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Overview

 Gravitational lensing-dark matter connection

 Overview of techniques

 Recent Results

 Future Prospects
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Different dark matter models <-> different dark matter halos
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Cold Dark Matter e.g. WIMP Warm Dark Matter – e.g. Sterile Neutrino

Credit: Lovell et al. 2014



Different halo Mass Functions
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Cold Dark Matter e.g. WIMP Warm Dark Matter – e.g. Sterile Neutrino
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Different halo Density Profiles
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Cold Dark Matter e.g. WIMP Warm Dark Matter – e.g. Sterile Neutrino
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A huge space of dark matter models to explore
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 Weakly Interacting Massive Particles (WIMPs)

 Sterile Neutrinos

 Axions 

 Primordial black holes – (Massive Compact Halo 

Objects) explain LIGO detections, seeds for 

supermassive black holes.

 Self-interacting dark matter

 ….

Schive et al. 2014



Galaxies are collections of stars, which we believe to be embedded in a dark matter halos, so there are two 

solutions:

1) There are a large number of halos below some mass scale which do not contain enough gas or stars for 

us to see (almost certainly true)

2) Dark matter doesn’t form structure on small scales

Dark matter structure measurements traditionally rely on galaxies as tracers

Cold Dark Matter Prediction Observed Milky Way Structure

C
re

d
it
: 
Lo

ve
ll 

e
t 
a

l. 
2

0
1

4

C
re

d
it
:
J.

T.
A

 d
e
 J

o
ng

7



Goal: Detecting halos 

in the dark regime
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Gravitational lensing-dark matter connection
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Vegetti et al. 2010
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Strong lenses have multiple images of the same 

background source

Vegetti et al. 2010



Gravitational lensing is sensitive to perturbations by 

dark matter halos
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Low-mass perturbers cause deflections and magnifications

Vegetti et al. 2010



Gravitational lensing is sensitive to perturbations by 

dark matter halos
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3.2 Effect ive Lensing Pot ent ial

Before proceeding to more complicated galaxy lens models, it is useful to develop the formalism

a lit t le further. Let us define a scalar potent ial ψ(θ) which is the appropriately scaled, projected

Newtonian potent ial of the lens,

ψ(θ) =
Dds

DdDs

2

c2
Φ(Ddθ, z) dz . (48)

The derivat ives of ψ with respect to θ have convenient propert ies. The gradient of ψ with respect

to θ is the deflect ion angle,

∇ θψ = Dd∇ ξψ =
2

c2

Dds

D s

∇ ⊥Φdz = α , (49)

while the Laplacian is proport ional to the surface-mass density Σ,

∇ 2
θψ =

2

c2

DdDds

D s

∇ 2
ξΦdz =

2

c2

DdDds

D s

· 4πGΣ = 2
Σ(θ)

Σcr

≡ 2κ(θ) , (50)

where Poisson’s equat ion has been used to relate the Laplacian of Φ to the mass density. The

surface mass density scaled with its crit ical value Σcr is called the convergence κ(θ). Since ψ

sat isfies the two-dimensional Poisson equat ion ∇ 2
θψ = 2κ, the ef fect ive lensing potent ial can be

writ ten in terms of κ

ψ(θ) =
1

π
κ(θ ) ln |θ − θ | d2θ . (51)

As ment ioned earlier, the deflect ion angle is the gradient of ψ, hence

α(θ) = ∇ ψ =
1

π
κ(θ )

θ− θ

|θ− θ |2
d2θ , (52)

which is equivalent to eq. (10) if we account for the definit ion of Σcr given in eq. (17).

The local propert ies of the lens mapping are described by its Jacobian matrix A ,

A ≡
∂β

∂θ
= δi j −

∂α i (θ)

∂θj

= δi j −
∂2ψ(θ)

∂θi ∂θj

= M − 1 . (53)

As we have indicated, A is nothing but the inverse of the magnificat ion tensor M . The matrix

A is therefore also called the inverse magnificat ion tensor. The local solid-angle distort ion due to

the lens is given by the determinant of A . A solid-angle element δβ2 of the source is mapped to

the solid-angle element of the image δθ2, and so the magnificat ion is given by

δθ2

δβ2
= det M =

1

det A
. (54)

This expression is the appropriate generalizat ion of eq. (26) when there is no symmetry.

Equat ion (53) shows that the matrix of second part ial derivat ives of the potent ial ψ (the

Hessian matrix of ψ) describes the deviat ion of the lens mapping from the ident ity mapping. For

convenience, we int roduce the abbreviat ion

∂2ψ

∂θi ∂θj

≡ ψi j . (55)

Since the Laplacian of ψ is twice the convergence, we have

κ =
1

2
(ψ11 + ψ22) =

1

2
tr ψi j . (56)
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Gravitational Potential

Low-mass perturbers cause deflections and magnifications
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Deflection ∝
first derivative 

3.2 Effect ive Lensing Pot ent ial

Before proceeding to more complicated galaxy lens models, it is useful to develop the formalism

a lit t le further. Let us define a scalar potent ial ψ(θ) which is the appropriately scaled, projected

Newtonian potent ial of the lens,
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Dds
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Magnification ∝ second 

derivative



We detect perturbations as deviations from the single 

deflector model.

13

~109 (M☉) halo detected, 

not visible in imaging

Vegetti et al. 2012

See also Minor et al. 2022 for an analysis of concentration



Strength of using lensing to measure dark matter

 No dependence on halos containing baryons (could be completely dark)

 Measure low-mass halo properties at a range of cosmological distances and environments

14

Simulation from pyhalo Gilman et al. 2022



Strong Gravitational Lensing

Animation credit: Y. Hezaveh

- Effect predicted by General 

Relativity 
- Space-time curvature induced by 

matter creates an optical effect 
- mostly “weak”, leading to small 

distortions 
- Rare alignments lead to multiple 

images of the same source

3

Strong Gravitational Lensing

Animation credit: Y. Hezaveh

- Effect predicted by General 

Relativity 
- Space-time curvature induced by 

matter creates an optical effect 
- mostly “weak”, leading to small 

distortions 
- Rare alignments lead to multiple 

images of the same source
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Types of Background Sources

 Resolved (Galaxies) 

current sensitivities to ~108 M⦿ halos, main signal 

from deflections. (a.k.a. gravitational imaging)

 Unresolved (narrow-line emission, some 

radio) 

current sensitivities to ~106.5 M⦿ halos main signal 

from magnification (a.k.a. flux ratio anomalies)

15

Fundamentally the same process, different 

sensitivity regimes



Results from resolved source lensing – individual subhalo

detection

16



Results from resolved galaxy sources – individual detection 34 

lenses

17

12 E. Ritondale et al.

models, that is the joint 95 per cent upper limit has shifted towards

larger valuesfrom what wasderived using theSLACSsampleonly.

Thiscan beexplained asfollows: when combining thetwo samples,

the number of detections is thesame, that is one, while the number

of non-detections significantly increases with the number of pixels

in each lens system included in the analysis. The substructure de-

tection in the SLACS sample is also responsible for a significant

change in the inference on the half-mode mass Mhm. In fact, the

lower limit on Mhm raises by 3 and 1 dex at the 68 and 95 per cent

confidence level, respectively. This isdue to the fact that thesingle,

rather massive detection from the SLACS sample requires a cooler

dark matter model, and therefore smaller values of Mhm, asclearly

visible in the derived posterior probability in Fig. 5.

In Fig. 6, we compare the di↵erential line-of-sight halo mass

function derived in this paper with the one predicted by the CDM

model (black solid line) and asterileneutrino model consistent with

the3.5 keV emission line(red solid line). The latter fallswithin our

lower and upper 95 per cent confidence limits, respectively plotted

as the green and yellow solid lines. Our lower limit mass function

is consistent at the 2-σ level with the CDM prediction within the

mass range probed by the data. The inability to disentangle CDM

and warmer models, is due to the relatively low sensitivity of the

data to low-mass haloes, represented by the grey shaded region. In

practice, this data can only probe the higher-mass end of the halo

and subhalo mass functions, where di↵erent dark matter modelsdo

not significantly di↵er from one another (Despali et al. 2018). As

discussed by Vegetti et al. (2018), thesamesampleof lenseswith a

sensitivity improved by one or two orders of magnitude would re-

sult in ashift of theposterior distribution of thehalf-mode mass to-

wards larger valuesand createatension with CDM at the2-σ level.

This clearly indicates the importance of obtaining higher-quality

data for the joint sample.

In Fig. 7, we show how our results compare with sterile neu-

trino dark matter models. Sterileneutrinosareatwo-parameter dark

matter model whosecoolness isdetermined by acombination of the

level of lepton asymmetry L6 in the early Universe and the massof

the sterile neutrino ms (Shaposhnikov 2008; Lovell et al. 2017).

