, e.g., Ref.[3]).

The characteristic feature of a critical point is the di-
vergence of the correlation length ! and of the magnitude
of the fluctuations. The simplest measures of fluctuations
in heavy-ion collisions are the variances of the event-by-
event observables such as multiplicities or mean trans-
verse momenta of particles. The singular, critical con-
tribution to these variances diverges as (approximately)
!2, and would manifest in a non-monotonic dependence
of such measures as the critical point is passed by during
the beam energy scan [4, 5]. In realistic heavy ion colli-
sion the divergence of ! is cut-o! by the e!ects of critical
slowing down [5, 6], and the estimates of the maximum
correlation length are in the range of at most 2 ! 3 fm,
compared to the natural 0.5!1 fm away from the critical
point. However, higher, non-Gaussian, moments of the
fluctuations depend much more sensitively on !, accord-
ing to Ref.[7]. For example, the 4-th moment grows as
!7 near the critical point, making it an attractive exper-
imental tool. In this paper we follow up on the results
of Ref.[7] to point out that the sign of the 4-th moment
could be negative as the critical point is approached from
the crossover side of the QCD phase transition.

The sign of various moments have been discussed in
the literature in related contexts: see, e.g., discussion of
the sign of the 3-rd moment in Ref.[8] or the 6-th and 8-th
moments in Ref.[9] and also numerical lattice calculations

in Ref.[10] where the possible sign change of kurtosis is
noted.
In this paper we shall address specifically the sign of

the 4-th moment (or kurtosis) and do it in a more uni-
versal and quantitative way than has been done previ-
ously, by using the known parametric form of the univer-
sal equation of state near the critical point. We empha-
size universality of the behavior of the kurtosis and draw
experimental consequences from these results.

KURTOSIS AND UNIVERSAL EFFECTIVE
POTENTIAL

Let us begin, as in Ref.[1], by describing fluctuations of
the order parameter field "(x) near a critical point using
the probability distribution

P ["] " exp {!"["]/T } , (1)

where " is the e!ective action (free energy) functional for
the field ", which can be expanded in powers of " as well
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! . For the moments of the
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$4 = #"4
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2 ! #4 ] !
8 .

(3)

where #"4
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central moment (the 4-th cumulant). The critical point
is characterized by ! & '. The central observation in
Ref.[7] was that the higher moments (cumulants) $3 and
$4 diverge with ! much faster than the quadratic moment
$2. Here we shall point out that the sign of the 4-th
moment $4 is negative in a certain sector near the critical
point. More precisely, the 4-th cumulant is negative when
the critical point is approached from the crossover side.
Let us demonstrate this in several complementary ways.
A simple way to see why the kurtosis is negative is by
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In this paper we shall address specifically the sign of

the 4-th moment (or kurtosis) and do it in a more uni-
versal and quantitative way than has been done previ-
ously, by using the known parametric form of the univer-
sal equation of state near the critical point. We empha-
size universality of the behavior of the kurtosis and draw
experimental consequences from these results.

KURTOSIS AND UNIVERSAL EFFECTIVE
POTENTIAL

Let us begin, as in Ref.[1], by describing fluctuations of
the order parameter field "(x) near a critical point using
the probability distribution

P ["] " exp {!"["]/T } , (1)

where " is the e!ective action (free energy) functional for
the field ", which can be expanded in powers of " as well
as in the gradients (we chose " = 0 at the minimum):

" =

!

d3x

"

(!")2

2
+

m2
!

2
"2 +

#3

3
"3 +

#4

4
"4 + . . .

#

.

(2)
Calculating 2-point correlator #"(x)"(0)$ we find that
the correlation length ! = m!1

! . For the moments of the
zero momentum mode "V %

$

d3x"(x) in a system of
volume V we find at tree level

$2 = #"2
V $ = V T !2 ; $3 = #"3

V $ = 2#3V T 2 !6 ;

$4 = #"4
V $c = 6V T 3 [ 2(#3!)

2 ! #4 ] !
8 .

(3)

where #"4
V $c % #"4

V $!3#"2
V $2 denotes the connected 4-th

central moment (the 4-th cumulant). The critical point
is characterized by ! & '. The central observation in
Ref.[7] was that the higher moments (cumulants) $3 and
$4 diverge with ! much faster than the quadratic moment
$2. Here we shall point out that the sign of the 4-th
moment $4 is negative in a certain sector near the critical
point. More precisely, the 4-th cumulant is negative when
the critical point is approached from the crossover side.
Let us demonstrate this in several complementary ways.
A simple way to see why the kurtosis is negative is by

following the evolution of the probability distribution of

3

and ! = 5, which are within few percent of their exact
values in three dimensions. The result of Eq. (9) can then
be simplified to

"4(t,H) = !12
81! 783#2 + 105#4 ! 5#6 + 2#8

R14/3(3! #2)3(3 + 2#2)5
. (10)

We represent "4(t,H) graphically as a density plot in
Fig. 1. We see that the 4-th cumulant (and kurtosis)
is negative in the sector bounded by two curved rays
H/t!" = ±const (corresponding to # " ±0.32).
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FIG. 1: (color online) (a) – the density plot of the function
!4(t,H) given by Eq. (10) obtained using Eq. (9) for the linear
parametric model Eqs. (6), (7), (8) and " = 1/3, # = 5. The
!4 < 0 region is red, the !4 > 0 – is blue. (b) – the dependence
of !4 on t along the vertical dashed green line on the density
plot above. This line is the simplest example of a possible
mapping of the freezeout curve (see Fig. 2). The units of t,
H and !4 are arbitrary.

Also in Fig. 1 we show the dependence of "4 along a
line which could be thought of as representing a possible
mapping of the freezeout trajectory (Fig. 2) onto the tH
plane. Although the absolute value of the peak in "4

depends on the proximity of the freezeout curve to the
critical point, the ratio of the maximum to minimum
along such an H = const curve is a universal number,
approximately equal to !28 from Eq. (10).
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FIG. 2: A sketch of the phase diagram of QCD with the freeze-
out curve and a possible mapping of the Ising coordinates t
and H .

