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Introduction
Entanglement entropy (EE) of CFTs across a spherical entangling region Sd−2

SEE = −Tr ρA logρA
ρA = TrB ρ = TrB (|ψ〉〈ψ|)

The universal (regularized) part of the EE is given by Myers, Sinha ’10, ’11
SEE = νd−1a

? , where νd−1 ≡
{(−) d−2

2 4 log(Rδ ) even d(−) d−1
2 2π odd d

a? = a-type trace anomaly even d , a? = FSd odd d

Goal: generalize this result to the case of finite chemical potential
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Introduction
Charged entanglement entropy: can be defined in a theory with a globalsymmetry and a current Ja

More generally: charged Rényi entropies

Sn(µ) = 1
1− n

log Tr [ρAeµQA

nA(µ)
]n

QA = ∫
A

dd−1xJ t , nA(µ) = Tr ρAeµQA

SEE(µ) = lim
n→1

Sn(µ)
µ = chemical potentialFor µ = 0 we recover the usual RE and EEWe wish to study the expansion of SEE(µ) around µ = 0
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Introduction
Tools we use to attack this problem:
(1) Relation between entanglement and thermodynamic entropies
Sn across Sd−2 ∼ thermal entropy on the R×Hd−1Belin, Hung, Maloney, Matsuura, Myers,Sierens ’13

ds2 = −dt2 + dxadxa ⇒ ds2 = −dτ2 + R2 (dχ2 + sinh2 χdΩ2
d−2
)

Sn(µ) = n

n − 1
1
T0

∫ T0

T0/n
Sthermal(T , µ)dT , T0 = 1

2πR
(2) AdS/CFT

Thermal entropy of a CFT↔ thermodynamic entropy of a black holeCFT on R×Hd−1 ↔ black holes with hyperbolic horizonsChemical potential ↔ black holes with electric charge
Especially useful: holography with higher derivatives
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Introduction
AdS/CFT correspondence

Understood as a general principle: theoryof gravity on AdS↔ CFT on the boundary
Holographic Einstein gravity: explore acertain universality class of CFTs (e.g.,with same correlator structure of Tab)

Higher-derivative gravity in the bulk: two different views
1 Corrections to EG ∼ finite N and λ corrections in the CFT
2 Non-perturbative higher-derivative gravity ∼ more general CFTs
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Introduction
Higher-derivative gravity as holographic modelsMany applicationsHolographic theories with a 6= c in d = 4. General form of the correlator

〈TTT 〉 e.g., Hofman, Maldacena ’08; Boer, Kulaxizi, Parnachev ’09; Myers, Paulos, Sinha ’10; etc
Find new phenomena, e.g., new types of phase transitions e.g., Camanho, Edelstein,Giribet, Gomberoff ’14; Frassino, Kubiznak, Mann, Simovic ’14; Hennigar, Brena, Mann ’15
Test universality of holographic EG results. For instance, η/s 6= 1/4π e.g., Kats,Petrov ’07; Brigante, Liu, Myers, Shenker, Yaida ’07; Buchel, Myers, Sinha ’08; Cai, Nie, Sun ’08; Myers,Paulos, Sinha ’10
Provide evidence of true universality (e.g., holographic c-theorem Myers, Sinha’10, Renyi entropy Perlmutter ’14; Chu, Miao ’16, corner contribution to EE Bueno, Myers,Witczak-Krempa ’15, free energy on squashed spheres Bueno, Cano, Hennigar, Mann ’19...)
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Introduction

Plan of the talk
Holographic computation of charged EE
Universal result from holography
Proof of the universal relation from first principles
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Holographic computation

1 Holographic computation
2 Proof from first principles
3 Conclusions
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Holographic computation
We consider bulk theories with a (d − 2)-form B ,

I = ∫ dd+1x
√
|g | L(gµν ,Rµνρσ ,Hµ1···µd−1 ) , H = dB

Four-derivative “Electromagnetic Quasitopological Gravities” (see Javier’s andÁngel’s talks!)
IEQG,4 = 1

16πG

∫
dd+1x

√
|g |
[
R + d (d − 1)