This is evident from Fig. 7, where Mhm oscillates with L6 for each

value of ms. On the left panel of Fig. 7 weplot the half-mode mass

Mhm against the lepton asymmetry L6 for di↵erent values of the

sterile neutrino particle mass. On the right panel instead, we com-

pare our results with those derived from the observed satellites in

theMilky Way (Lovell et al. 2016), X-ray decay searchesfrom M31

(Watson et al. 2012; Horiuchi et al. 2014) and Lyman-↵ forest con-

straints (see Vegetti et al. 2018, for a detailed description). We no-

tice that our joint lower limit constraints are not visible because

they are beyond the plotting range. The upper 95 per cent confi-

dence limit rules out sterile neutrino masses ms < 0.8 keV at any

value of the lepton asymmetry L6. As for the SLACS-only results,

our exclusion regions are significantly smaller than those derived

by other astrophysical probes. For theSLACSlenses, this ismainly

due to the low redshift of the lenses and the sources, which re-

sults in a small contribution from the line-of-sight. For the BELLS

GALLERY sample, this is instead related to the lower sensitivity

of thedata. Indeed, asdiscussed in Section 6.1, thesamesample of

lenses but with higher data quality than currently available would

have led to a significantly larger number of expected line-of-sight

haloes. Finally, it should benoted that, although our resultsarecur-

rently weaker, they aremorerobust than those from theMilky-Way

satellite counts and the Lyman-↵ forest, as they are lessa↵ected by

feedback processesand do not depend on theunknown thermal his-

Figure 6. Line-of-sight mass functions derived from the joint

SLACS+BELLS GALLERY dataset. The black line corresponds to

the ⇤CDM framework, the red to the sterile neutrino dark matter model

compatible with thedetection of the 3.5 keV line, and the yellow and green

respectively to the upper and lower limits at the 95 (solid line) and 68

(dashed line) per cent confidence levels found in this paper, assuming a

10-σ detection threshold. The black dashed lines correspond to the prior

edges in Mhm. The striped and shaded grey regions correspond to the

sensitivity of the BELLS GALLERY and the SLACS samples, and the

dotted line shows the lowest detectable line-of-sight halo mass with the

joint sample.

Table 2. Inference on the dark matter parameters with the BELLS sample

and the joint BELLS and SLACS samples. We report the mean and the

lower and upper limit at the 68 and 95 per cent confidence level for the two

mass function slopes, while we only report the upper and lower limits for

the half modemass Mhm and the upper limits on thedark matter fraction in

substructures at the 68 and 95 per cent level.

Run Parameter mean σ68 σ95

BELLS ↵ 1.90 −0.19 | +0.19 −0.33 | +0.37

β −1.30 −0.1 | +0.09 −0.16 | +0.16

fsub <0.01 <0.07

logMhm[M ] 6.52 | 12.12 5.77 | 12.60

Joint logMhm[M ] 10.38 | 11.85 7.27 | 12.26

tory of the intergalactic medium, and our limits are therefore less

model dependent.

7 SUMMARY & CONCLUSIONS

We have analysed a sample of 17 gravitational lens systems from

the BELLS GALLERY survey with the aim of detecting low-mass

dark matter haloes within the lensing galaxies and along their lines

of sight. First, we have modelled each system in the sample with

a smooth power-law elliptical mass model assuming the presence

of no haloes and studied the intrinsic properties of the background

sources (Ritondale et al. 2018). In this paper, we have focused on

MNRAS 000, 1–14 (2015)

Ritondale et al. 2017
Half mode mass < 1012 M⦿

(2σ)



Results from combining with other probes
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8 W. Enzi et al.

we define the former as the range of half-mode masses " hm 2⇥
0, 105

⇤
M h−1 and the latter as " hm 2

⇥
105, 1012

⇤
M h−1. We

know that thelikelihood in thetwo regions isthen defined asfollows:

P
⇣
3 -

⌘
=

(
2>=BC0=C if - = (̄ ,
Ø

(
3" hmP

⇣
3 " hm

⌘
⇥P

⇣
" hm (

⌘
if - = ( .

(10)

We choose a log-uniform prior distribution P
⇣
" hm (

⌘
on " hm

within ( , which corresponds to a prior that is non-informative

about the order of magnitude of the half-mode mass. We obtain

the 2>=BC0=Cand P
⇣
3 " hm

⌘
by dividing the posterior of the origi-

nal analysis by its prior. Wefurther enforce that all probabilities add

up to 1 in the posterior in order to obtain the correct normalisation.

Thisframework allowsusto includetheidealised CDM casewhile

maintaining the log-uniform prior regarding the sensitive region. It

comes, however, at the small cost that we can only report an upper

limit in the case that it happens to fall within the sensitive region.

Our first summary is the 95 percentile of the posterior in this hyper

model scenario, " ⇠L
hm

, whose defining equation is:

0.95 = P ( (̄ |3)

+

π " CL
hm

105 M h−1
3" hm P

⇣
3 " hm

⌘
⇥P

⇣
" hm (

⌘P (( )

P (3)
. (11)

In theequation above, P (( ) istheprior probability of thesensitive

case. The original parameter range contains all half-mode masses

between the one corresponding to the coldest WIMP model and

the constraints from the cosmic microwave background. For a log-

uniform prior on half-mode masses, this corresponds to P (( ) =

1− P ( (̄ ) = 0.45. Weusethisprior whenreportingupper limitsin this

section for simplicity, but in general, onecould choosedifferent prior

values. In Fig. 2, we show how the 95 percentiles on the half-mode

scale change as a function of prior mass attributed to the sensitive

region. Wefind that theorder of magnitude of these95 percentiles is

stable for values of P (( ) between 0.5 and 1.0.

Following this approach we find a joint upper limit of _CL
hm

=

0.089 Mpc h−1. This rules out that haloes with a mass of " CL
hm

=

3 ⇥107 M h−1 are significantly suppressed with respect to the

CDM scenario at the 2f level. Under the assumptions discussed in

Section 2, wecan expressour constraints in termsof alower limit on

the thermal relic particle mass, i.e. < CL
th

= 6.048 keV at the 95 per

cent confidencelevel. Wemark theselimitswithdashed vertical lines

in Figure1. Theseconstraintsare in agreement with thosederived by

previous studies, as summarized in Table 4. We find that we require

a higher sensitivity towards lower halo masses in order to rule out

or confirm CDM models. Notice that our model assumptions, for

example, on the IGM priors in the Lyman-U analysis (see section

5.2), are rather conservative. While we obtain mildly weaker limits

with respect to past literature, our limits are expected to be more

robust.

4.3.2 Bayes factors

In order to be less dependent on the chosen parameter range and

prior assumptions, the second summary statistic considers the ratio

of likelihood with a model _hm and the model that maximises the

likelihood _ML
hm

(corresponding to the Bayes factor between these

two models, when each parameter value isconsidered to bedifferent

model). The value _BF
hm

, above which the ratio of all models fullfill

P (3 |_hm>_BF
hm

)

P (3 |_ML
hm

)
1
20 gives then an upper limit in the sense that all

Figure1. Theposterior probability distributions for theanalysisof thegravi-

tational lensing analysisof extended arcsfor theSLACSsample (red) and the

BELLS sample (purple), the Lyman-U forest data (blue) and the luminous

satellites of the MW (green). All posteriors are scaled so that their maxi-

mum value is 1. The grey hatched area highlights the region in which all

of the probes considered here become insensitive to the difference between

the different models. The mass of the MW within the 68 per cent confidence

interval, as inferred by Callingham et al. (2019), is shown with a grey line

at " hm ⇡ 1012M ⇡ " MW
200

. The vertical (dashed) lines indicate the upper

limits determined from the Bayes factor ( the 95 percentile) criterium.

these models are strongly disfavoured (i.e. ruled out at 95% con-

fidence limit) in comparison to the maximum likelihood case. We

mark these upper limits with solid vertical lines in Figure 1.

We find for the joint posterior an upper limits of _BF
hm

=

0.233 Mpc h−1, corresponding to " BF
hm

= 4.8 ⇥108 M h−1 and

< hm = 2.552 keV. This upper limit is mostly determined by the

analysis of MW satellites analysis, with _BF
hm

= 0.221 Mpc h−1. The

Lyman alpha forest, with _BF
hm

= 0.540 Mpc h−1, turns out to be

the second strongest constraint. We find that for the lensing probes

only the SLACS sample exclude values according to this summary

criterium, with _hm = 3.607 Mpc h−1. In the case of the BELLS-

GALLERY, the posteriors actually prefer the warmer dark matter

models. This is reflected in the ratio between the maximum like-

lihood value and the likelihood of the cold limit, which is 1/1.14

at _ML
hm

= 4.538 Mpc h−1 for R19, respectively. We summarize the

different results in Table 3, which furthermore gives additional in-

formation about the individual probes.

5 SYSTEMATIC ERRORS

In this section, we discuss the different sources of systematic errors

that may affect each of the astrophysical probes considered here.

MNRAS 000, 1–15 (2020)
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we define the former as the range of half-mode masses " hm 2⇥
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M h−1 and the latter as " hm 2

⇥
105, 1012

⇤
M h−1. We

know that thelikelihood in thetwo regions isthen defined asfollows:

P
⇣
3 -

⌘
=

(
2>=BC0=C if - = (̄ ,
Ø

(
3" hmP

⇣
3 " hm

⌘
⇥P

⇣
" hm (

⌘
if - = ( .

(10)

We choose a log-uniform prior distribution P
⇣
" hm (

⌘
on " hm

within ( , which corresponds to a prior that is non-informative

about the order of magnitude of the half-mode mass. We obtain

the 2>=BC0=Cand P
⇣
3 " hm

⌘
by dividing the posterior of the origi-

nal analysis by its prior. Wefurther enforce that all probabilities add

up to 1 in the posterior in order to obtain the correct normalisation.

Thisframework allowsusto includetheidealised CDM casewhile

maintaining the log-uniform prior regarding the sensitive region. It

comes, however, at the small cost that we can only report an upper

limit in the case that it happens to fall within the sensitive region.