The negative minimum is small relative to the positive
peak, but given the large size of the latter, Ref.[7, 15],
the negative contribution to kurtosis may be significant.
In addition, the mapping of the freezeout curve certainly
need not be H = const, and the relative size of the posi-
tive and negative peaks depends sensitively on that.
The trend described above appears to show in the re-

cent lattice data, Ref.[10], obtained using Pade resum-
mation of the truncated Taylor expansion in µB. As the
chemical potential is increased along the freezeout curve,
the 4-th moment of the baryon number fluctuations be-
gins to decrease, possibly turning negative, as the critical
point is approached (see Fig.2 in Ref.[10]).
Another observation, which we shall return to at the

end of the next section, is that !"4 grows as we approach
the crossover line, corresponding to H = 0, t > 0 on the
diagram in Fig. 1(a). On the QCD phase diagram the
freezeout point will move in this direction if one reduces
the size of the colliding nuclei or selects more peripheral
collisions (the freezeout occurs earlier, i.e., at higher T ,
in a smaller system).

EXPERIMENTAL OBSERVABLES

In this section we wish to connect the results for the
fluctuations of the order parameter field $ to the fluctua-
tions of the observable quantities. As an example we con-
sider the fluctuations of the multiplicity of given charged
particles, such as pions or protons.
For completeness we shall briefly rederive the results of

Ref.[7] using a simple model of fluctuations. The model
captures the most singular term in the contribution of the
critical point to the fluctuation observables. Consider a
given species of particle interacting with fluctuating crit-
ical mode field $. The infinitesimal change of the field !$
leads to a change of the e!ective mass of the particle by
the amount !m = g!$. This could be considered a def-
inition of the coupling g. For example, the coupling of
protons in the sigma model is g$p̄p. The fluctuations !fp

4

of the momentum space distribution function fp consist
of the pure statistical fluctuations !f0

p around the equi-
librium distribution np for a particle of a given mass,
which itself fluctuates. This gives

!fp = !f0
p +

"np

"m
g !# . (11)

Using this equation we can calculate the most singu-
lar contribution from the critical fluctuations to the mo-
ments or correlators of !fp. The fluctuation of the mul-
tiplicity N = V d

!

p
fp is given by

!N = !N0 + V g !# d

"

p

"np

"m
, (12)

where d is the degeneracy factor (e.g., number of spin or
charge states of the particle). Neglecting, for clarity and
simplicity, the e!ects of quantum statistics, i.e., assum-
ing np ! 1, we can use Poisson statistics for !N0. Using
additivity of the cumulants (their defining property), and
assuming !N0 and !# are uncorrelated, the contribution
of the critical fluctuations can be expressed in terms of
the corresponding moments of the critical field # fluctua-
tions. For example, the contribution to the 4-th moment
can be expressed as (cf. Refs.[7, 15])

"(!N)4#c = "N#+ "#4
V #c

#

g d

T

"

p

np

$p

$4

+ . . . , (13)

where $p = (dEp/dm)!1 is the relativistic gamma-factor
of a particle with momentum p and mass m. The first
term on the r.h.s. of Eq. (13) is the Poisson contribution.
We neglected np ! 1 in the quantum statistics factor
(1±np) for simplicity, and we denoted by “. . .” other con-
tributions, less singular at the critical point. The model
is admittedly crude, but it illustrates the mechanism and
correctly captures the most singular contribution near
the critical point.
In the region near the critical point where %4 = "#4

V #c
is negative, the 4-th cumulant of the fluctuations will
be smaller than its Poisson value, "N#. The measure
defined in Ref.[7] as &4(N) = "(!N)4#c/"N# will be less
than 1. By how much will depend sensitively on the
correlation length (as '7), i.e., on how close the freezeout
occurs to the critical point, as well as on other factors
(for protons, most significantly, on the value of µB.) We
shall not attempt to estimate this e!ect quantitatively in
this paper. The analysis of Ref.[15] suggests, however,
that this e!ect for protons can be significant compared
to the Poisson value already for ' $ 2 fm.
Usual caveats apply: other (non-trivial) contributions

to moments which do not behave singularly at the critical
point can turn out to be relatively large. It is beyond the
scope of the paper to estimate these e!ects. The size of
these background contributions could, in principle, be
determined experimentally by performing measurements
away from the critical point.

We conclude by asking an obvious question: has the
e!ect of the negative kurtosis been observed? Data from
STAR indicate that at

%
s = 19.6 GeV the ratio %4/%2

might be substantially smaller than its Poisson value 1,
see Fig. 6 in Ref.[16], while it is very close to 1 at higher%
s (smaller µB). Unfortunately, the statistics accumu-

lated in the short run at
%
s = 19.6 GeV is clearly not

su"cient to make a reliable conclusion. It would be in-
teresting to see if this e!ect persists with more statistics
at this energy. If confirmed, this result could indicate
that the critical point is close, at somewhat larger values
of µB (smaller

%
s). In this case, as we already discussed

at the end of the previous section, the universality would
also predict that the negative kurtosis e!ect should in-
crease in more peripheral collisions at the same

%
s. At

smaller values of
%
s the e!ect should change sign, in-

creasing kurtosis above its Poisson value.
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4. Theory and Phenomenology of the Critical Point

4.1. Critical phenomena
The critical phenomena which we shall focus on occur at an end-point of a first-order transition in a thermo-

dynamic system. The first-order transition corresponds to a situation when a thermodynamic system under given
external conditions (such as T and µ, for example) can be in equilibrium in two distinct thermodynamic states. Such
a two-phase coexistence can occur only for special values of external parameters, typically, on a manifold of one less
dimension than the space of external parameters. E.g., in the T � µ plane this manifold is a first-order transition line.
One of the two states is thermodynamically stable on one side of the first-order phase transition, and the other – on
the other side. By adjusting parameters along the phase-coexistence line one could arrive at a special point where the
di↵erence between the two coexisting phases disappears. This is a critical point, also known as a second-order phase
transition. This point is characterized by critical phenomena which manifest themselves in singular thermodynamic
and hydrodynamic properties.

The two most common examples of such critical points are the end point of the liquid-gas coexistence curve and
the Curie point in a (uniaxial) ferromagnet. Although the two systems in which these two examples occur are di↵erent
on a fundamental, microscopic level, the physics near the critical point is remarkably similar on qualitative as well as
quantitative level. This observation is the basis of the concept of universality of the second-order phase transitions.

The uniaxial, or Ising, ferromagnet is the simplest of such systems. It can be modeled by a lattice of spins
si = ±1, or two-state systems, with local (e.g., nearest neighbor) interaction favoring the alignment of spins in the
same direction. There are two ground states, with all the spins pointing in one of the two possible directions. The
degeneracy is lifted if one applies a magnetic, or ordering, field h, which changes the energy of the spins by h

P
i si.

