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the strong CP problem

𝛿!"# ≈ 𝒪(1)&

ℒ$!% = )𝑞 𝑖𝐷 −𝑚 𝑞 −
1
4𝑔&'

𝒢()* 𝒢*() +
𝜃$!%
32𝜋' 𝒢()

* 7𝒢*()

�̅� = 𝜃$!% + arg det𝑚 𝑑+ ≈ 1.2×10,-.C𝜃 𝑒 E 𝑐𝑚

�̅� ≲ 10,-/

solutions

CP (or P) is a symmetry of the UV, spontaneously broken to get 
�̅� = 0 & 𝛿!"# = 𝒪(1)

�̅� dynamically relaxed to zero by the axion, would-be GB of a global,
anomalous 𝑈(1)!" symmetry



our solution: CP symmetry of the UV theory

CP 𝜃$!% = 0

𝛿!"# = 𝒪 1

quark mass hierarchies naturally reproduced

no corrections from higher-dimensional operators
radiative corrections

3.

2.

1.

arg det𝑚 = 0 automatic from modular invariance, 
absence of gauge anomalies

CP spontaneously broken by the VEV of a single complex field 𝜏

4.

5.

6.



modular invariance 
string theory in d=10 need 6 compact dimensions

simplest compactification: 3 copies of a torus 𝑇!

tori 
parametrized by  ℳ = 𝜏=

𝜔'
𝜔-

𝐼𝑚 𝜏 > 0

𝑎, 𝑏, 𝑐, 𝑑 integers
𝑎𝑑 − 𝑏𝑐 = 1

lattice left 
invariant by 
modular 
transformations:

∈

∈ 𝑆𝐿(2, 𝑍)𝜏 →
𝑎𝜏 + 𝑏
𝑐𝜏 + 𝑑



𝜏 → −𝜏∗ [up to modular 
transformations]

CP

unbroken CP

𝑅𝑒(𝜏)

𝐼𝑚
(𝜏
)

[Novichkov, Penedo, Petcov and Titov 1905.11970
Baur, Nilles, Trautner and Vaudrevange, 1901.03251]

fundamental
domain

𝜏 promoted to a field. Through a gauge choice 
we can restrict 𝜏 to the fundamental domain



N=1 SUSY CP & modular-invariant theories

ℒ = #𝑑!𝜃𝑑!&𝜃 𝐾(𝜏, 𝑒!"𝜑, ̅𝜏, .𝜑) + #𝑑!𝜃 𝑤 𝜏, 𝜑 +
1
16#𝑑

!𝜃 𝑓 𝑊𝑊 + ℎ. 𝑐

𝑓# =
1
𝑔#!

− 𝑖
𝜃$%&
8𝜋!

kinetic terms Yukawa couplings 𝒴(𝜏) gauge kinetic
function

arg det𝑚 𝜏 = arg det 𝑌(𝜏)𝓋

�̅� holomorphic

�̅� = −8𝜋'𝐼𝑚 𝑓 + arg det 𝑌(𝜏)𝓋 no dependence on K



𝑤 𝜏, 𝜑 = 𝑈EF 𝑌EGH(𝜏) 𝑄G𝐻H + 𝐷EF 𝑌EGI(𝜏) 𝑄G𝐻I + 𝐸EF 𝑌EGJ 𝜏 𝐿G𝐻I +⋯

φ → 𝑐 𝜏 + 𝑑 '(" 𝜑

𝑉 → 𝑉

matter multiplets 

vector multiplets

𝑓# =
1
𝑔#!

𝐾 = −ℎ! log −𝑖𝜏 + 𝑖 ̅𝜏 +D
)
−𝑖𝜏 + 𝑖 ̅𝜏 '("𝜑*𝑒!"𝜑

(𝜃"#$= 0)

CP & modular-invariance

𝜏 →
𝑎𝜏 + 𝑏
𝑐𝜏 + 𝑑

CP ↔ real coupling constants

modular invariance

𝑌EG
M(𝜏) → 𝑐𝜏 + 𝑑 N!"