Our first summary is the 95 percentile of the posterior in this hyper

model scenario, " ⇠L
hm

, whose defining equation is:

0.95 = P ( (̄ |3)

+

π " CL
hm

105 M h−1
3" hm P

⇣
3 " hm

⌘
⇥P

⇣
" hm (

⌘P (( )

P (3)
. (11)

In theequation above, P (( ) istheprior probability of thesensitive

case. The original parameter range contains all half-mode masses

between the one corresponding to the coldest WIMP model and

the constraints from the cosmic microwave background. For a log-

uniform prior on half-mode masses, this corresponds to P (( ) =

1− P ( (̄ ) = 0.45. Weusethisprior whenreportingupper limitsin this

section for simplicity, but in general, onecould choosedifferent prior

values. In Fig. 2, we show how the 95 percentiles on the half-mode

scale change as a function of prior mass attributed to the sensitive

region. Wefind that theorder of magnitude of these95 percentiles is

stable for values of P (( ) between 0.5 and 1.0.

Following this approach we find a joint upper limit of _CL
hm

=

0.089 Mpc h−1. This rules out that haloes with a mass of " CL
hm

=

3 ⇥107 M h−1 are significantly suppressed with respect to the

CDM scenario at the 2f level. Under the assumptions discussed in

Section 2, wecan expressour constraints in termsof alower limit on

the thermal relic particle mass, i.e. < CL
th

= 6.048 keV at the 95 per

cent confidencelevel. Wemark theselimitswithdashed vertical lines

in Figure1. Theseconstraintsare in agreement with thosederived by

previous studies, as summarized in Table 4. We find that we require

a higher sensitivity towards lower halo masses in order to rule out

or confirm CDM models. Notice that our model assumptions, for

example, on the IGM priors in the Lyman-U analysis (see section

5.2), are rather conservative. While we obtain mildly weaker limits

with respect to past literature, our limits are expected to be more

robust.

4.3.2 Bayes factors

In order to be less dependent on the chosen parameter range and

prior assumptions, the second summary statistic considers the ratio

of likelihood with a model _hm and the model that maximises the

likelihood _ML
hm

(corresponding to the Bayes factor between these

two models, when each parameter value isconsidered to bedifferent

model). The value _BF
hm

, above which the ratio of all models fullfill

P (3 |_hm>_BF
hm

)

P (3 |_ML
hm

)
1
20 gives then an upper limit in the sense that all

Figure1. Theposterior probability distributions for theanalysisof thegravi-

tational lensing analysisof extended arcsfor theSLACSsample (red) and the

BELLS sample (purple), the Lyman-U forest data (blue) and the luminous

satellites of the MW (green). All posteriors are scaled so that their maxi-

mum value is 1. The grey hatched area highlights the region in which all

of the probes considered here become insensitive to the difference between

the different models. The mass of the MW within the 68 per cent confidence

interval, as inferred by Callingham et al. (2019), is shown with a grey line

at " hm ⇡ 1012M ⇡ " MW
200

. The vertical (dashed) lines indicate the upper

limits determined from the Bayes factor ( the 95 percentile) criterium.

these models are strongly disfavoured (i.e. ruled out at 95% con-

fidence limit) in comparison to the maximum likelihood case. We

mark these upper limits with solid vertical lines in Figure 1.

We find for the joint posterior an upper limits of _BF
hm

=

0.233 Mpc h−1, corresponding to " BF
hm

= 4.8 ⇥108 M h−1 and

< hm = 2.552 keV. This upper limit is mostly determined by the

analysis of MW satellites analysis, with _BF
hm

= 0.221 Mpc h−1. The

Lyman alpha forest, with _BF
hm

= 0.540 Mpc h−1, turns out to be

the second strongest constraint. We find that for the lensing probes

only the SLACS sample exclude values according to this summary

criterium, with _hm = 3.607 Mpc h−1. In the case of the BELLS-

GALLERY, the posteriors actually prefer the warmer dark matter

models. This is reflected in the ratio between the maximum like-

lihood value and the likelihood of the cold limit, which is 1/1.14

at _ML
hm

= 4.538 Mpc h−1 for R19, respectively. We summarize the

different results in Table 3, which furthermore gives additional in-

formation about the individual probes.

5 SYSTEMATIC ERRORS

In this section, we discuss the different sources of systematic errors

that may affect each of the astrophysical probes considered here.
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Figure1. Upper panels: theeffectiveconvergenceof low massperturbers. Lower panels: thecorresponding best-fit imageresiduals. Thecolour scale is in units

of e− pix−1 s−1. Theparameters of the lensand sourcegalaxies shown in the threecolumnsare thesameasthoseused in Fig. 4, except for thesource redshifts.

The lensing systems in the left and middle columns have a source at I = 1, while that in the right column has a source at I = 2.5. The systems in both the left

and right columns have a cutoff in the mass function at 107 M , while the one in middle column has the cutoff at 109 M . The inner and outer dashed circles

in each panel have radii, 0.500 and 2.400, respectively.

tatesan automated framework for lensmodelling, for which weuse

the open source software PyAutoLens2. Our aim is to determine

whether the cumulative distortions due to the many dark matter

haloes perturbing the light of the lensing arcs can be extracted to

determinethehalo massfunction and hencethedark matter particle

mass.

Our main goal is to demonstrate that this signal is present in

HST imaging of strong lenses and that it can, in principle, be ex-

tractedusing modern lensmodeling techniquesgiven realistic levels

of noise. However, our study isbasedon idealizedsystems: wemake

anumber of simplifying assumptionsfor thestructureof thelensand

source and neglect effects such as an imperfect PSF model, corre-

lated noise or inadequate lens light subtraction. These assumptions

will need to be relaxed before our methodology can reliably be ap-

plied to real data, including, for example, a non-parametric source

model (e.g. Warren & Dye2003), additional complexity in the lens

model (Vegetti & Koopmans 2009; Nightingale et al. 2019) and a

proper treatment of the PSF and of correlated noise.

We first introduce the forward modelling procedure and lens-

ing models in Sec. 2. In Sec. 3 we show tests of the accuracy of

thismethod, thedependency on different lensing and observational

settings, and compare our method to other methods, discussing its

possiblefutureapplicationsandshortcomings. Finally, weconclude

in Sec. 4. Throughout thepaper, weadopt thecosmological param-

eters given by WMAP9 (Hinshaw et al. 2013).

2 https://github.com/Jammy2211/PyAutoLens

2 PROCEDURE AND MODELS

In thissection wefirst provideanoverview of our forwardmodelling

procedure. We then describe the parametric models we use for the

mass distributions of the main lens, dark matter haloes and light

distributions of the source galaxies. We then describe how we fit

our simulated images with a combination of a smooth parametric

lensandsourcemodel, andhow theresidualsof eachareusedwithin

anABCframework toplaceconstraintson themassfunction of dark

matter haloes.

2.1 The forward modelling scheme

In Fig. 3, we provide an overview of the forward modelling proce-

dure. Starting from an observed strong lensing image(which in this

paper is simulated) we begin by fitting it with parametric lens and

sourcemodels, omitting substructurefrom thelensmodel. Thispro-

cedure gives us best-fit smooth lens mass and source light models,

aswell asamap of thebest-fit imageresiduals (theobserved image

minus thebest-fit model image). In thiswork, ‘best-fit’ refers to the

maximum likelihood model determined by means of a non-linear

search.

It is impossible to fit all thedark matter substructre in asimilar

way, because of its low mass and low signal-to-noise (Birrer et al.

2017b). However, we can use the best-fit source and macroscopic

lens model to simulate a set of images of this lens system, each

including a random realization of dark matter substructure (wecall

thisset of imagesthe‘ forwardmodels’ ).Werefit eachforwardmodel
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The lensing systems in the left and middle columns have a source at I = 1, while that in the right column has a source at I = 2.5. The systems in both the left

and right columns have a cutoff in the mass function at 107 M , while the one in middle column has the cutoff at 109 M . The inner and outer dashed circles

in each panel have radii, 0.500 and 2.400, respectively.
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proper treatment of the PSF and of correlated noise.

We first introduce the forward modelling procedure and lens-

ing models in Sec. 2. In Sec. 3 we show tests of the accuracy of

thismethod, thedependency on different lensing and observational

settings, and compare our method to other methods, discussing its

possiblefutureapplicationsandshortcomings. Finally, weconclude

in Sec. 4. Throughout thepaper, weadopt thecosmological param-

eters given by WMAP9 (Hinshaw et al. 2013).
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of e− pix−1 s−1. The parameters of the lens and source galaxies shown in the three columns are thesame as those used in Fig. 4, except for thesource redshifts.

The lensing systems in the left and middle columns have a source at I = 1, while that in the right column has a source at I = 2.5. The systems in both the left

and right columns have a cutoff in the mass function at 107 M , while the one in middle column has the cutoff at 109 M . The inner and outer dashed circles

in each panel have radii, 0.500 and 2.400, respectively.
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mass.