L2 − 2(d − 1)!H2 + λ(d − 2)(d − 3)L2X4

+ 2α1L
2(d − 1)! (H2R − (d − 1)(2d − 1)Rµν

ρσ (H2)ρσµν)+
+ 2α2L

2(d − 1)! (Rµ
ν (H2)νµ − (d − 1)Rµν

ρσ (H2)ρσµν)+ βL2(d − 1)!2 (H2)2]

(H2)µ1···µn ν1···νn ≡ Hµ1···µnµn+1···µd−1Hν1···νnµn+1···µd−1
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Holographic computation
Electromagnetic dual theory

Ldual = L+ 1
4πG (d − 1)! (?F )α1...αD−2H

α1...αD−2 , F = dA

F = 4πG (d − 1)! ? ∂L∂H

ĨEQT,4 = 1
16πG

∫
dd+1x

√
|g |
[
R + d (d − 1)

L2 − F 2 + λ(d − 2)(d − 3)L2X4

+ L2

d − 2
RF 2

(
3dα1 + dα2(d − 1)

)
− 2L2

d − 2
FµαF

α
ν Rµν

(
4(2d − 1)α1 + (3d − 2)α2(d − 1)

)
+ 2L2

d − 2
FµνFρσR

µνρσ ((2d − 1)α1 + α2) + β
4
L2(F 2)2 +O(L4)]
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Holographic computation
Setup: we consider the theory IEQT,4 as a model for a holographic CFTTo make contact with holography we will use its electromagnetic dual theory

hab → T ab , Aa → `∗Ja

AdS vacuum:

ds2 = L̃2 dr
2

r2 + r2

L2 ηabdx
adxb

The AdS radius is denoted by L̃ = L/
√
f∞, and we have

f∞ = 1
2λ

[
1−
√

1− 4λ
]

Observe that the value of λ is bounded to λ ≤ 1/4
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Holographic computation
Hyperbolic black holes

ds2 = − L̃2

R2 f (r )dt2 + dr2

f (r ) + r2dΞ2 , H = Qωd−1

f (r ) = −1 + r2

2λL2

[Γ(r )±√Γ2(r )− 4λ(1 + Υ(r ))]
Γ(r ) =1− 2α1L

2Q2

r2(d−1) , Υ(r ) = − mL2(d − 1)rd − βL4Q4(3d − 4)(d − 1)r4(d−1)
+ 2L2Q2(d − 1)(d − 2)r2(d−1)

(
1− (d − 2)L2

r2 (4(d − 1)α1 + α2))
In the dual frame we have a electrostatic potential A = Φ(r )dt ,

Φ(r ) =− L̃Q

R

[
1(d − 2)rd−2 −

L2α1

rd
(
3(d − 1) + 3(d − 1)f (r ) + rf ′(r ))

− L2α2

rd
(1 + f (r ))− L2Q2β(3d − 4)r3d−4

]+ Φ∞
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Holographic computation
The black hole horizon is the largest root of f (r+) = 0. From this, we getHawking temperature T = f ′(r+)L̃

4πRChemical potential µ = Φ∞/`? (from Φ(r+) = 0)Entropy (Wald’s formula) S = −2π
∫
H dd−1x

√
h δL
δRµναβ

We have
S = rd−1+ VHd−1

4G

[
1 + 2α1

Q2L2

r2d−2+ − 2(d − 1)L2λ(d − 3)r2+
]

and we should understand S = S(T , µ).Here VHd−1 is the volume of the hyperbolic space, whose regularized part reads
VHd−1 ≡ νd−1

Ωd−1

4π
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Holographic computation
Holographic entanglement entropy on a disk

For T = 1/(2πR), the hyperbolic black hole entropy computes the EE,
S = SEE(µ)Dependence on µ is complicated. Expansion around µ = 0 yields

S
EQGEE (µ)
νd−1

= a?GB + π(d−2)/2(d − 2)2[1− 3d (d − 1)α1f∞ − dα2f∞](d − 1)8Γ(d/2)α2eff
L̃d−3`2

∗
G

(µR)2
where αeff = 1− f∞α1(3d2 − 7d + 2)− f∞α2(d − 2) and

a?GB = L̃d−1

8G
π(d−2)/2Γ(d/2)

[
1− 2(d − 1)

d − 3
λf∞
]
.