The two ordered states are distinguished by the value of the magnetization

M =
1
N

NX

i=1

si (18)

which equals +1 or �1 depending on the sign of h, or more precisely, by its thermal average hMi. At finite, low
enough temperature the ordering persists and hMi plays the role of the order parameter which flips sign at h = 0. The
two ordered phases coexist on the line h = 0 in the T � h plane as shown in Fig. 7

The magnetization M along the coexistence line, h = 0, decreases with increasing temperature due to thermal
fluctuations. At the Curie temperature, Tc, the magnetization completely vanishes and remains zero for all higher
temperatures. The coexistence line (the first-order phase transition) ends at T = Tc – the critical point. There is only
one phase at and above the Curie point temperature.

Similarly, liquids (e.g., water) coexists with their vapour at given pressure p at the boiling temperature T , which
defines a line in the T vs p plane. At any of the coexistence points on this line the molecules making up the substance

Figure 7: The phase diagram of the Ising ferromagnet. The transition between the phases with positive and negative magnetization is a first-order
transition for T < Tc and a continuous crossover at T > Tc. The transition changes its character at the critical point.
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expressed in terms of the reduced temperature r and the
rescaled magnetic field h. The map of the description
of critical fluctuations in terms of r and h to T and µ

is non-universal, and is a significant source of system-
atic uncertainty in treatments of critical dynamics in the
QCD critical regime. This uncertainty, coupled with our
ignorance of ⌧rel, provide fundamental obstacles to quan-
titative studies of real time critical dynamics in QCD.

Indeed, because of the importance of non-equilibrium
e↵ects, lattice studies of equilibrium cumulants, while of
fundamental importance, may not be su�cient. These
must be accompanied by progress in non-equilibrium
studies of the QCD critical regime. One promising ap-
proach is the use of classical statistical real time simula-
tions [46, 47] that have also previously been applied to
studying the non-equilibrium dynamics of the very ear-
liest stages of high energy heavy-ion collisions [48, 49].
Detailed dynamical models of the space-time evolution
of heavy-ion collisions as a function of beam energy are
also very important. In particular, models that build in
the transport of conserved charges and reproduce bulk
features of these collisions such as particle spectra can
place strong constraints on the parameter space for the
non-equilibrium evolution of cumulants.

In this work, we have concentrated on critical dynam-
ics on the cross-over side of the critical regime. From the
perspective of a critical point search, this approach is ap-
propriate because it is easier in both experiments and in
lattice gauge theory computations to extend explorations
of the QCD phase diagram starting from the regime of
high temperatures and low baryon chemical potentials.
However, if a critical point is localized, it would be of
great interest to understand non-equilibrium dynamics
on the first-order side of phase diagram. In this regard,
applying the framework discussed here from the cross-
over critical regime to the first-order critical regime of
the QCD phase diagram is a useful extension to be pur-
sued in future studies.
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Appendix A: Parametric representation of
equilibrium cumulants in the Ising critical regime

In this section, we explain the parameterization of the
equilibrium cumulants M eq(r, h),eq

n (r, h), n = 2, 3, 4, . . .
in the critical regime in terms of the Ising variables r and
h used in this paper. For this purpose, we only need to
know the equilibrium magnetization M

eq(r, h) as equilib-
rium cumulants can be computed by taking derivatives

of M eq(r, h) with respect to h at fixed r,


eq
n+1 =

1

(V4H0)n

✓
@
n
M

eq(r, h)

@hn

◆

r

. n = 1, 2, 3, . . .

(A1)
Here H0 is a dimensionful parameter (of mass dimen-
sion 3) which relates reduced magnetic field h to the un-
reduced magnetic field.
To parametrize M eq(r, h), we use the linear parametric

model [35, 50]. In this parametrization, one introduces
two new variables R, ✓ which are related to (dimension-
less) Ising variable r, h as

r(R, ✓) = R(1� ✓
2) , h(R, ✓) = �hR

��
h̃(✓) , (A2)

Following Ref. [11], we will use

h̃(✓) = 3✓


1�

✓
(� � 1)(1� 2�)

(� � 3)

◆
✓
2

�
. (A3)

Here �, � are standard critical exponents and we will use
the values obtained from mean field theory, � = 1/3, � =
5. In these R, ✓ variables, ✓ = 0 corresponds to the
crossover line and |✓| =

p
3/2 corresponds to the co-

existence (first order transition) line. The equilibrium
“magnetization” M

eq
0 (r, h)(or �0) is given by

M
eq(R, ✓) = M0R

�
✓ , (A4)

where M0 sets the scale of “magnetization”. The
parametrization introduced describes the equation of
state with a precision su�cient for our purpose.
We now compute 

eq
n using Eq. (A1) and Eq. (A4).

Explicitly, we have


eq
2 (R, ✓) =

M0

V4H0

1

R4/3(3 + 2✓2)
, (A5)


eq
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R14/3(3� ✓2)3(3 + 2✓2)5
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Finally, we convert 
eq
n (R, ✓) into 

eq
n (r, h) using

Eq. (A2). We note that M/MA, ⇠/⇠min, S/SA,K/KA as
presented in this paper does not depend on the choice of
dimensionful normalization M0, H0.

Appendix B: Detailed derivation of Eqs. (2.20)

We present here a detailed derivation of Eqs. (2.20).
It is convenient to introduce the generating function of
cumulants,

G(�; ⌧) = log [Z(�; ⌧)] . Z(�; ⌧) ⌘ he
���

i . (B1)
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of critical fluctuations in terms of r and h to T and µ

is non-universal, and is a significant source of system-
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QCD critical regime. This uncertainty, coupled with our
ignorance of ⌧rel, provide fundamental obstacles to quan-
titative studies of real time critical dynamics in QCD.

Indeed, because of the importance of non-equilibrium
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studies of the QCD critical regime. One promising ap-
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of heavy-ion collisions as a function of beam energy are
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features of these collisions such as particle spectra can
place strong constraints on the parameter space for the
non-equilibrium evolution of cumulants.
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perspective of a critical point search, this approach is ap-
propriate because it is easier in both experiments and in
lattice gauge theory computations to extend explorations
of the QCD phase diagram starting from the regime of
high temperatures and low baryon chemical potentials.
However, if a critical point is localized, it would be of
great interest to understand non-equilibrium dynamics
on the first-order side of phase diagram. In this regard,
applying the framework discussed here from the cross-
over critical regime to the first-order critical regime of
the QCD phase diagram is a useful extension to be pur-
sued in future studies.