Our main goal is to demonstrate that this signal is present in
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settings, and compare our method to other methods, discussing its

possible futureapplicationsand shortcomings. Finally, weconclude

in Sec. 4. Throughout the paper, weadopt the cosmological param-
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Figure1. Upper panels: theeffectiveconvergenceof low massperturbers. Lower panels: thecorresponding best-fit imageresiduals. Thecolour scale is in units
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in each panel have radii, 0.500 and 2.400, respectively.
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Figure 7. Tests on the fiducial setting. The left column shows the constraints on " hf (adopting a flat prior on log " hf ) and the right columns the constraints

on 1/ < DM (adopting a flat prior on 1/ < DM ). From top to bottom, panels correspond to true " hf values of 107, 108, 109 M , marked by the black vertical

dashed lines. Bluedashed curvesare individual constraints for each set of 50 lensing systems (for clarity, weonly plot 50 out of 500 here). The red curve is the

averageconstraint from the500 sets. In the right column weuse themean posteriors to place2f (95%) credible interval limits (upper limits on 1/ < DM for the

top 2 panels and a both upper and lower limit for the bottom one). The hatched regions are where " hf < 107 M , which is outside the range probed by our

forward models.

We will then compare the strength of our method with the method

based on quasar flux ratio anomalies.

3.1 Testsof the accuracy of the method

By repeating the procedure described above for each observed sys-

tem we can obtain a constraint from our mock observations of 50

lensing systems. Just as for a real set of 50 observed systems, the

posterior probability density for " hf will not necessarily peak at the

true value. To assess whether our method is biased, we create 500

sets of 50 observed lenses. Running the full procedure described

above 500 times, each time for 50 different lenses, would be pro-

hibitively expensive because of the very large number of forward

models this would require. We therefore use the same set of 50

macro lens and source model parameters ({) }fiducial ) for each of

our 500 sets, only changing therealisationsof low-massdark matter

haloes between the sets of 50 observed images. This allows us to

reuse the same forward models for each of our 500 sets.

Inprinciple, weshouldgenerateanew set of forwardmodelsfor

each of the 500 sets (together 25000 lenses) because the particular

realisation of thedark matter haloesaffectsthebest-fit macromodel,

which is the model used to generate the forward model images. We

will see later that even though there is a slight mismatch in best-

fit models for different realisations, we can still correctly recover

the true " hf . Similarly, to examine how the method behaves with

different input (true) values for " hf , we further simulate 500 sets

of 50 observations with " hf = 108 and 109 M and apply ABC

inference to them, all using the same forward models previously

simulated.

Note that somecareneeds to betaken when combining results
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T ab le 1. Observat ion informat ion and references for the lens systems.

System name Observat ion date

Total exposure t ime

Reference(seconds)

F160W F814W F475X

PS J0147+ 4630 2017 Sept 13 2196.9 1348.0 1332.0 Berghea et al. (2017)

SDSS J0248+ 1913 2017 Sept 5 2196.9 1428.0 994.0 Ost rovski et al. 2018b (in preparat ion), Delchambre et al. (2018)

AT LAS J0259-1635 2017 Sept 7 2196.9 1428.0 994.0 Schechter et al. (2018)

DES J0405-3308 2017 Sept 6 2196.9 1428.0 1042.0 Anguita et al. (2018)

DES J0408-5354 2018 Jan 17 2196.9 1428.0 1348.0 Lin et al. (2017); Diehl et al. (2017); Agnello et al. (2017b)

DES J0420-4037 2017 Nov 23 2196.9 1428.0 1158.0 Ost rovski et al. 2018b (in preparat ion)

PS J0630-1201 2017 Oct 5 2196.9 1428.0 980.0 Ost rovski et al. (2018); Lemon et al. (2018)

SDSS J1251+ 2935 2018 Apr 26 2196.9 1428.0 1010.0 K ayo et al. (2007)

SDSS J1433+ 6007 2018 May 4 2196.9 1428.0 1504.0 Agnello et al. (2018a)

PS J1606-2333 2017 Sept 1 2196.9 1428.0 994.0 Lemon et al. (2018)

DES J2038-4008 2017 Aug 29 2196.9 1428.0 1158.0 Agnello et al. (2017a)

W ISE J2344-3056 2017 Sept 9 2196.9 1428.0 1042.0 Schechter et al. (2017)

F igur e 1. Comparison between the observed (first , t hird and fifth columns) and reconst ruct ed (second, fourth and sixth columns)

st rong-lens systems. T he three HST bands: F160W , F814W , and F475X are used in the red, green, and blue channels, respect ively, t o

create the red-green-blue (RGB) images. Horizontal white lines for each system are rulers showing 1 arcsec. T he relat ive intensit ies of

the bands have been adjusted for each lens system for clear visualisat ion of the features in the system.

2.2.5 DES J0408-5354

T his system was discovered from the DES Year 1 data (Lin

et al. 2017; Diehl et al. 2017; Agnello et al. 2017b). T he

deflector redshift is zd = 0.597 and the quasar redshift is

zs = 2.375 (Lin et al. 2017). T his is a very complex lens

system with mult iple lensed arcs not iceable in addit ion to

the quasar images. T he sources of the lensed arcs can be

components in the same source plane as the lensed quasar or

they can be at different redshift s. T his system has measured

t ime-delays between the quasar images: ∆tAB = −112 ± 2.1

days, ∆tAD = −155.5± 12.8 days, and ∆tBD = −42.4± 17.6 days

(Courbin et al. 2018).

2.2.6 DES J0420-4037

T his lens system was discovered in DES imaging data us-

ing the morphology-independent Gaussian-mixture-model

MNRAS 000, 1–19 (2018)

strong lensing constraints on dark matter warmth 13

F igur e 5. Dark mat t er halo effective mult i -plane convergence maps for some of t he highest -ranked realizat ions for t he subset of quads

B1422, W GD J0405, W FI 2033, and RX J0911, each of which has flux rat ios inconsist ent wit h smoot h lens models. T he defint ion of t he

effective mult i -plane convergence t akes int o account t he non-linear effect s present in mult i-plane lensing, and is defined wit h respect t o

t he mean dark mat t er densit y in t he universe such t hat some regions are underdense (blue), while ot her regions (specifically, dark mat t er

halos) are over-dense (red). T he subhalo mass funct ion normalizat ion, line of sight normalizat ion, halo mass and half-mode mass are

displayed for each realizat ion. Green t ext / circles denot e observed image posit ions and fluxes, while black t ext / crosses denot e t he model

posit ions and fluxes. T he forward-model dat a set s fit t he image posit ions and fluxes t o wit hin t he measurement uncert aint ies.
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F igur e 5. Dark mat ter halo effective multi -plane convergence maps for some of the highest -ranked realizat ions for the subset of quads

B1422, WGD J0405, WFI 2033, and RX J0911, each of which has flux rat ios inconsistent wit h smooth lens models. T he defint ion of t he

effective multi -plane convergence takes into account the non-linear effects present in mult i-plane lensing, and is defined with respect to

the mean dark mat ter densit y in the universe such that some regions are underdense (blue), while other regions (specifically, dark mat ter

halos) are over-dense (red). T he subhalo mass funct ion normalizat ion, line of sight normalizat ion, halo mass and half-mode mass are

displayed for each realizat ion. Green text / circles denote observed image posit ions and fluxes, while black text / crosses denote the model

posit ions and fluxes. T he forward-model dat a sets fit t he image posit ions and fluxes to wit hin the measurement uncertaint ies.
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Figure 1. Strong gravitat ional lensing provides a powerful test of CDM, as each strongly-lensed

image probes low-mass dark matter structure along the ent ire line of sight between the source

(typical redshifts 1.5-3) and the observer. The left -most panel shows an HST image of DESJ0405.

The right-most panel shows one realizat ion of projected dark mat ter structure (including line of

sight halos and subhalos gravitat ionally bound to the main lens) which produces the observed

narrow-line image fluxes and posit ions (Gilman et al., 2020). The realizat ion of the smooth mass

dist ribut ion of the main deflector is subtracted here for clarity. This method iterates over many

structure realizat ions to compare the relat ive likelihood of di↵erent dark mat ter scenarios, while

marginalizing over the uncertaint ies in the normalizat ion in the halo and subhalo mass funct ions

and the smooth mass distribut ion of the main deflector. This method has been extensively tested

on simulated data and shown to accurately recover input model parameters (Gilman et al., 2019).
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Figure 2. Forecast results from this proposal. Left Panel: With 43 lenses, if halos follow a CDM

mass funct ion, we will have conclusive evidence for the existence of halos below masses of 107M .

This will provide a powerful confirmation of the dark matter paradigm, as such halos cannot

contain gas or stars if CDM is correct (e.g. Nadler et al., 2019). Right Panel: The purple region

shows models we can dist inguish from CDM with this proposal. We will test models which di↵er

from CDM only in the regime where the majority of halos are dark, for example GUT scale sterile

neutrinos which produce a 3.55 keV X-Ray line represented by the gray region (Abazajian &

Kusenko, 2019). The blue-hatched region shows the area ruled out by Milky Way satellites (Nadler

et al., 2019), while the purple dashed line shows the current best limit (Gilman et al., 2020).
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T ab le 1. Observat ion informat ion and references for the lens systems.