a?GB is the correct quantity for holographic GB gravity (conformal anomalyor free energy on the sphere)Can we interpret the µ2 term?
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Holographic computation
Current two-point functions

〈Ja(x)Jb(0)〉 = CJ

|x |2(d−1) Iab(x)
where

Iab ≡ δab − 2
xaxb
|x |2

The central charge CJ can be obtained by studying normalizable perturbationsof Aµ around the AdS vacuum
〈JaJb〉 ∼

δIEQG,4
δA(0)

a δA(0)
bResult:

CJ = 1
αeff

Γ(d )Γ(d/2− 1) `2
∗ L̃

d−3

4πd/2+1G
, αeff = 1− f∞α1(3d2 − 7d + 2)− f∞α2(d − 2)
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Holographic computation
Energy fluxesConsider a local insertion of Tab or Ja and we measure the energy flux at nullinfinity Hofman, Maldacena ’08

〈E (~n)〉J = EΩ(d−2)
[
1 + a2

(
|ε · n|2
|ε|2 − 1

d − 1

)]

The holographic computation of 〈E (~n)〉J requires studying Aµ fluctuations on ashock-wave background
ds2 = L̃2

u2

[
δ(y+)W (

y i , u
) (

dy+)2 − dy+dy− + d−2∑
i=1

(
dy i
)2 + du2

]
For holographic Einstein-Maxwell a2 = 0. For our theory

a2 = −2d (d − 1) ((2d − 1)α1 + α2) f∞(d − 2)αeff
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Holographic computation
Three-point function 〈TJJ〉

〈Tab(x1)Jc (x2)Jd (x3)〉 = tabef (X23)I ec (x21)I fd (x31)
|x12|d |x13|d |x23|d−2where tabcd (X23) is given by

tabcd (X a) ≡ âh
(1)
ab (X̂ a)δcd + b̂h

(1)
ab (X̂ a)h(1)

cd (X̂ a) + ĉh
(2)
abcd (X̂ a) + êh

(3)
abcd (X̂ a)

Conservation laws imply
dâ− 2b̂ + 2(d − 2)ĉ = 0 , b̂ − d (d − 2)ê = 0

Ward identity yields:
CJ = 2πd/2Γ(d/2 + 1) (ĉ + ê)

Energy flux 〈E (~n)〉J ∼ ∫ 〈TJJ〉/ ∫ 〈JJ〉 Chowdhury, Raju, Sachdev, Singh, Strack ’12
a2 = (d − 1)(d (d − 2)ê − ĉ)(d − 2)(ĉ + ê)

Pablo A. Cano Universal feature of charged entanglement entropy Iberian Strings 2023 16 / 23



Holographic computation
Three-point function 〈TJJ〉

〈Tab(x1)Jc (x2)Jd (x3)〉 = tabef (X23)I ec (x21)I fd (x31)
|x12|d |x13|d |x23|d−2where tabcd (X23) is given by

tabcd (X a) ≡ âh
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Holographic computation
Universality of charged entanglement entropy

S
EQGEE (µ)
νd−1

= a?EQG + π(d−2)/2(d − 2)2[1− 3d (d − 1)α1f∞ − dα2f∞](d − 1)8Γ(d/2)α2eff
L̃d−3`2

∗
G

(µR)2 +O(µ4)
CJ = 1

αeff
Γ(d )Γ(d/2− 1) `2

∗ L̃
d−3

4πd/2+1G

a2 = −2d (d − 1) ((2d − 1)α1 + α2) f∞(d − 2)αeff

We are able to write the EE as follows
S

EQGEE (µ)
νd−1

= a?EQG + πdC
EQG
J(d − 1)2Γ(d − 2)

[
1 + (d − 2)aEQG

2

d (d − 1)
] (µR)2 + . . .

