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The Infrared Triangle

I symmetry interpretation of soft theorems

I opportunity to get better control over gravitational phase-space



Previous work

I asymptotic symmetries include supertranslations and superrotations

[Bondi-van der Burg-Metzner-Sachs ’62, Barnich-Troessaert ’10]

SL(2,C) n T 4 −→ BMS = (V ir × V ir) n T∞

I leading soft graviton theorem [Weinberg ’65]

I equivalence to Ward identity of supertranslations

[Strominger ’13, He-Lysov-Mitra-Strominger ’14]

I subleading soft graviton theorem [Cachazo-Strominger ’14]

+ loop correction [Bern-Davies-Nohle ’14]

I equivalence to Ward identity of superrotations

[Kapec-Lysov-Pasterski-Strominger ’14]

I first proposal for one-loop corrections [He-Kapec-Raclariu-Strominger ’17]



Roadmap

Main result

The equivalence

subleading soft graviton theorem ↔ superrotation Ward id.

is exact in perturbation theory!

Strategy:

I organize the asymptotic phase-space w.r.t. superrotations

I construct canonical generators of BMS symmetries → BMS fluxes

I express Ward identity in terms of fluxes

I extra input: supertranslation Goldstone controls IR divergences
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Asymptotic phase space and BMS fluxes



Null infinity: the observer’s view on isolated systems



Bondi expansion

bulk metric:

ds2 =

(
2M

r
+O(r−2)

)
du2 − 2

(
1 +O(r−2)

)
dudr

+
(
r2q̊AB + r CAB +O(r0)

)
dxAdxB

+
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B
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3r
(NA +

1

4
CBADCC

C
B ) +O(r−2)

)
dudxA

metric on celestial sphere:

q̊AB dx
AdxB = 2dzdz̄

BMS transformations

Asymptotic symmetries = diffeos preserving the above structure

I superrotations act as Virasoro transformations on q̊AB
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Radiative phase space

Falloffs u→ ±∞:

Nzz ≡ ∂uCzz = Nvac
zz +o(u−2), Czz = (u+C±)Nvac

zz −2∂2C±+o(u−1) .

Fine-grained decomposition:

Nzz = Nvac
zz + Ñzz , Czz = uNvac

zz + C(0)
zz + C̃zz ,

with

C(0)
zz = −2D2C(0) , C(0) =

1

2
(C+ + C−) .

Leading and subleading soft News:

N (0)
zz =

∫ +∞

−∞
du Ñzz = −4D2N (0) , N (1)

zz =

∫ +∞

−∞
duuÑzz .

Soft modes

C(0), Nvac
zz ,N (0)

zz ,N (1)
zz are conformal fields!
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Canonical structure and BMS fluxes

Symplectic form [Ashtekar-Streubel ’81, Campiglia-Laddha ’21]:

Ω = Ωhard + Ωsoft ,

Ωhard =

∫
du d2z

[
δÑzz ∧ δC̃z̄z̄ + c.c.

]
,

Ωsoft =

∫
d2z

[
δN (0)

zz ∧ δC
(0)
z̄z̄ + δ(N (1)

zz + C(0)N (0)
zz ) ∧ δNvac

z̄z̄ + c.c.
]
.

Canonical generators:

Ωsoft(δY , δ) = δF softY , Ωhard(δY , δ) = δFhardY ,

with [Donnay-Ruzziconi ’21]

FhardY =
1

16πG

∫
I +

dud2z Y
[

3

2
C̃zz∂Ñz̄z̄ +

1

2
Ñz̄z̄∂C̃zz +

u

2
∂(ÑzzÑz̄z̄)

]
,

F softY =
1

16πG

∫
S
d2z Y

[
−D3N (1)

z̄z̄ +
3

2
C(0)
zz DN (0)

z̄z̄ +
1

2
N (0)
z̄z̄ DC(0)

zz

]
.
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Tree-level soft graviton theorems



How to derive a soft theorem?

1. flux balance equation:

F (I +) = Q(i+)−Q(I +
− ) , F (I −) = Q(I −+ )−Q(i−)

2. for a scattering of massless particles:

Q(i+) = Q(i−) = 0

3. charge conservation across i0: [Troessaert ’17, Capone-KN-Parisini ’22]

Q(I +
− ) = Q(I −+ ) ≡ Q(i0)

4. invariance of the S-matrix: [
Q(i0),S

]
= 0

Ward identity

〈out|F (I +)S + SF (I −)|in〉 = 0



Leading soft graviton theorem

Feynman diagrams: [Weinberg ’65]

lim
ω→0

ω 〈out|aout
+ (ωq̂)S|in〉 = Ŝ(0)+

n 〈out|S|in〉 ,

Ŝ(0)±
n =

κ

2

n∑
i=1

pµi p
ν
i ε
±
µν(q̂)

pi · q̂
, κ2 = 32πG .

Supertranslation Ward identity: [Strominger et al ’13 ’14]

〈out|F softT S|in〉 = −〈out|FhardT S|in〉 ,

〈out|N (0)
zz S|in〉 = − κ

16π
Ŝ(0)+
n 〈out|S|in〉 ,

N (0)
zz = − κ

16π
lim
ω→0

ω
[
aout

+ (ωq̂) + aout
− (ωq̂)†

]
.



Tree-level subleading soft graviton theorem

Feynman diagrams: [Cachazo-Strominger ’14]

lim
ω→0

(1 + ω∂ω) 〈out|aout
− (ωq̂)S|in〉 = S(1)−

n 〈out|S|in〉 ,

S(1)±
n = − iκ

2

n∑
i=1

pµi ε
±
µν(q̂) qλ

pi · q
Jλνi .

Superrotation Ward identity: [Kapec-Lysov-Pasterski-Strominger ’14]

〈out|F softY S|in〉 = −〈out|FhardY S|in〉 ,

〈out|N (1)
z̄z̄ S|in〉 =

iκ

16π
S(1)−
n 〈out|S|in〉 ,

N (1)
z̄z̄ =

iκ

16π
lim
ω→0

(1 + ω∂ω)
[
aout
− (ωq̂)− aout

+ (ωq̂)†
]
.



Loop corrections



IR divergences

soft factorization: [Weinberg ’65]

M =MsoftMfinite ,

Msoft = exp

~
ε

κ2

(8π)2

n∑
i,j=1

pi · pj ln
pi · pj
µ

 , d = 4− 2ε .

[Himwich et al ’20, Arkani-Hamed et al ’20, KN-Salzer ’21]

IR divergences are controlled by the supertranslation Goldstone mode C(0)

Msoft = exp

−1

2

n∑
i 6=j

ηiηjωiωj〈C(0)(zi, z̄i)C
(0)(zj , z̄j)〉

 ,
〈C(0)(zi, z̄i)C

(0)(zj , z̄j)〉 =
~
ε

κ2

(4π)2
|zij |2 ln |zij |2 .
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Subleading soft graviton theorem

Some terms were missed in the soft flux:∫
S
d2z Y

[
3

2
C(0)
zz DN (0)

z̄z̄ +
1

2
N (0)
z̄z̄ DC(0)

zz

]
.

Using previous slide, we can compute the effect of Goldstone mode insertion:

〈out|C(0)(z, z̄)S|in〉 = − iκ
2

ε
σ̂′n+1〈out|S|in〉 ,

σ̂′n+1 ≡
~

2(4π)2

n∑
i=1

(pi · q̂) ln
pi · q̂
µ

.

Result

This reproduces the one-loop exact correction in agreement with

[Bern-Davies-Nohle ’14]
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