System name Observat ion date

Total exposure t ime

Reference(seconds)

F160W F814W F475X

PS J0147+ 4630 2017 Sept 13 2196.9 1348.0 1332.0 Berghea et al. (2017)

SDSS J0248+ 1913 2017 Sept 5 2196.9 1428.0 994.0 Ost rovski et al. 2018b (in preparat ion), Delchambre et al. (2018)

AT LAS J0259-1635 2017 Sept 7 2196.9 1428.0 994.0 Schechter et al. (2018)

DES J0405-3308 2017 Sept 6 2196.9 1428.0 1042.0 Anguita et al. (2018)

DES J0408-5354 2018 Jan 17 2196.9 1428.0 1348.0 Lin et al. (2017); Diehl et al. (2017); Agnello et al. (2017b)

DES J0420-4037 2017 Nov 23 2196.9 1428.0 1158.0 Ost rovski et al. 2018b (in preparat ion)

PS J0630-1201 2017 Oct 5 2196.9 1428.0 980.0 Ost rovski et al. (2018); Lemon et al. (2018)

SDSS J1251+ 2935 2018 Apr 26 2196.9 1428.0 1010.0 K ayo et al. (2007)

SDSS J1433+ 6007 2018 May 4 2196.9 1428.0 1504.0 Agnello et al. (2018a)

PS J1606-2333 2017 Sept 1 2196.9 1428.0 994.0 Lemon et al. (2018)

DES J2038-4008 2017 Aug 29 2196.9 1428.0 1158.0 Agnello et al. (2017a)

W ISE J2344-3056 2017 Sept 9 2196.9 1428.0 1042.0 Schechter et al. (2017)

F igur e 1. Comparison between the observed (first , t hird and fifth columns) and reconst ruct ed (second, fourth and sixth columns)

st rong-lens systems. T he three HST bands: F160W , F814W , and F475X are used in the red, green, and blue channels, respect ively, t o

create the red-green-blue (RGB) images. Horizontal white lines for each system are rulers showing 1 arcsec. T he relat ive intensit ies of

the bands have been adjusted for each lens system for clear visualisat ion of the features in the system.

2.2.5 DES J0408-5354

T his system was discovered from the DES Year 1 data (Lin

et al. 2017; Diehl et al. 2017; Agnello et al. 2017b). T he

deflector redshift is zd = 0.597 and the quasar redshift is

zs = 2.375 (Lin et al. 2017). T his is a very complex lens

system with mult iple lensed arcs not iceable in addit ion to

the quasar images. T he sources of the lensed arcs can be

components in the same source plane as the lensed quasar or

they can be at different redshift s. T his system has measured

t ime-delays between the quasar images: ∆tAB = −112 ± 2.1

days, ∆tAD = −155.5± 12.8 days, and ∆tBD = −42.4± 17.6 days

(Courbin et al. 2018).

2.2.6 DES J0420-4037

T his lens system was discovered in DES imaging data us-

ing the morphology-independent Gaussian-mixture-model

MNRAS 000, 1–19 (2018)

strong lensing constraints on dark matter warmth 13

F igur e 5. Dark mat t er halo effective mult i -plane convergence maps for some of t he highest -ranked realizat ions for t he subset of quads

B1422, W GD J0405, W FI 2033, and RX J0911, each of which has flux rat ios inconsist ent wit h smoot h lens models. T he defint ion of t he

effective mult i -plane convergence t akes int o account t he non-linear effect s present in mult i-plane lensing, and is defined wit h respect t o

t he mean dark mat t er densit y in t he universe such t hat some regions are underdense (blue), while ot her regions (specifically, dark mat t er

halos) are over-dense (red). T he subhalo mass funct ion normalizat ion, line of sight normalizat ion, halo mass and half-mode mass are

displayed for each realizat ion. Green t ext / circles denot e observed image posit ions and fluxes, while black t ext / crosses denot e t he model

posit ions and fluxes. T he forward-model dat a set s fit t he image posit ions and fluxes t o wit hin t he measurement uncert aint ies.

c 0000 RA S, M NRA S 000, 1–??

Inferred dark matter

strong lensing constraints on dark matter warmth 13

F igur e 5. Dark mat ter halo effective multi -plane convergence maps for some of the highest -ranked realizat ions for the subset of quads

B1422, WGD J0405, WFI 2033, and RX J0911, each of which has flux rat ios inconsistent wit h smooth lens models. T he defint ion of t he

effective multi -plane convergence takes into account the non-linear effects present in mult i-plane lensing, and is defined with respect to

the mean dark mat ter densit y in the universe such that some regions are underdense (blue), while other regions (specifically, dark mat ter

halos) are over-dense (red). T he subhalo mass funct ion normalizat ion, line of sight normalizat ion, halo mass and half-mode mass are

displayed for each realizat ion. Green text / circles denote observed image posit ions and fluxes, while black text / crosses denote the model

posit ions and fluxes. T he forward-model dat a sets fit t he image posit ions and fluxes to wit hin the measurement uncertaint ies.
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Figure 1. Strong gravitat ional lensing provides a powerful test of CDM, as each strongly-lensed

image probes low-mass dark matter structure along the ent ire line of sight between the source

(typical redshifts 1.5-3) and the observer. The left -most panel shows an HST image of DESJ0405.

The right-most panel shows one realizat ion of projected dark mat ter structure (including line of

sight halos and subhalos gravitat ionally bound to the main lens) which produces the observed

narrow-line image fluxes and posit ions (Gilman et al., 2020). The realizat ion of the smooth mass

dist ribut ion of the main deflector is subtracted here for clarity. This method iterates over many

structure realizat ions to compare the relat ive likelihood of di↵erent dark mat ter scenarios, while

marginalizing over the uncertaint ies in the normalizat ion in the halo and subhalo mass funct ions

and the smooth mass distribut ion of the main deflector. This method has been extensively tested

on simulated data and shown to accurately recover input model parameters (Gilman et al., 2019).
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Figure 2. Forecast results from this proposal. Left Panel: With 43 lenses, if halos follow a CDM

mass funct ion, we will have conclusive evidence for the existence of halos below masses of 107M .

This will provide a powerful confirmation of the dark matter paradigm, as such halos cannot

contain gas or stars if CDM is correct (e.g. Nadler et al., 2019). Right Panel: The purple region

shows models we can dist inguish from CDM with this proposal. We will test models which di↵er

from CDM only in the regime where the majority of halos are dark, for example GUT scale sterile

neutrinos which produce a 3.55 keV X-Ray line represented by the gray region (Abazajian &

Kusenko, 2019). The blue-hatched region shows the area ruled out by Milky Way satellites (Nadler

et al., 2019), while the purple dashed line shows the current best limit (Gilman et al., 2020).
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T ab le 1. Observat ion informat ion and references for the lens systems.

System name Observat ion date

Total exposure t ime

Reference(seconds)

F160W F814W F475X

PS J0147+ 4630 2017 Sept 13 2196.9 1348.0 1332.0 Berghea et al. (2017)

SDSS J0248+ 1913 2017 Sept 5 2196.9 1428.0 994.0 Ost rovski et al. 2018b (in preparat ion), Delchambre et al. (2018)

AT LAS J0259-1635 2017 Sept 7 2196.9 1428.0 994.0 Schechter et al. (2018)

DES J0405-3308 2017 Sept 6 2196.9 1428.0 1042.0 Anguita et al. (2018)

DES J0408-5354 2018 Jan 17 2196.9 1428.0 1348.0 Lin et al. (2017); Diehl et al. (2017); Agnello et al. (2017b)

DES J0420-4037 2017 Nov 23 2196.9 1428.0 1158.0 Ost rovski et al. 2018b (in preparat ion)

PS J0630-1201 2017 Oct 5 2196.9 1428.0 980.0 Ost rovski et al. (2018); Lemon et al. (2018)

SDSS J1251+ 2935 2018 Apr 26 2196.9 1428.0 1010.0 K ayo et al. (2007)

SDSS J1433+ 6007 2018 May 4 2196.9 1428.0 1504.0 Agnello et al. (2018a)

PS J1606-2333 2017 Sept 1 2196.9 1428.0 994.0 Lemon et al. (2018)

DES J2038-4008 2017 Aug 29 2196.9 1428.0 1158.0 Agnello et al. (2017a)

W ISE J2344-3056 2017 Sept 9 2196.9 1428.0 1042.0 Schechter et al. (2017)

F igur e 1. Comparison between the observed (first , t hird and fifth columns) and reconst ruct ed (second, fourth and sixth columns)

st rong-lens systems. T he three HST bands: F160W , F814W , and F475X are used in the red, green, and blue channels, respect ively, t o

create the red-green-blue (RGB) images. Horizontal white lines for each system are rulers showing 1 arcsec. T he relat ive intensit ies of

the bands have been adjusted for each lens system for clear visualisat ion of the features in the system.

2.2.5 DES J0408-5354

T his system was discovered from the DES Year 1 data (Lin

et al. 2017; Diehl et al. 2017; Agnello et al. 2017b). T he

deflector redshift is zd = 0.597 and the quasar redshift is

zs = 2.375 (Lin et al. 2017). T his is a very complex lens

system with mult iple lensed arcs not iceable in addit ion to

the quasar images. T he sources of the lensed arcs can be

components in the same source plane as the lensed quasar or

they can be at different redshift s. T his system has measured

t ime-delays between the quasar images: ∆tAB = −112 ± 2.1

days, ∆tAD = −155.5± 12.8 days, and ∆tBD = −42.4± 17.6 days

(Courbin et al. 2018).