Conjecture: universal relation for all CFTs in d ≥ 3
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Proof from first principles
Twist operators: used as an alternative to the replica trick Tr ρnA = 〈σn〉nCalabrese, Cardy ’04; Hung, Myers, Smolkin, Yale ’11; Belin, Hung, Maloney, Matsuura, Myers, Sierens ’13Scaling dimension hn and magnetic response kn

〈Tabσn(µ)〉n = −hn(µ)
2π

bab
yd

, 〈Jaσn(µ)〉n = ikn(µ)
2π

τa
yd−1

For Sd−2 entangling surface, these are related to thermo in hyperbolic space
hn(µ) = 2πn

d − 1
Rd (E (T0, µ = 0)− E (T0/n, µ)) , kn(µ) = 2πnRd−1ρ(n, µ)

Expansions around n = 1, µ = 0 are related to integrated T and J correlators.
kn

∣∣∣
n=1,µ=0

= ∂nkn
∣∣∣
n=1,µ=0

= 0 ,

∂µkn
∣∣∣
n=1,µ=0

= 16Rπd+1Γ(d + 1) [ĉ + ê ] ← 〈JJ〉

∂n∂µkn
∣∣∣
n=1,µ=0

= 16Rπd+1

dΓ(d + 1) [2ĉ − d (d − 3)ê ] ← 〈TJJ〉
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Proof from first principles
Let us consider a CFT on R×Hd−1 at temperature T = T0/n.
First law for the grand potential

dΩ = −SdT − Ndµwhere N = VHd−1Rd−1ρ is the total charge.

The following thermodynamicrelation can be obtained
∂µS = −∂µ∂TΩ = −∂T∂µΩ = ∂TN

Writing N in terms of the magnetic response kn(µ), and using that ∂T = − T0
T2 ∂n,we have

∂µS = −T0VHd−1

2πT 2 ∂n
(
kn(µ)
n

)
Evaluating for n = 1 (T = T0) and µ = 0 it follows that the derivative vanishes

∂µSEE∣∣µ=0 = 0
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Proof from first principles
Taking a second derivative with respect to µ

∂2
µS = −T0VHd−1

2πT 2 ∂µ∂n
(
kn(µ)
n

)
Evaluating again for n = 1 and µ = 0, we have

∂2
µSEE∣∣µ=0 = RVHd−1 [∂µkn − ∂µ∂nkn] ∣∣∣

n=1,µ=0

Using the universal relations for the magnetic response we get
∂2
µSEE∣∣µ=0 = VHd−1

16(d − 2)R2πd+1

dΓ(d + 1) [ĉ + dê ]
= 2νd−1R

2πdCJ(d − 1)2Γ(d − 2)
[
1 + (d − 2)a2

d (d − 1)
]
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Proof from first principles
Conclusion: universal relation for the charged EE valid for any d ≥ 3 CFT

SEE(µ)
νd−1

= a? + πdCJ(d − 1)2Γ(d − 2)
[
1 + (d − 2)a2

d (d − 1)
] (µR)2 + . . .

Observation: − d−1
d−2 ≤ a2 ≤ d − 1 and CJ > 0 implies

∂2
µSEE∣∣µ=0 > 0
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Proof from first principles
Example 1: Dirac fermion and conformally coupled scalar in d = 4 Belin, Hung,Maloney, Matsuura, Myers, Sierens ’13

S fEE(µ)
ν3

= a?f + (µR)2
12

, S sEE(µ)
ν3

= a?s + (µR)2
24

+ |µR|3
24where a?f = 11/360, a?s = 1/360. We have Osborn ’93, Petkou ’96; Hofman, Maldacena ’08;Chowdhury, Raju, Sachdev, Singh, Strack ’13

C f
J = 1

π4 , C s
J = 1

4π4 , af
2 = −3

2
, as

2 = 3

finding perfect agreement with our formula.

Example 2: d = 4, N = 1 SCFTs. J = U(1) R-current Osborn ’99; Hofman, Maldacena ’08
C
N=1,U(1)R
J = 4c

π4 , a
N=1,U(1)R
2 = 3

(
1− a

c

)
S
N=1,U(1)REE = ν3

[
a + 2

3

(
c − a

3

) (µR)2 + . . .
]
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Conclusions
Presented a novel universal relation for the charged EE across sphericalentangling surfaces
Holography with higher derivatives very interesting tool to guess this kindof relations (previous examples)
Proof from first principles was accessible in this case (in other cases this ismuch harder)Case d = 2 is special. a2 = 0, CJ divergent, SEE(µ) is non-analytical andhas linear terms in µ.

Thank you for your attention
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