ACKNOWLEDGMENTS

We would like to thank Frithjof Karsch, Krzysztof
Redlich, Bjoern Schenke and Misha Stephanov for very
valuable discussions and Krishna Rajagopal for detailed
and constructive comments on the manuscript. This
work was supported by DOE Contract No. de-sc0012704.

Appendix A: Parametric representation of
equilibrium cumulants in the Ising critical regime

In this section, we explain the parameterization of the
equilibrium cumulants M eq(r, h),eq

n (r, h), n = 2, 3, 4, . . .
in the critical regime in terms of the Ising variables r and
h used in this paper. For this purpose, we only need to
know the equilibrium magnetization M

eq(r, h) as equilib-
rium cumulants can be computed by taking derivatives

of M eq(r, h) with respect to h at fixed r,


eq
n+1 =

1

(V4H0)n

✓
@
n
M

eq(r, h)

@hn

◆

r

. n = 1, 2, 3, . . .

(A1)
Here H0 is a dimensionful parameter (of mass dimen-
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expressed in terms of the reduced temperature r and the
rescaled magnetic field h. The map of the description
of critical fluctuations in terms of r and h to T and µ

is non-universal, and is a significant source of system-
atic uncertainty in treatments of critical dynamics in the
QCD critical regime. This uncertainty, coupled with our
ignorance of ⌧rel, provide fundamental obstacles to quan-
titative studies of real time critical dynamics in QCD.

Indeed, because of the importance of non-equilibrium
e↵ects, lattice studies of equilibrium cumulants, while of
fundamental importance, may not be su�cient. These
must be accompanied by progress in non-equilibrium
studies of the QCD critical regime. One promising ap-
proach is the use of classical statistical real time simula-
tions [46, 47] that have also previously been applied to
studying the non-equilibrium dynamics of the very ear-
liest stages of high energy heavy-ion collisions [48, 49].
Detailed dynamical models of the space-time evolution
of heavy-ion collisions as a function of beam energy are
also very important. In particular, models that build in
the transport of conserved charges and reproduce bulk
features of these collisions such as particle spectra can
place strong constraints on the parameter space for the
non-equilibrium evolution of cumulants.

In this work, we have concentrated on critical dynam-
ics on the cross-over side of the critical regime. From the
perspective of a critical point search, this approach is ap-
propriate because it is easier in both experiments and in
lattice gauge theory computations to extend explorations
of the QCD phase diagram starting from the regime of
high temperatures and low baryon chemical potentials.
However, if a critical point is localized, it would be of
great interest to understand non-equilibrium dynamics
on the first-order side of phase diagram. In this regard,
applying the framework discussed here from the cross-
over critical regime to the first-order critical regime of
the QCD phase diagram is a useful extension to be pur-
sued in future studies.
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Appendix A: Parametric representation of
equilibrium cumulants in the Ising critical regime

In this section, we explain the parameterization of the
equilibrium cumulants M eq(r, h),eq

n (r, h), n = 2, 3, 4, . . .
in the critical regime in terms of the Ising variables r and
h used in this paper. For this purpose, we only need to
know the equilibrium magnetization M

eq(r, h) as equilib-
rium cumulants can be computed by taking derivatives

of M eq(r, h) with respect to h at fixed r,
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Here H0 is a dimensionful parameter (of mass dimen-
sion 3) which relates reduced magnetic field h to the un-
reduced magnetic field.
To parametrize M eq(r, h), we use the linear parametric

model [35, 50]. In this parametrization, one introduces
two new variables R, ✓ which are related to (dimension-
less) Ising variable r, h as
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Here �, � are standard critical exponents and we will use
the values obtained from mean field theory, � = 1/3, � =
5. In these R, ✓ variables, ✓ = 0 corresponds to the
crossover line and |✓| =

p
3/2 corresponds to the co-

existence (first order transition) line. The equilibrium
“magnetization” M
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0 (r, h)(or �0) is given by
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where M0 sets the scale of “magnetization”. The
parametrization introduced describes the equation of
state with a precision su�cient for our purpose.
We now compute 
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n using Eq. (A1) and Eq. (A4).

Explicitly, we have


eq
2 (R, ✓) =

M0

V4H0

1

R4/3(3 + 2✓2)
, (A5)


eq
3 (R, ✓) =

�M0

(V4H0)2
4✓(9 + ✓

2)

R3(3� ✓2)(3 + 2✓2)3
, (A6)


eq
4 (R, ✓) =

�12M0

(V4H0)3

⇥

�
81� 783✓2 + 105✓4 � 5✓6 + 2✓8

�

R14/3(3� ✓2)3(3 + 2✓2)5
.(A7)

Finally, we convert 
eq
n (R, ✓) into 

eq
n (r, h) using

Eq. (A2). We note that M/MA, ⇠/⇠min, S/SA,K/KA as
presented in this paper does not depend on the choice of
dimensionful normalization M0, H0.

Appendix B: Detailed derivation of Eqs. (2.20)

We present here a detailed derivation of Eqs. (2.20).
It is convenient to introduce the generating function of
cumulants,

G(�; ⌧) = log [Z(�; ⌧)] . Z(�; ⌧) ⌘ he
���

i . (B1)
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On the sign of kurtosis near the QCD critical point

M. A. Stephanov
Department of Physics, University of Illinois, Chicago, Illinois 60607, USA

We point out that the quartic cumulant (and kurtosis) of the order parameter fluctuations is uni-
versally negative when the critical point is approached on the crossover side of the phase separation
line. As a consequence, the kurtosis of a fluctuating observable, such as, e.g., proton multiplicity,
may become smaller than the value given by independent Poisson statistics. We discuss implications
for the Beam Energy Scan program at RHIC.

INTRODUCTION

Mapping the QCD phase diagram as a function of
temperature T and baryochemical potential µB is one
of the fundamental goals of heavy-ion collision experi-
ments. QCD critical point is a distinct singular feature
of the phase diagram. It is a ubiquitous property of QCD
models based on the chiral symmetry breaking dynamics
(see, e.g., Ref.[1] for a review and further references). Lo-
cating the point using first-principle lattice calculations
is a formidable challenge (see, e.g., Ref.[2] for a recent
review and references). If the critical point is situated in
the region accessible to heavy-ion collision experiments
it can be discovered experimentally. The search for the
critical point is planned at the Relativistic Heavy Ion
Collider (RHIC) at BNL, the Super Proton Synchrotron
(SPS) at CERN, the future Facility for Antiproton and
Ion Research (FAIR) at GSI, and Nuclotron-based Ion
Collider Facility (NICA) in Dubna (see, e.g., Ref.[3]).