2.2.6 DES J0420-4037

T his lens system was discovered in DES imaging data us-

ing the morphology-independent Gaussian-mixture-model

MNRAS 000, 1–19 (2018)

strong lensing constraints on dark matter warmth 13

F igur e 5. Dark mat t er halo effective mult i -plane convergence maps for some of t he highest -ranked realizat ions for t he subset of quads

B1422, W GD J0405, W FI 2033, and RX J0911, each of which has flux rat ios inconsist ent wit h smoot h lens models. T he defint ion of t he

effective mult i -plane convergence t akes int o account t he non-linear effect s present in mult i-plane lensing, and is defined wit h respect t o

t he mean dark mat t er densit y in t he universe such t hat some regions are underdense (blue), while ot her regions (specifically, dark mat t er

halos) are over-dense (red). T he subhalo mass funct ion normalizat ion, line of sight normalizat ion, halo mass and half-mode mass are

displayed for each realizat ion. Green t ext / circles denot e observed image posit ions and fluxes, while black t ext / crosses denot e t he model

posit ions and fluxes. T he forward-model dat a set s fit t he image posit ions and fluxes t o wit hin t he measurement uncert aint ies.
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F igur e 5. Dark mat ter halo effective multi -plane convergence maps for some of the highest -ranked realizat ions for the subset of quads

B1422, WGD J0405, WFI 2033, and RX J0911, each of which has flux rat ios inconsistent wit h smooth lens models. T he defint ion of t he

effective multi -plane convergence takes into account the non-linear effects present in mult i-plane lensing, and is defined with respect to

the mean dark mat ter densit y in the universe such that some regions are underdense (blue), while other regions (specifically, dark mat ter

halos) are over-dense (red). T he subhalo mass funct ion normalizat ion, line of sight normalizat ion, halo mass and half-mode mass are

displayed for each realizat ion. Green text / circles denote observed image posit ions and fluxes, while black text / crosses denote the model

posit ions and fluxes. T he forward-model dat a sets fit t he image posit ions and fluxes to wit hin the measurement uncertaint ies.
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Figure 1. Strong gravitat ional lensing provides a powerful test of CDM, as each strongly-lensed

image probes low-mass dark matter structure along the ent ire line of sight between the source

(typical redshifts 1.5-3) and the observer. The left -most panel shows an HST image of DESJ0405.

The right-most panel shows one realizat ion of projected dark mat ter structure (including line of

sight halos and subhalos gravitat ionally bound to the main lens) which produces the observed

narrow-line image fluxes and posit ions (Gilman et al., 2020). The realizat ion of the smooth mass

dist ribut ion of the main deflector is subtracted here for clarity. This method iterates over many

structure realizat ions to compare the relat ive likelihood of di↵erent dark mat ter scenarios, while

marginalizing over the uncertaint ies in the normalizat ion in the halo and subhalo mass funct ions

and the smooth mass distribut ion of the main deflector. This method has been extensively tested

on simulated data and shown to accurately recover input model parameters (Gilman et al., 2019).
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Figure 2. Forecast results from this proposal. Left Panel: With 43 lenses, if halos follow a CDM

mass funct ion, we will have conclusive evidence for the existence of halos below masses of 107M .

This will provide a powerful confirmation of the dark matter paradigm, as such halos cannot

contain gas or stars if CDM is correct (e.g. Nadler et al., 2019). Right Panel: The purple region

shows models we can dist inguish from CDM with this proposal. We will test models which di↵er

from CDM only in the regime where the majority of halos are dark, for example GUT scale sterile

neutrinos which produce a 3.55 keV X-Ray line represented by the gray region (Abazajian &

Kusenko, 2019). The blue-hatched region shows the area ruled out by Milky Way satellites (Nadler

et al., 2019), while the purple dashed line shows the current best limit (Gilman et al., 2020).
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Unresolved source types

 Quasar radio emission (traditional, e.g. Dalal and 

Kochanek 2002), very rare

 Quasar narrow-line emission detected in virtually all 

quasars

 Quasar cold torus

27

Caveat: Cannot use quasar accretion disk, is affected 

by lensing by stars.



Restrict to non-disk deflectors

Choose only lenses with elliptical 

deflectors

Marginalize over a broad range of 

macromodel parameters

Quantify effects of asymmetry in deep 

images of elliptical galaxies (Gilman et al. 

2016, Hsueh et al. 2016)

28

Hsueh et al. 2017



Narrow-line flux ratios measured with HST grism and 

Keck-OSIRIS

29

HST-GO 13732 and 15177 PI: Nierenberg

Keck OSIRIS, Nierenberg et al. 2014

Flux Ratios: Nierenberg et al. 2017, 2020

10 Nierenberg et al.

F igur e 5. Posterior probability dist ribut ions of t he pert urber

posit ion relat ive to the lensed images shown as red squares, and

lens galaxy shown as a green circle, for a single SIS, PJ, and

NFW pert urber from top to bot t om. T he grey scale represents

the perturber mass within 600 pc assuming the pert urber is in the

plane of t he lens galaxy, and solid and dashed contours represent

t he 68 and 95% confidence contours respect ively relat ive to the

most likely posit ion.
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Results from a sample of 8 lenses

 The mass function of halos bound 

to the main lens

 The spatial distribution of halos 

bound to the main lens

 The mass function of halos 

outside of the main lens

 The mass concentration relation 

of the subhalos

 Unknown finite source size’

Face on magnification view of all dark matter perturbations

CDM WDM
30

4 A. J. Shajib et al.

T ab le 1. Observat ion informat ion and references for the lens systems.

System name Observat ion date

Total exposure t ime

Reference(seconds)

F160W F814W F475X

PS J0147+ 4630 2017 Sept 13 2196.9 1348.0 1332.0 Berghea et al. (2017)

SDSS J0248+ 1913 2017 Sept 5 2196.9 1428.0 994.0 Ost rovski et al. 2018b (in preparat ion), Delchambre et al. (2018)

AT LAS J0259-1635 2017 Sept 7 2196.9 1428.0 994.0 Schechter et al. (2018)

DES J0405-3308 2017 Sept 6 2196.9 1428.0 1042.0 Anguita et al. (2018)

DES J0408-5354 2018 Jan 17 2196.9 1428.0 1348.0 Lin et al. (2017); Diehl et al. (2017); Agnello et al. (2017b)

DES J0420-4037 2017 Nov 23 2196.9 1428.0 1158.0 Ost rovski et al. 2018b (in preparat ion)

PS J0630-1201 2017 Oct 5 2196.9 1428.0 980.0 Ost rovski et al. (2018); Lemon et al. (2018)

SDSS J1251+ 2935 2018 Apr 26 2196.9 1428.0 1010.0 K ayo et al. (2007)

SDSS J1433+ 6007 2018 May 4 2196.9 1428.0 1504.0 Agnello et al. (2018a)

PS J1606-2333 2017 Sept 1 2196.9 1428.0 994.0 Lemon et al. (2018)

DES J2038-4008 2017 Aug 29 2196.9 1428.0 1158.0 Agnello et al. (2017a)

W ISE J2344-3056 2017 Sept 9 2196.9 1428.0 1042.0 Schechter et al. (2017)

F igur e 1. Comparison between the observed (first , t hird and fifth columns) and reconst ruct ed (second, fourth and sixth columns)

st rong-lens systems. T he three HST bands: F160W , F814W , and F475X are used in the red, green, and blue channels, respect ively, t o

create the red-green-blue (RGB) images. Horizontal white lines for each system are rulers showing 1 arcsec. T he relat ive intensit ies of

the bands have been adjusted for each lens system for clear visualisat ion of the features in the system.

2.2.5 DES J0408-5354

T his system was discovered from the DES Year 1 data (Lin

et al. 2017; Diehl et al. 2017; Agnello et al. 2017b). T he

deflector redshift is zd = 0.597 and the quasar redshift is

zs = 2.375 (Lin et al. 2017). T his is a very complex lens

system with mult iple lensed arcs not iceable in addit ion to

the quasar images. T he sources of the lensed arcs can be

components in the same source plane as the lensed quasar or

they can be at different redshift s. T his system has measured

t ime-delays between the quasar images: ∆tAB = −112 ± 2.1

days, ∆tAD = −155.5± 12.8 days, and ∆tBD = −42.4± 17.6 days

(Courbin et al. 2018).

2.2.6 DES J0420-4037

T his lens system was discovered in DES imaging data us-

ing the morphology-independent Gaussian-mixture-model

MNRAS 000, 1–19 (2018)

strong lensing constraints on dark matter warmth 13

F igur e 5. Dark mat t er halo effective mult i -plane convergence maps for some of t he highest -ranked realizat ions for t he subset of quads

B1422, W GD J0405, W FI 2033, and RX J0911, each of which has flux rat ios inconsist ent wit h smoot h lens models. T he defint ion of t he

effective mult i -plane convergence t akes int o account t he non-linear effect s present in mult i-plane lensing, and is defined wit h respect t o

t he mean dark mat t er densit y in t he universe such t hat some regions are underdense (blue), while ot her regions (specifically, dark mat t er

halos) are over-dense (red). T he subhalo mass funct ion normalizat ion, line of sight normalizat ion, halo mass and half-mode mass are

displayed for each realizat ion. Green t ext / circles denot e observed image posit ions and fluxes, while black t ext / crosses denot e t he model

posit ions and fluxes. T he forward-model dat a set s fit t he image posit ions and fluxes t o wit hin t he measurement uncert aint ies.

c 0000 RA S, M NRA S 000, 1–??

Inferred dark matter

strong lensing constraints on dark matter warmth 13

F igur e 5. Dark mat ter halo effective multi -plane convergence maps for some of the highest -ranked realizat ions for the subset of quads

B1422, WGD J0405, WFI 2033, and RX J0911, each of which has flux rat ios inconsistent wit h smooth lens models. T he defint ion of t he

effective multi -plane convergence takes into account the non-linear effects present in mult i-plane lensing, and is defined with respect to

the mean dark mat ter densit y in the universe such that some regions are underdense (blue), while other regions (specifically, dark mat ter

halos) are over-dense (red). T he subhalo mass funct ion normalizat ion, line of sight normalizat ion, halo mass and half-mode mass are

displayed for each realizat ion. Green text / circles denote observed image posit ions and fluxes, while black text / crosses denote the model

posit ions and fluxes. T he forward-model dat a sets fit t he image posit ions and fluxes to wit hin the measurement uncertaint ies.

c 0000 RAS, MNRAS 000, 1–??