#
𝑌EG
M(𝜏)

𝑘%&' = 𝑘"! + 𝑘("# + 𝑘)$

𝑘%&* = 𝑘"! + 𝑘$"# + 𝑘)%

assuming no singularities: 𝑌%&
+(𝜏) are modular forms of weight 𝑘+,

-



𝑘%&
+ < 0: no modular forms

𝑘%&
+ = 0: modular forms are constants

𝑘%&
+ > 0: modular forms polynomials in 𝐸, 𝜏 , 𝐸- 𝜏

det 𝑌(𝜏) → 𝑐𝜏 + 𝑑 N$%& det 𝑌(𝜏)

𝑘VWX = ∑EY-& 2𝑘$! + 𝑘Z!' + 𝑘%!' + 3𝑘[( + 3𝑘[)

det 𝑌 𝜏 ≡ det 𝑌H(𝜏) det 𝑌I(𝜏)

𝑘VWX = 0 det 𝑌 𝜏 = (real) constant 



cancellation of modular anomalies

𝜓./0 →
𝑐𝜏 + 𝑑
𝑐𝜏1 + 𝑑

2
3&
4
𝜓./0

conditions for gauge-modular anomaly cancellation

"
#$%

&

2𝑘'! + 𝑘(!" + 𝑘)!" = 0

"
#$%

&

3𝑘'! + 𝑘*! + 𝑘+# + 𝑘+$ = 0

"
#$%

&

𝑘'! + 8𝑘(!" + 2𝑘)!" + 3𝑘*! + 6𝑘,!" + 3 𝑘+# + 𝑘+$ = 0

𝑆𝑈(3)

𝑆𝑈(2)

𝑈(1)



cancellation of modular anomalies

𝜓./0 →
𝑐𝜏 + 𝑑
𝑐𝜏1 + 𝑑

2
3&
4
𝜓./0

conditions for gauge-modular anomaly cancellation

"
#$%

&

2𝑘'! + 𝑘(!" + 𝑘)!" = 0

"
#$%

&

3𝑘'! + 𝑘*! + 𝑘+# + 𝑘+$ = 0

"
#$%

&

𝑘'! + 8𝑘(!" + 2𝑘)!" + 3𝑘*! + 6𝑘,!" + 3 𝑘+# + 𝑘+$ = 0

simplest solution:

𝑘[( + 𝑘[) = 0 𝑘$! = 𝑘Z!' = 𝑘%!' = 𝑘^! = 𝑘_!' = (−𝑘, 0, 𝑘)

𝑘VWX = 0 det 𝑌 𝜏 & 𝑓 real constants

𝑆𝑈(3)

𝑆𝑈(2)

𝑈(1)



�̅� = −8𝜋'𝐼𝑚 𝑓 + arg det 𝑌 = 0
holds also after SUSY breaking,
if no new phases in SUSY 
breaking sector

𝑌- 𝜏 =
0 0 𝑐.#

-

0 𝑐!!
- 𝑐!#

- 𝐸/
𝑐#.
- 𝑐#!

- 𝐸/ 𝑐##
- 𝐸0# + 𝑐##

-1𝐸/!

Example 𝑘"" = 𝑘("# = 𝑘$"# = (−6,0, +6)

tan𝛽 = 10 𝜏 = 0.125 + 𝑖

Leptons: 𝑘5"= 𝑘6"# = (−6,0, +6)

reproduce quark masses, mixing angles and CKM phase
𝛿#78 ≠ 0 𝐼𝑚 det 𝑌'1𝑌', 𝑌*1𝑌* ≠ 0 non-holomorphic



heavy quarks and singularities
heavy quarks not needed, but they can exist in the UV

𝑘m = (−6,−2,0, +2,+6)example 𝑘[( + 𝑘[) = 0

heavy vector-like quarkchiral

UV theory �̅� = −8𝜋'𝐼𝑚 𝑓Zn + arg det 𝑌Zn = 0

IR theory has an anomalous field 
content, anomaly cancelled by: 𝑓23 = 𝑓4" −

1
8𝜋! log det 𝑌56789 𝜏

�̅� = −8𝜋'𝐼𝑚 𝑓op 𝜏 + arg det 𝑌 Eqrs 𝜏 =

= +arg det 𝑌[J*tu 𝜏 + arg det 𝑌 Eqrs 𝜏

𝑌 Eqrs(𝜏) is singular at 𝜏 values such that det 𝑌[J*tu τ = 0

= arg det 𝑌Zn = 0



𝒩 = 1 supergravity

𝐾 and 𝑤 no more independent

𝑤(𝜏) → 𝑐𝜏 + 𝑑 ,N* 𝑤(𝜏)
𝑘x > 0

no negative weight modular forms, 𝑤(𝜏) singular somewhere 

modular-QCD anomaly modified into

y
%9:

;

2𝑘"" + 𝑘("# + 𝑘$"# − 2𝑘< + 3𝑘<

quarks gluino

can be rotated away
if gluino is massless 

𝐾 = −ℎ' log −𝑖𝜏 + 𝑖𝜏{ +⋯

𝒢 =
𝐾
𝑀|}
' + log

𝑤
𝑀|}
&

'

corrections of 𝒪 𝑘x ?