The characteristic feature of a critical point is the di-
vergence of the correlation length ! and of the magnitude
of the fluctuations. The simplest measures of fluctuations
in heavy-ion collisions are the variances of the event-by-
event observables such as multiplicities or mean trans-
verse momenta of particles. The singular, critical con-
tribution to these variances diverges as (approximately)
!2, and would manifest in a non-monotonic dependence
of such measures as the critical point is passed by during
the beam energy scan [4, 5]. In realistic heavy ion colli-
sion the divergence of ! is cut-o! by the e!ects of critical
slowing down [5, 6], and the estimates of the maximum
correlation length are in the range of at most 2 ! 3 fm,
compared to the natural 0.5!1 fm away from the critical
point. However, higher, non-Gaussian, moments of the
fluctuations depend much more sensitively on !, accord-
ing to Ref.[7]. For example, the 4-th moment grows as
!7 near the critical point, making it an attractive exper-
imental tool. In this paper we follow up on the results
of Ref.[7] to point out that the sign of the 4-th moment
could be negative as the critical point is approached from
the crossover side of the QCD phase transition.

The sign of various moments have been discussed in
the literature in related contexts: see, e.g., discussion of
the sign of the 3-rd moment in Ref.[8] or the 6-th and 8-th
moments in Ref.[9] and also numerical lattice calculations

in Ref.[10] where the possible sign change of kurtosis is
noted.
In this paper we shall address specifically the sign of

the 4-th moment (or kurtosis) and do it in a more uni-
versal and quantitative way than has been done previ-
ously, by using the known parametric form of the univer-
sal equation of state near the critical point. We empha-
size universality of the behavior of the kurtosis and draw
experimental consequences from these results.

KURTOSIS AND UNIVERSAL EFFECTIVE
POTENTIAL

Let us begin, as in Ref.[1], by describing fluctuations of
the order parameter field "(x) near a critical point using
the probability distribution

P ["] " exp {!"["]/T } , (1)

where " is the e!ective action (free energy) functional for
the field ", which can be expanded in powers of " as well
as in the gradients (we chose " = 0 at the minimum):

" =

!

d3x

"

(!")2

2
+

m2
!

2
"2 +

#3

3
"3 +

#4

4
"4 + . . .

#

.

(2)
Calculating 2-point correlator #"(x)"(0)$ we find that
the correlation length ! = m!1

! . For the moments of the
zero momentum mode "V %

$

d3x"(x) in a system of
volume V we find at tree level

$2 = #"2
V $ = V T !2 ; $3 = #"3

V $ = 2#3V T 2 !6 ;

$4 = #"4
V $c = 6V T 3 [ 2(#3!)

2 ! #4 ] !
8 .

(3)

where #"4
V $c % #"4

V $!3#"2
V $2 denotes the connected 4-th

central moment (the 4-th cumulant). The critical point
is characterized by ! & '. The central observation in
Ref.[7] was that the higher moments (cumulants) $3 and
$4 diverge with ! much faster than the quadratic moment
$2. Here we shall point out that the sign of the 4-th
moment $4 is negative in a certain sector near the critical
point. More precisely, the 4-th cumulant is negative when
the critical point is approached from the crossover side.
Let us demonstrate this in several complementary ways.
A simple way to see why the kurtosis is negative is by

following the evolution of the probability distribution of
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Ion Research (FAIR) at GSI, and Nuclotron-based Ion
Collider Facility (NICA) in Dubna (see, e.g., Ref.[3]).

The characteristic feature of a critical point is the di-
vergence of the correlation length ! and of the magnitude
of the fluctuations. The simplest measures of fluctuations
in heavy-ion collisions are the variances of the event-by-
event observables such as multiplicities or mean trans-
verse momenta of particles. The singular, critical con-
tribution to these variances diverges as (approximately)
!2, and would manifest in a non-monotonic dependence
of such measures as the critical point is passed by during
the beam energy scan [4, 5]. In realistic heavy ion colli-
sion the divergence of ! is cut-o! by the e!ects of critical
slowing down [5, 6], and the estimates of the maximum
correlation length are in the range of at most 2 ! 3 fm,
compared to the natural 0.5!1 fm away from the critical
point. However, higher, non-Gaussian, moments of the
fluctuations depend much more sensitively on !, accord-
ing to Ref.[7]. For example, the 4-th moment grows as
!7 near the critical point, making it an attractive exper-
imental tool. In this paper we follow up on the results
of Ref.[7] to point out that the sign of the 4-th moment
could be negative as the critical point is approached from
the crossover side of the QCD phase transition.

The sign of various moments have been discussed in
the literature in related contexts: see, e.g., discussion of
the sign of the 3-rd moment in Ref.[8] or the 6-th and 8-th
moments in Ref.[9] and also numerical lattice calculations

in Ref.[10] where the possible sign change of kurtosis is
noted.
In this paper we shall address specifically the sign of

the 4-th moment (or kurtosis) and do it in a more uni-
versal and quantitative way than has been done previ-
ously, by using the known parametric form of the univer-
sal equation of state near the critical point. We empha-
size universality of the behavior of the kurtosis and draw
experimental consequences from these results.

KURTOSIS AND UNIVERSAL EFFECTIVE
POTENTIAL

Let us begin, as in Ref.[1], by describing fluctuations of
the order parameter field "(x) near a critical point using
the probability distribution

P ["] " exp {!"["]/T } , (1)

where " is the e!ective action (free energy) functional for
the field ", which can be expanded in powers of " as well
as in the gradients (we chose " = 0 at the minimum):

" =

!

d3x

"

(!")2
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#
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Calculating 2-point correlator #"(x)"(0)$ we find that
the correlation length ! = m!1

! . For the moments of the
zero momentum mode "V %

$

d3x"(x) in a system of
volume V we find at tree level

$2 = #"2
V $ = V T !2 ; $3 = #"3

V $ = 2#3V T 2 !6 ;

$4 = #"4
V $c = 6V T 3 [ 2(#3!)

2 ! #4 ] !
8 .