Probed Sightlines

Lens Halo
Source QSO

Field halos

Figure 1. Strong gravitat ional lensing provides a powerful test of CDM, as each strongly-lensed

image probes low-mass dark matter structure along the ent ire line of sight between the source

(typical redshifts 1.5-3) and the observer. The left -most panel shows an HST image of DESJ0405.

The right-most panel shows one realizat ion of projected dark mat ter structure (including line of

sight halos and subhalos gravitat ionally bound to the main lens) which produces the observed

narrow-line image fluxes and posit ions (Gilman et al., 2020). The realizat ion of the smooth mass

dist ribut ion of the main deflector is subtracted here for clarity. This method iterates over many

structure realizat ions to compare the relat ive likelihood of di↵erent dark mat ter scenarios, while

marginalizing over the uncertaint ies in the normalizat ion in the halo and subhalo mass funct ions

and the smooth mass distribut ion of the main deflector. This method has been extensively tested

on simulated data and shown to accurately recover input model parameters (Gilman et al., 2019).
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Conclusively Disfavored

Strongly Disfavored

Halos are dark

Figure 2. Forecast results from this proposal. Left Panel: With 43 lenses, if halos follow a CDM

mass funct ion, we will have conclusive evidence for the existence of halos below masses of 107M .

This will provide a powerful confirmation of the dark matter paradigm, as such halos cannot

contain gas or stars if CDM is correct (e.g. Nadler et al., 2019). Right Panel: The purple region

shows models we can dist inguish from CDM with this proposal. We will test models which di↵er

from CDM only in the regime where the majority of halos are dark, for example GUT scale sterile

neutrinos which produce a 3.55 keV X-Ray line represented by the gray region (Abazajian &

Kusenko, 2019). The blue-hatched region shows the area ruled out by Milky Way satellites (Nadler

et al., 2019), while the purple dashed line shows the current best limit (Gilman et al., 2020).
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All software is open source and publicly available on 

github

 Lenstronomy: All data analysis and 

gravitational lensing calculations. (Birrer and 

Amara 2018, Birrer et al. 2021)

 PyHalo: Generates populations of dark 

matter halos and profiles along the line of 

sight and in the main lens. (Gilman et al. 

2022)

31



NL Flux Ratios Results from 8 lenses

32

Gilman, et al. 2020a

2𝜎 mhalf mode<107.8,    MDM > 5.2 keV (thermal relic)

C.f. consistent results also from Hsueh et al. 2020 with radio loud quads



Measuring the halo mass function where majority of halos are 

dark

Est. transition to 

majority of halos 

dark

33



Combining results with MW satellites

34

Nadler et al. 2021

2𝜎 mhalf mode<107

One of the strongest measurements to date



Many more aspects of dark matter are now being 

explored

35



Mass-concentration relation results with 11 lenses

36

Gilman et al. 2020b

Coe 2010 

Traditional measurements

Assuming CDM



4 Different sterile 

neutrino models

37Zelko et al. 2022 different WDM scenarios

95% confidence 

interval to the left of 

dashed lines



Primordial Black Holes

38

PBH dark matter strong lensing constraints 5

Figure 3. Effective multiplane convergence, a two-dimensional representation of a full population of line of sight haloes and subhaloes, for a dark matter

realization in CDM (left) and with PBH substructure(right). Red correspondsto adensity higher to that of themean dark matter density, whilebluecorresponds

to an underdensity. Black circles are plotted at each of the four quad image positions, and the black curves are the critical curves, which follows the region of

maximum image magnification. Small-scale features in the convergence map that appear to track towards the origin are associated with black holes rendered

around thepath followed by the lensed light rays. Deformation of thecritical curveby thePBH population suggests they will strongly perturb imageflux ratios.

Figure 4. Joint posterior distribution of the PBH mass and mass fraction

obtained from analyzing eleven strong lenses, marginalized over ⌃sub, U, and

Xlos. Thevertical dot-dash lines in thepanels showning marginal likelihoods

represent 95% confidenceintervals. Thelighter contoursare95% confidence

region and the darker contours bound the 68% confidence region.

In the spirit of a first application of this method, we make several

simplifying assumptions throughout thisprocess. Wedo not account

for theaffect of PBH formation on theassembly history of subhaloes

and how that could possibly affect the mass functions and density

profilesthat wearealsoassuming. Weallow for avery general param-

eterized form of these functions and marginalize over the parameter

space to reduce the rigidity of our models. As samples of quads im-

Figure 5. Constraints from disruption of wide binaries (WB) (Quinn et al.

2009), Eridanus II star cluster surviving possible destruction by dynamical

heating (ES) (Brandt 2016), halo dynamical friction (DF) (Carr & Sakellar-

iadou 1999), large-scale structure (LSS) (Afshordi et al. 2003, Mack et al.

2007), X-ray background from accretion (XB) (Inoue& Kusenko 2017), and

our constraint from strong lensing flux ratio analysis (SL).

proveand our method becomesmoreconstraining, wewill revisit the

simplifying assumptions.

In the future, these constraints will be improved by applying the

method to larger samplesof lensesthat arecurrently beingdiscovered

(Schmidt et al. 2022) and will be discovered in wide field surveys

such as the Vera C. Rubin, Euclid, and Roman Observatories (e.g.

Oguri & Marshall 2010). Lenssystemscan also be followed-up with

adaptive optics assisted instruments from the ground (Wright et al.

2019; Wizinowich et al. 2022). Forthcoming data from the James

Webb SpaceTelescope(JWST) (Nierenberg et al. 2021) will allow us

to push to lower PBH mass scales because JWST will measure flux

ratiosin themid-infrared. Thisemission comesfrom amorespatially

compact (⇠1 − 10 pc) region around the background source. The

minimum deflection anglethat impactsour dataisdetermined by the

MNRAS 000, 1–7 (2022)

Dike et al. 2022



Self-interacting dark matter

39

Tidal stripping leads to run-away collapse of dark matter subhalos 100 cm2/g at 

velocities below 30 km/s strongly ruled out. (Gilman et al. 2022)



“Fuzzy” Dark Matter

40

Laroche et al. 2022

Fuzzy dark matter and MG J0751+2716 L3

mχ = 3.2 × 10− 22 eV, f D M = 0.63

200 mas

mχ = 1.5 × 10− 21 eV, f D M = 0.74 mχ = 6.5 × 10− 21 eV, f D M = 0.66 mχ = 2.8 × 10− 20 eV, f D M = 0.65
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Figure 1. Example surface mass density maps (^, in units of the critical density ⌃2 ) with the model lensed images in orange contours (top row) and the

corresponding reconstructed source surface brightness maps ( , in units of the peak surface brightness max; bottom row) for three random realizations of MG

J0751+2716 in an FDM cosmology. Critical curves and caustics are plotted in white. The lensing effect of the FDM granules is apparent: The critical curves

wiggle back and forth across the lensed arcs, which would require thepresenceof multiple imagesof thesameregion of thesourcealong thearc. In theabsence

of such features in the observed data, the morphology of the inferred source is disrupted as the model attempts to fit the observation.

form of a Gaussian random field with correlation length o j and a

position-dependent variance given by

hX̂ 2i =
o j

p
c

⌃2
2

π

d2
DM 3;, (2)

where the integral is along the line of sight, dDM is the smooth 3D

density profile of the dark matter component of the lens, ⌃2 is the

lensing critical surface mass density, and o j = \/ (< j f E) corre-

sponds to the (reduced) de Broglie wavelength of the dark matter

particle. In practice, we generate realizations of X̂ by first generat-

ing a white noise field modulated by the variance in equation (2),

then correlating using a Gaussian kernel of width o j via an FFT-

based convolution. Wethen solvefor theresulting perturbation to the

lensing potential X using another FFT.

The correlation length o j is inversely proportional to f E, the ve-

locity dispersion of thedark matter in thelensgalaxy,whichisaproxy

for thedepth of thegravitational potential well inwhich thedark mat-

ter field resides. There are no resolved kinematic data on this lens

system, so it must be estimated using the Einstein radius of the lens.

Alloin et al. (2007) found f E = 101 kms−1, using a cored pseudo-

isothermal density profile. We derive f E = 108 kms−1, assuming

a singular isothermal profile. To accommodate this uncertainty, we

draw f E from a uniform prior between 100 and 110 kms−1 (see

Table 1).

An additional source of uncertainty in generating FDM lens real-

izations is the dark matter fraction in the lens, 5DM , which directly

determines the granule amplitude. Our composite smooth model

from Powell et al. (2022) gives a baryonic mass (measured within

thecritical curve) of 8.6⇥109 M . Thisnumber isingood agreement

with observations by the Hubble Space Telescope (HST) WFPC2 as

part of the CfA-Arizona Space Telescope LEns Survey (CASTLES)

project (e.g. Kochanek et al. 2000); a fit to the + - and -band lens

galaxy photometry using kcor r ect (Blanton & Roweis2007) yields

abaryonic massof 8.0⇥109 M . Thetotal projected massof thelens

within thecritical curveisset by theEinstein radiusat 2.7⇥1010 M .