𝑘x = r+

#,-
+ → 0

back to the rigid case



spontaneously broken supergravity

arg det𝑀MH*~N = 0 y
%9:

;

2𝑘"" + 𝑘("# + 𝑘$"# − 2𝑘< = 𝑘)$ + 𝑘)% = 0

if no other 
phases 

from SUSY 
breaking 

𝑤 𝜏 = ⋯+ 𝑐/𝑀|}
& 𝜂(𝜏),'N*

𝑓 = ⋯+ 3
𝑘x
4𝜋'

log 𝜂(𝜏)
cancels the gluino anomaly

𝑀# =
1
2
𝑒

:
!;-.

/ 𝐾+=̅𝐷=̅𝑤*𝑓+arg𝑀& = −arg𝑤

�̅� = −8𝜋'𝐼𝑚 𝑓+3 arg𝑀& = 0

�̅� = −8𝜋'𝐼𝑚 𝑓+arg det𝑀MH*~N +3 arg𝑀& = 0

𝜂(𝜏) Dedekind eta function

assume unique singularity at 𝜏 = 𝑖∞



deviations from �̅� = 0

no corrections from K
no corrections from nonrenormalizable operators: 𝑆𝐿 2, ℤ
no corrections from additional moduli/singlets under reasonable assumptions

SUSY breaking corrections

SUSY unbroken

potentially big if soft terms violate flavour in a generic way

SM corrections

minimized if Λ!| ≫ Λ�Z�� (as e.g. in gauge mediation)
and soft breaking terms respect the flavour structure of the SM

negligible: �̅� ≤ 102:= at four loops



CP in the UV1.

2.

4.

5.

Ingredients

Yukawa couplings are 
field-dependent quantities

3.
the vacuum has a redundant
description: vacua related by
𝑆𝐿(2, ℤ) are equivalent  

CP and 𝑆𝐿(2, ℤ) are unified
in a gauge flavour symmetry 

absence of anomalies

6. no singularities in the 
UV theory 



CP in the UV1.

2.

4.

5.

no singularities in the 
UV theory 

Yukawa couplings are 
field-dependent quantities

3.
the vacuum has a redundant
description: vacua related by
𝑆𝐿(2, ℤ) are equivalent  

CP and 𝑆𝐿(2, ℤ) are unified
in a gauge flavour symmetry 

absence of anomalies

6.

the four-dimensional CP symmetry is a 
gauge symmetry in most string theory 
compactifications.

string theory has no free parameters and 
Yukawa couplings are set by moduli VEVs

modular invariance is a key ingredient of 
string theory compactifications

string theory is free of singularities. 
These arise in the IR when some UV 
modes become massless

Ingredients                      String Theory

mandatory in string theory





back-up slides



The elusive 𝜏 phenomenology

couplings to matter suppressed by 1/ℎ (1/𝑀!> in SUGRA) 

no couplings to gauge vector bosons, when SUSY exact

𝜏 should be heavy, not to spoil nucleosynthesis

𝑚� ≈ 𝑚&/' > 10 TeV

domain walls separating patches with opposite CP: 
inflated away if CP breaking occurs before inflation.

inaccesible experimental test?





axion solution

provides a candidate for DM

many axion candidates in e.g. superstring theories 

axion quality problem

axion undetected, so far

minimum of 𝑉(𝑎) should be at 𝑎 = 0

𝑉 𝑎 = 𝑉"#$ 𝑎 −𝑀,𝑒2?cos(
𝑎
𝑓/
+ δ) 𝑀 = 𝑀!

𝛿 = 𝒪(1) 𝑆 ≥ 200

�̅� dynamically relaxed to zero by the axion, would-be GB of a global,
anomalous 𝑈(1)!" symmetry



Nelson-Barr solution              our solution              

CP 𝜃$!% = 0

𝑚 = 𝜇 𝜆*𝜂*
0 𝑦 𝑣

CP spontaneously broken 
by 𝜂/ complex

heavy vector-like quark sector

𝜇 ≈ 𝜆*𝜂*

[one is not enough]

[tuning]

𝑄 𝑞

CP ia a symmetry of the UV, 
SB to get �̅� = 0 & 𝛿!"# = 𝒪(1)

no extra matter

CP spontaneously broken
by 𝜏 alone

no tuning





𝜏 = 𝑖

𝜏 = 𝑒E '�/&

𝜏 = 𝑖 ∞

𝜏 → −
1
𝜏

𝜏 → −
1

𝜏 + 1

𝜏 → 𝜏 + 1

S

ST

T

ℤQR

ℤSRT×ℤSR
!

ℤT ×ℤSR
!

fixed point residual symmetry

modular invariance 
completely broken 
everywhere but at three 
fixed points

𝑆𝐿(2, 𝑍) generated by

fundamental
domain

𝑅𝑒(𝜏)

𝐼𝑚
(𝜏
)