(3)

where #"4
V $c % #"4

V $!3#"2
V $2 denotes the connected 4-th

central moment (the 4-th cumulant). The critical point
is characterized by ! & '. The central observation in
Ref.[7] was that the higher moments (cumulants) $3 and
$4 diverge with ! much faster than the quadratic moment
$2. Here we shall point out that the sign of the 4-th
moment $4 is negative in a certain sector near the critical
point. More precisely, the 4-th cumulant is negative when
the critical point is approached from the crossover side.
Let us demonstrate this in several complementary ways.
A simple way to see why the kurtosis is negative is by

following the evolution of the probability distribution of

I ≡ ∫
1

0

ln[x(1 − x)]
1 − x(1 − x)

dx ∼ − 2.3439

gξ(θ) = gξ(0)(1 −
5
18

ϵθ2 + [ 1
972

(24I − 25)θ2 +
1

324
(4I + 41)θ4]ϵ2))



11/29/2022 J.M. Karthein - Equilibrium non-Gaussian fluctuations near a QCD critical point

➤ 3D Ising EOS also provides a parametrization of the correlation length in the            
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                                  where: 

➤ Now with the true critical EOS determine the higher order couplings 
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Equilibrium Correlation Length in 3D Ising Model
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J. Zinn-Justin, Quantum Field Theory and Critical Phenomena
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5
18

ϵθ2 + [ 1
972
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We point out that the quartic cumulant (and kurtosis) of the order parameter fluctuations is uni-
versally negative when the critical point is approached on the crossover side of the phase separation
line. As a consequence, the kurtosis of a fluctuating observable, such as, e.g., proton multiplicity,
may become smaller than the value given by independent Poisson statistics. We discuss implications
for the Beam Energy Scan program at RHIC.
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of the phase diagram. It is a ubiquitous property of QCD
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(see, e.g., Ref.[1] for a review and further references). Lo-
cating the point using first-principle lattice calculations
is a formidable challenge (see, e.g., Ref.[2] for a recent
review and references). If the critical point is situated in
the region accessible to heavy-ion collision experiments
it can be discovered experimentally. The search for the
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Collider (RHIC) at BNL, the Super Proton Synchrotron
(SPS) at CERN, the future Facility for Antiproton and
Ion Research (FAIR) at GSI, and Nuclotron-based Ion
Collider Facility (NICA) in Dubna (see, e.g., Ref.[3]).

The characteristic feature of a critical point is the di-
vergence of the correlation length ! and of the magnitude
of the fluctuations. The simplest measures of fluctuations
in heavy-ion collisions are the variances of the event-by-
event observables such as multiplicities or mean trans-
verse momenta of particles. The singular, critical con-
tribution to these variances diverges as (approximately)
!2, and would manifest in a non-monotonic dependence
of such measures as the critical point is passed by during
the beam energy scan [4, 5]. In realistic heavy ion colli-
sion the divergence of ! is cut-o! by the e!ects of critical
slowing down [5, 6], and the estimates of the maximum
correlation length are in the range of at most 2 ! 3 fm,
compared to the natural 0.5!1 fm away from the critical
point. However, higher, non-Gaussian, moments of the
fluctuations depend much more sensitively on !, accord-
ing to Ref.[7]. For example, the 4-th moment grows as
!7 near the critical point, making it an attractive exper-
imental tool. In this paper we follow up on the results
of Ref.[7] to point out that the sign of the 4-th moment
could be negative as the critical point is approached from
the crossover side of the QCD phase transition.

The sign of various moments have been discussed in
the literature in related contexts: see, e.g., discussion of
the sign of the 3-rd moment in Ref.[8] or the 6-th and 8-th
moments in Ref.[9] and also numerical lattice calculations
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noted.
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the 4-th moment (or kurtosis) and do it in a more uni-
versal and quantitative way than has been done previ-
ously, by using the known parametric form of the univer-
sal equation of state near the critical point. We empha-
size universality of the behavior of the kurtosis and draw
experimental consequences from these results.
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Let us begin, as in Ref.[1], by describing fluctuations of
the order parameter field "(x) near a critical point using
the probability distribution

P ["] " exp {!"["]/T } , (1)

where " is the e!ective action (free energy) functional for
the field ", which can be expanded in powers of " as well
as in the gradients (we chose " = 0 at the minimum):
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Calculating 2-point correlator #"(x)"(0)$ we find that
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where #"4
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V $2 denotes the connected 4-th

central moment (the 4-th cumulant). The critical point
is characterized by ! & '. The central observation in
Ref.[7] was that the higher moments (cumulants) $3 and
$4 diverge with ! much faster than the quadratic moment
$2. Here we shall point out that the sign of the 4-th
moment $4 is negative in a certain sector near the critical
point. More precisely, the 4-th cumulant is negative when
the critical point is approached from the crossover side.
Let us demonstrate this in several complementary ways.
A simple way to see why the kurtosis is negative is by
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(see, e.g., Ref.[1] for a review and further references). Lo-
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vergence of the correlation length ! and of the magnitude
of the fluctuations. The simplest measures of fluctuations
in heavy-ion collisions are the variances of the event-by-
event observables such as multiplicities or mean trans-
verse momenta of particles. The singular, critical con-
tribution to these variances diverges as (approximately)
!2, and would manifest in a non-monotonic dependence
of such measures as the critical point is passed by during
the beam energy scan [4, 5]. In realistic heavy ion colli-
sion the divergence of ! is cut-o! by the e!ects of critical
slowing down [5, 6], and the estimates of the maximum
correlation length are in the range of at most 2 ! 3 fm,
compared to the natural 0.5!1 fm away from the critical
point. However, higher, non-Gaussian, moments of the
fluctuations depend much more sensitively on !, accord-
ing to Ref.[7]. For example, the 4-th moment grows as
!7 near the critical point, making it an attractive exper-
imental tool. In this paper we follow up on the results
of Ref.[7] to point out that the sign of the 4-th moment
could be negative as the critical point is approached from
the crossover side of the QCD phase transition.