Allowing for an uncertainty of ±0.2 dex in the baryonic mass, we

adopt a uniform prior on 5DM between 0.5 and 0.8 (see Table 1).

This prior range is consistent with dark matter fractions in massive

early-type lens galaxies studied by Oldham & Auger (2018).

We assume that all small-scale inhomogeneities in the lensing

convergenceareproduced by FDM granules in the lens itself. Wedo

not explicitly consider theeffectsof acentral soliton corein theFDM

halo; such a core would be much smaller than the Einstein radius of

thelens(Schiveet al. 2014; Chan et al. 2020), and would thereforebe

absorbed in the smooth lens model. Unlike the analysis by Laroche

et al. (2022), we do not include subhalo or line-of-sight (LOS) halo

populations in our lens model. This choice is justified because in

the mass range of < j ⇠10−22 to 10−20.5 eV, in which our analysis

is most sensitive, an FDM cosmology cannot produce subhaloes or

LOS haloes that are highly concentrated or numerous enough to

mimic the signal of FDM granules (Schive et al. 2016; see also Fig.

5 of Laroche et al. 2022); indeed, any large-scale contribution to the

lens model by diffuse low-mass haloes would already be accounted

for in thesmooth model. Thepractical effectsof excluding low-mass

haloes from our model are the lossof somesensitivity to < j and the

inability to place an upper bound on < j .

3 RESULTS

Weshow exampleconvergencemapsfor threeFDM lensrealizations

with their corresponding maximum a-posteriori (MAP) source sur-

face brightness reconstructions in Fig. 1. For < j . 10−21 eV, the

critical curves (plotted in white) cross back and forth many times

across the lensed arcs. Such a configuration of critical curves would

imply thepresenceof many imagesof alternating parity along thearc

MNRAS 000, 1–5 (2019)

Powell et al. 2023



Tying the 

measurement back 

to the primordial 

power spectrum

41
Gilman et al. 2022



Coming soon, the quasar cold torus flux with the James 

Webb Space Telescope

42

Simulation from Caltech/JPL, based on Yang et al 2020 

Figure 2: The quasar dusty torus provides an ex-

t remely sensit ive probe of dark mat ter due to its

small size. Here we compare the perturbat ive ef-

fect as a funct ion of posit ion, of a 107 M halo on

lensed images with FWHM of 5 and 80 pc (typi-

cal of the cold torus and nuclear narrow-line emis-

sion respect ively). The 5 pc source is magnified

by > 3σ with 3% flux precision, in cont rast the

80 pc source, is not detectably magnified. We

expect approximately 0.3− 3 such mass perturba-

t ions per image in this projected aperture [17, 35].

We will infer the stat ist ical propert ies of many re-

alizat ions of simulated halos both in the lens and

along the line of sight .

Milky Way 

satellites limit

Sensitivity of this 

JWST program

≳ 50% of halos 

have galaxies

Figure 3: JWST will enable us to detect or rule out a dark mat ter mass funct ion with a turnover of

⇠ 106.5M , equivalent to that of a 10 keV sterile neutrino (orange vert ical line). Such dark mat ter

models di↵er from CDM only significant ly in the regime where the majority of halos are dark, thus

t hus t hese dar k mat t er models cannot be t est ed wit h met hods which r ely on bar yon

t r acer s. This forecast is based on lensing simulat ions by [17, 33], which generate realizat ions

of halos along the line of sight and in the plane of the lens galaxy and which marginalize over

uncertaint ies in the normalizat ion of the subhalo and halo mass funct ions, the main lens mass

dist ribut ion and int rinsic source size. The solid gray line indicates the mass at which 50% of halos

are believed to contain detectable galaxies if CDM is correct [36], while the blue solid line shows

the current st rongest upper limit on a WDM half mode mass based on Milky Way satellites [8].
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Forecast constraints with JWST- 38.4 hours to 

observe 31 lenses in  Cycle 1

43

Simulated JWST MIRI image

Figure 2: The quasar dusty torus provides an ex-

t remely sensit ive probe of dark mat ter due to its

small size. Here we compare the perturbat ive ef-

fect as a funct ion of posit ion, of a 107 M halo on

lensed images with FWHM of 5 and 80 pc (typi-

cal of the cold torus and nuclear narrow-line emis-

sion respect ively). The 5 pc source is magnified

by > 3σ with 3% flux precision, in cont rast the

80 pc source, is not detectably magnified. We

expect approximately 0.3− 3 such mass perturba-

t ions per image in this projected aperture [17, 35].

We will infer the stat ist ical propert ies of many re-

alizat ions of simulated halos both in the lens and

along the line of sight .

Milky Way 

satellites limit

Sensitivity of this 

JWST program

≳ 50% of halos 

have galaxies

Figure 3: JWST will enable us to detect or rule out a dark mat ter mass funct ion with a turnover of

⇠ 106.5M , equivalent to that of a 10 keV sterile neutrino (orange vert ical line). Such dark mat ter

models di↵er from CDM only significant ly in the regime where the majority of halos are dark, thus

t hus t hese dar k mat t er models cannot be t est ed wit h met hods which r ely on bar yon

t r acer s. This forecast is based on lensing simulat ions by [17, 28], which generate realizat ions

of halos along the line of sight and in the plane of the lens galaxy and which marginalize over

uncertaint ies in the normalizat ion of the subhalo and halo mass funct ions, the main lens mass

dist ribut ion and int rinsic source size. The solid gray line indicates the mass at which 50% of halos

are believed to contain detectable galaxies if CDM is correct [36], while the blue solid line shows

the current st rongest upper limit on a WDM half mode mass based on Milky Way satellites [8].
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Forecast constraints with JWST- 38.4 hours to 

observe 31 lenses in  Cycle 1

44

Simulated JWST MIRI image

Figure 2: The quasar dusty torus provides an ex-

t remely sensit ive probe of dark mat ter due to its

small size. Here we compare the perturbat ive ef-

fect as a funct ion of posit ion, of a 107 M halo on

lensed images with FWHM of 5 and 80 pc (typi-

cal of the cold torus and nuclear narrow-line emis-

sion respect ively). The 5 pc source is magnified

by > 3σ with 3% flux precision, in cont rast the

80 pc source, is not detectably magnified. We

expect approximately 0.3− 3 such mass perturba-

t ions per image in this projected aperture [17, 35].

We will infer the stat ist ical propert ies of many re-

alizat ions of simulated halos both in the lens and

along the line of sight .

Milky Way 

satellites limit

Sensitivity of this 

JWST program

≳ 50% of halos 

have galaxies

Figure 3: JWST will enable us to detect or rule out a dark mat ter mass funct ion with a turnover of

⇠ 106.5M , equivalent to that of a 10 keV sterile neutrino (orange vert ical line). Such dark mat ter

models di↵er from CDM only significant ly in the regime where the majority of halos are dark, thus

t hus t hese dar k mat t er models cannot be t est ed wit h met hods which r ely on bar yon

t r acer s. This forecast is based on lensing simulat ions by [17, 28], which generate realizat ions

of halos along the line of sight and in the plane of the lens galaxy and which marginalize over

uncertaint ies in the normalizat ion of the subhalo and halo mass funct ions, the main lens mass

dist ribut ion and int rinsic source size. The solid gray line indicates the mass at which 50% of halos

are believed to contain detectable galaxies if CDM is correct [36], while the blue solid line shows

the current st rongest upper limit on a WDM half mode mass based on Milky Way satellites [8].
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We will detect completely dark halos if they exist



Some other forecasts with JWST:

45

Also we will detect or rule out 50% mixed warm/dark matter (Keeley et al. 2022, see talk 

tomorrow!) 

SIDM: Gilman et al. 2021



The future…

Continuous improvement of lens models

New data

New lenses
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Host galaxy modelling for stronger constraint on 

macromodel

47

Birrer 2021

Strong Gravitational Lensing

Animation credit: Y. Hezaveh

- Effect predicted by General 

Relativity 
- Space-time curvature induced by 

matter creates an optical effect 
- mostly “weak”, leading to small 

distortions 
- Rare alignments lead to multiple 

images of the same source

3

High sensitivity of narrow-

line magnification with 

large-scale constraint from 

arcs



Future prospects for unresolved source lensing

 Hundreds of new lenses will be 

discovered in upcoming surveys 

(LSST, Euclid, Roman~ mid 2020s)

 Improved flux precision with next 

generation instruments and 

observatories

Oguri and Marshall 2010

LSST
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Development of next generation detectors

OSIRIS Liger
C

B

A

D

G

B

A

D

G

 Liger is an upgrade to the 

current IFS on Keck 

 NL lensing was one of three 

main science goals 

highlighted in recent MSIP 

funding proposal

 Status: Advanced to stage 3 

NSF MSRI-2, now up to NSF 

site visit.
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Future prospects for gravitational imaging- single 

detection- higher spatial resolution 

50

Vegetti

Simulated VLBI detection
 VLBI imaging of radio 

jets

 Next generation AO

 EELTs



Development of next generation detectors

 IRIS is the OSIRIS analog in 

development for TMT

IRIS Simulation courtesy of  Nils-Erik Rundquist (UCSD)

OSIRIS Kbb 100 mas, 900s IRIS K 50 mas, 10s
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 Galaxy-scale strong gravitational lensing provides a rich 

variety of tests of dark matter models

 Constraints on WDM models from galaxy-scale lenses are 

among the tightest we have 

 Future surveys will enable us to push these methods into new 

regimes

Conclusions 
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