The sign of various moments have been discussed in
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Equation of state for QCD with a critical point

4

Up to !("B4):
P. Parotto, DM, et al PRC (2020)

• Map a parameterization of the 3D Ising model critical point to QCD variables 
(BEST EoS): 

P(T, !B) = T4 !
n

cNon#Ising
n (T )( !B

T )
n

+ PQCD
crit (T, !B)

• Reconstruct QCD pressure via Taylor 
expansion using coefficients extracted on the 
lattice: T4cLAT

n (T ) = T4cNon#Ising
n (T ) + cIsing

n (T )

Up to !("B4) + strangeness neutrality:
J.M. Karthein, DM, et al EPJ+ (2021)

• Reduce number of free parameters by 
imposing:

➤ Utilize the BEST EOS mapping between the Ising parametric variables and QCD

➤ Reduce free parameters by imposing 
constraints from Lattice QCD 

➤ Parameter choice consistent with BEST 
EOS: μB,c = 350MeV, w = 1, ρ = 2, α2 − α1 = 90o

Mapping to QCD Phase Diagram
Equation of state for QCD with a critical point

4

Up to !("B4):
P. Parotto, DM, et al PRC (2020)

• Map a parameterization of the 3D Ising model critical point to QCD variables 
(BEST EoS): 

P(T, !B) = T4 !
n

cNon#Ising
n (T )( !B

T )
n

+ PQCD
crit (T, !B)

• Reconstruct QCD pressure via Taylor 
expansion using coefficients extracted on the 
lattice: T4cLAT

n (T ) = T4cNon#Ising
n (T ) + cIsing

n (T )

Up to !("B4) + strangeness neutrality:
J.M. Karthein, DM, et al EPJ+ (2021)

• Reduce number of free parameters by 
imposing:

Equation of state for QCD with a critical point

4

Up to !("B4):
P. Parotto, DM, et al PRC (2020)

• Map a parameterization of the 3D Ising model critical point to QCD variables 
(BEST EoS): 

P(T, !B) = T4 !
n

cNon#Ising
n (T )( !B

T )
n

+ PQCD
crit (T, !B)

• Reconstruct QCD pressure via Taylor 
expansion using coefficients extracted on the 
lattice: T4cLAT

n (T ) = T4cNon#Ising
n (T ) + cIsing

n (T )

Up to !("B4) + strangeness neutrality:
J.M. Karthein, DM, et al EPJ+ (2021)

• Reduce number of free parameters by 
imposing:

P. Parotto et al, PRC (2020), 
J. M. Karthein et al, EPJ+ (2021)

➤ Linear map:

11
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Estimating Equilibrium Fluctuations with BEST EOS

➤ Re-evaluate equilibrium estimates for normalized cumulants                     with 
realistic critical EOS 

➤ Updates:  (dimensionless, -independent: ) 

➤ Remaining dependence on coupling: 

ξ, λ3, λ4 ξ λ̃3 = λ3T1/2ξ3/2, λ̃4 = λ4Tξ

gp

C. Athanasiou, K. Rajagopal, M. Stephanov, PRD (2010)

12

3

We now define the cumulants of the event-by-event dis-
tribution of a single observable, say x. The second and
third cumulants are given by

2x ⌘ hhx2ii ⌘ h (�x)2 i (1.2)

3x ⌘ hhx3ii ⌘ h (�x)3 i , (1.3)

where we have introduced two equivalent notations for
the cumulants. The second cumulant 2x is the variance
of the distribution, while the skewness of the distribution

is given by 3x/
3/2
2x . The fourth cumulant is di↵erent

from the corresponding fourth moment:

4x ⌘ hhx4ii ⌘ h (�x)4 i � 3 h (�x)2 i2 . (1.4)

The kurtosis of the distribution is given by 4x/2
2x.

The defining property of the cumulants is their addi-
tivity for independent variables. For example, if a and
b are two independent random variables, then i(a+b) =
ia+ib. This property is easily seen from the cumulant
generating function

g(µ) = logheµ �xi , (1.5)

which is manifestly additive. The n’th cumulant of the
x-distribution is given by

nx =
@ng(µ)

@µn

����
µ=0

. (1.6)

Using the double bracket notation introduced above,
g(µ) = hheµxii. As a result of their additivity, cumulants
of extensive variables, such as Np or N⇡, are all them-
selves extensive, meaning that they are proportional to
the volume of the system V in the thermodynamic limit.

We shall also consider mixed cumulants, which gener-
alize the more familiar Gaussian measures of correlations
to non-Gaussian measures. These are generated by

g(µ, ⌫) ⌘
X

n,m

nxmy µn⌫m

m!n!
= logheµ �x+⌫ �yi , (1.7)

and, for example, are given by

1x1y ⌘ hhxyii = h �x �y i , (1.8)

1x2y ⌘ hhxy2ii = h �x (�y)2 i , (1.9)

2x2y ⌘ hhx2y2ii
= h (�x)2 (�y)2 i � 2h �x �y i2 � h (�x)2 i h (�y)2 i ,

(1.10)

1x3y ⌘ hhxy3ii
= h �x (�y)3 i � 3 h �x �y i h (�y)2 i . (1.11)

For two extensive variables x and y such mixed cumulants
are also extensive, proportional to V .
We have described how to obtain the cumulants ix,

jy and ixjy from a data set consisting of an ensemble
of events in each of which x and y have been measured.

We can now define the intensive normalized cumulants
that we shall analyze:

!i⇡ ⌘ i⇡

hN⇡i
, (1.12)

!ip ⌘ ip

hNpi
, (1.13)

!i(p�p̄) ⌘
i(p�p̄)

hNp +Np̄i
, (1.14)

!ipj⇡ ⌘ ipj⇡

hNpii/rhN⇡ij/r
, (1.15)

!i(p�p̄)j⇡ ⌘
i(p�p̄)j⇡

hNp +Np̄ii/rhN⇡ij/r
, (1.16)

where r ⌘ i+ j.
If N⇡, Np and Np̄ are statistically independent and

Gaussian distributed, then the !2’s in (1.12), (1.13) and
(1.14) are nonzero and all the other !’s vanish.
If N⇡, Np and Np̄ are statistically independent and

Poisson distributed, then all the !i’s in (1.12), (1.13)
and (1.14) with i � 2 are equal to 1, and all the mixed
cumulants vanish and therefore so do the !’s in (1.15)
and (1.16).
In this paper we shall calculate the contributions of

critical fluctuations to the normalized cumulants (1.12),
(1.13) and (1.14) for i = 2, 3 and 4 and the normalized
mixed cumulants (1.15) and (1.16) for i’s and j’s such
that r = 2, 3 and 4.

B. Dependence of ⇠ on µB

We shall close this Introduction (in Section I.C) by
illustrating possible experimental outcomes of measure-
ments of the cumulants defined in Section I.A, assuming
that the matter produced at the freezeout point of the
fireball evolution for some collision energy

p
s is near the

critical point. In Section I.C we shall present only results,
while the calculations involved are presented in Section
II. What we shall calculate in Section II is the contribu-
tion of critical fluctuations to the observables defined in
Section I.A, in terms of the correlation length ⇠. In order
to give an example of possible experimental outcomes, we
need to make an illustrative choice of how the correlation
length ⇠ that is achieved in a heavy ion collision depends
on µB .
To start, let us assume that the critical point occurs

at µc
B = 400 MeV. Let us also assume that because the

fireball only spends a finite time in the vicinity of the
critical point the correlation length reaches a maximum
value of ⇠max = 2 fm in the collisions in which the freeze-
out point is closest to the critical point during an energy
scan. We stress that our choices of µc

B and ⇠max are
arbitrary, made for illustrative purposes only, and are in
no way predictions.
How does the correlation length achieved in a heavy

ion collision depend on the µB at which the matter pro-
duced in the collision freezes out? Close to the critical

ωip = 1 + ωprefactor
ip (

np

n0
)

i−1

( ξ
ξmax

)
5
2 i−3

ωprefactor
ip =

λ̃′ i(i − 1)!ξ
5
2 i−3
max

Ti/2 np (∫k
dp gp

v2
k

γk )
i

( n0

np
)

i−1

ω4p,σ =
6(2λ̃2

3 − λ̃4)
T2 np

ξ7(dp gp ∫k

v2
k

γk )
4
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FIG. 4: Proton number density np and net proton number
density np�p̄ ⌘ np � np̄ at chemical freezeout as functions of
µB . Both depend on T as well as µB ; we have taken T (µB)
as in (2.24). We have normalized both np and np�p̄ using the
constant n0 of (2.23) introduced in (2.19) and (2.20).

where we have defined

!prefactor
ipj⇡ ⌘ �̃0

r (r � 1)! ⇠
5
2 r�3
max

T r/2

↵i
p

ni/r
p

↵j
⇡

nj/r
⇡

✓
n0

np

◆i� i
r

(2.20)
and

↵⇡ ⌘ d⇡ g⇡

Z

k

v⇡ 2
k

�⇡
k

, ↵p ⌘ dp gp

Z

k

vp 2
k

�p
k

, (2.21)

�̃0
2 ⌘ 1, �̃0

3 ⌘ �̃3 and �̃0
4 ⌘ 2�̃2

3 � �̃4. (2.22)

In the second line of (2.19) we have factored out the two
main sources of µB dependence: the correlation length ⇠
depends on µB as we have discussed at length in Section
IB and, if the normalized cumulant involves the proton
multiplicity it depends on np, which increases rapidly
with increasing µB as shown in Fig. 4. We have denoted
all of the remaining factors in our result for the contribu-
tion of critical fluctuations to the normalized cumulant
by !prefactor

ipj⇡ , which depends only weakly on µB as we
illustrate in Fig. 5. The number density n0 is an ar-
bitrary constant — note that it cancels when (2.20) is
substituted into (2.19) — introduced in order to make
!prefactor
ipj⇡ dimensionless. We shall choose

n0 ⌘ 1

(5 fm)3
= 6.116⇥ 10�5 GeV3 . (2.23)

With this choice, hnpi/n0 is of order 1 at the µB of in-
terest to us — see Fig. 4 — and none of the di↵erent
!prefactor
ipj⇡ s are orders of magnitude smaller or larger than

1, as illustrated in Fig. 5.
Let us now walk through the physics behind the dif-

ferent pieces of the expression (2.19). The Kronecker
deltas describe Poisson fluctuations, which are of course
⇠-independent. As we described in Section IA, they con-
tribute 1 to the !ip’s and the !j⇡’s and they make no
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mBcêGeV
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3p1p, 3Hp-pL1p
2p2p, 2Hp-pL2p
1p3p, 1Hp-pL3p
4p

FIG. 5: The µB-dependence of !prefactor
ipj⇡ and !prefactor

i(p�p)j⇡, de-

fined in (2.19), (2.20) and (2.25). The three panels are for the
normalized cumulants with r ⌘ i + j = 2, 3 and 4, respec-
tively. The curves can be used to determine how the height
of the peak in the critical contribution to the normalized cu-
mulants changes as we vary µc

B , the µB at which ⇠ = ⇠max

and at which (to a very good approximation) the normalized
cumulant has its peak. The height of the peak in !ipj⇡ [or
!i(p�p̄)j⇡] is proportional to (np/n0)

i�i/r [or (np�p̄/n0)
i�i/r]

multiplied by the prefactor plotted in this Figure. We have
taken T (µB) as in (2.24) and have used the benchmark pa-
rameters G = 300 MeV, gp = 7, �̃3 = 4 and �̃4 = 12.

contribution to the mixed cumulants in which i and j are
both nonzero. More realistically, the 1 of Poisson statis-
tics gets few percent contributions from Bose-Einstein
statistics (which are calculable), from initial state corre-
lations that are incompletely washed out, and from inter-
actions other than those with the critical �-mode. We are
ignoring all of these noncritical corrections to the 1. In
principle, with su�ciently precise data their magnitude
could be measured far away from the critical point and
this background could then be subtracted. If this back-
ground were significant, one could also try to study and
calculate these corrections theoretically. Present data on

generalize
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➤ Determine dimensionless couplings and their -dependence along chemical freeze-
out lines parallel to the transition line from Lattice QCD  MeV below critical 
point

μB
ΔT = 5

Extracting Higher-point Couplings
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Pre-factors for Equilibrium Normalized Cumulants

➤ Update non-critical pre-factors along the same freeze-out line 

➤ Carry stronger -dependence than early estimates due to ’sμB λ
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Equilibrium Normalized Cumulants with Realistic EOS

➤ Normalized non-Gaussian proton cumulants in equilibrium at freeze-out,  
MeV below critical point 

➤ 2010 equilibrium estimates are rather robust: using BEST EOS plus new calculation of 
universal behavior of  yields predictions of comparable magnitude

ΔT = 5

ξ, λ3, λ4
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Conclusions

➤ Improvements of equilibrium results on fluctuations made possible by groundwork laid 

with BEST EOS  

➤ sensitivity to  remains 

➤ The updated equilibrium calculations reported here use the BEST EOS rather than the 

arbitrary ansätze used in 2010; will form the basis of better out-of-equilibrium estimates 

➤ Next talk: what factors of suppression to expect in going from equilibrium to out-of-

equilibrium 

➤ Still to come: implement these new updates into Hydro+/freeze-out

ΔT, gp
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Further Lambda Plots
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