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Symmetries
HS gauge theory: theory of maximal symmetries

Usual lower-spin symmetries
e Relativistic theories: Poincaré symmetry:.

dx® =%+ e%2b &% : translations; €% : Lorentz rotations

Lie algebra: §z¢ = [T, z%], T = &P, + %M,
3, 3, %,
P, = : My, =xq—F —x
“T Hxo ab “Oxb b@xa

[Maba Pl = Panpe — PyNac
[Mab7 Mcd] = Myanbe — MpgNac — Macnpg + MpcNad

[Pa,Pb]:O



Other Low-Energy Symmetries

(A)dS deformation
[Pa,Pb] — AMab

A< 0: AdS, o(d—1,2)
A > 0: dS, o(d, 1)
A = 0: Minkowski space, iso(d —1,1)

e SUSY

Pa,MabHPa,Mab,Qa, Qf:1,2,3,4

e INnner symmetries: generators 7; are space-time invariant
[T’L ) (PCL7 Mab)] =0

Standard Model: T; ~ SU(3) x SU(2) x U(1)

e Conformal (super)symmetries



Local Symmetries

Useful viewpoint: any global symmetry is the remnant of a
local symmetry with parameters like £%(z),=%(z),%(z),!(z) being

arbitrary functions of space-time coordinates
Local symmetries: gauge fields A7
5A3=3a8n—|—

S S+AS+.... AS= /Md T () A™ (z)

AS: Noether current interaction.
Subtlety
If o(x) were gauge fields with gauge parameters ¢/, J2(¢) may not be

invariant under the ¢ symmetry

Noether current interaction for several gauge fields may be obstructed



why HS Theories?

Key question: is it possible to go to larger HS symmetries?

What are HS symmetries and HS counterparts of lower-spin theories

including GR?

What are physical motivations for their study and possible outputs?



Fronsdal Fields

All m = 0 HS fields are gauge fields C.Fronsdal 1978

©Yai...as 1S @ rank s symmetric tensor obeying gp%bb%,,,as =0

Gauge transformation:

_ b -
580611...&3 — 8(a15a2,_,as) ) € paz...ag_1 — 0

Field equations: Gg;..q,(x) =0  Ggq..a;(x) : Ricci-like tensor

s(s—1)
2

Gal...as(x) — DSOal...as(fC) o Sa(alabgpaz..asb) (x) + 8(a18a2¢ba3ma8b) (.T)

Action

1 1
S = /Md (EspalmasGal---as(@) _ gs(s _ 1)90bba3ma8GCCa3...a3(90)>



No-go and the Role of (A)dS

In 60th it was argued (Weinberg, Coleman-Mandula) that
HS symmetries cannot be realized in a nontrivial local field theory in

Minkowski space

In 70th it was shown by Aragone and Deser that HS gauge symmetries

are incompatible with GR if expanding around Minkowski space

Green light: AdS background with A =0 Fradkin, MV, 1987

In agreement with no-go statements the limit A — 0 is singular



HS Symmetries Versus Riemann Geometry

HS symmetries do not commute with space-time symmetries
HS transformations map gravitational fields (metric) to HS fields
Consequence:

Riemann geometry is not appropriate for HS theory:

concept of local event may become illusive!

Related feature: HS interactions contain higher derivatives:

How non-local HS gauge theory is?



HS Gauge Theory and Quantum Gravity

HS symmetry is in a certain sense maximal relativistic symmetry. Hence,
it cannot result from spontaneous breakdown of a larger symmetry:
HS symmetries are manifest at ultrahigh energies above any scale
including Planck scale
e HS gauge theory should capture effects of Quantum Gravity:
restrictive HS symmetry versus unavailable experimental tests
e Lower-spin theories as low-energy limits of HS theory:
lower-spin symmetries: subalgebras of HS symmetry

e String Theory as spontaneously broken HS theory?! (s > 2,m > 0)



HS AdS/CFT Correspondence

AdS4 HS theory is dual to 3d vectorial conformal models

Sezgin—Sundell (2002), Klebanov-Polyakov (2002); Giombi and Yin (2009)
AdS3/CFT» correspondence Gaberdiel and Gopakumar (2010)

Analysis of HS holography helps to uncover the origin of AdS/CFT



Global HS Symmetry

HS symmetry in AdSgq:
Maximal symmetry of a d-dimensional free conformal field(s)=singletons

usually, scalar and/or spinor

What are symmetries of KG equation in Minkowski space?
82
Ox2Oxb

Shaynkman, MV 2001 3d; Shapovalov, Shirokov 1992, Eastwood 2002 Vd

O0C(z) =0, 0 = n

¢ Poincaré
i1 Scale transformation (dilatation)

o d
~ 1
*5

0C(x) = eDC(x), D = z°

T
ox?

121 Special conformal transformations

0C(z) = e KC(x), K% = (2%n® — Qxaazb)% + (2 —-d)z”
x



Conformal HS Algebra

Algebraic construction simplifies in d = 3 using spinor formalism most
relevant in the context of AdS;/CFT3 HS holography shaynkman, Mv (2001)
3d Lorentz algebra: o(2,1) ~ sp(2,R) ~ slo(R). 3d spinors are real

sp(2, R) invariant tensor ¢ = —¢f2 relates lower and upper indices

Unfolded massless equations take the form

o0 92 00
(axaﬂ + Gy“8y6> Clle) =0, Cl) = ), O (@) - v
n=

3d conformal HS algebra is the algebra of various differential operators

v, §) obeying (v —f) = (v,

SC(yle) = e(y, a%mc@m

o 02 ) 02
—|z) = exp |-z —Yexp |z’

eq1(y, a%) describes global HS transformations



NonAbelian HS Algebra

3d Conformal HS symmetry = AdS,; HS symmetry
HS gauge fields: w(Y|X)

YA = (Yo, ¥y), o, a = 1,2 two-component spinor indices

o0
1 . .
wYX)= > Worg...am 16q oo (XY Ly Syt gm
nm—0 2nIm!

HS curvature and gauge transformation
R(Y|X) =dw(Y|X) +w(Y|X) *x Aw(Y|X)

5w(Y|X) = De(Y|X) = de(Y|X) + [w(Y]X), e(Y]X)]s

[yOé ) yﬂ]* — 22'8&5 ) [ga ) gﬁ]* — 27’8045

Star product is nonlocal in yA

(f * 9)(Y) = £(¥) exp [i9405C P19 (Y)



Properties of HS Algebras
Global symmetry of symmetric vacuum of bosonic HS theory

Let 75 be a homogeneous polynomial of degree 2(s — 1)

[Tsl 7T82] — T31—|—32—2 + T31—|—32—4 + ..t T|31—32|—|—2 :

Once spin s > 2 appears, the HS algebra contains an infinite tower of

higher spins: [Ts,Ts] gives rise to T>,_» as well as T> of 0(3,2) ~ sp(4).

Usual symmetries: spin-s < 2 u(1) ® 0o(3,2): maximal finite-dimensional

subalgebra of hu(1,0/4). u(1l) is associated with the unit element.



Space-Time and Spin
Space-time M is where symmetry G = O(d — 1,2) acts

Spin s: different G-modules V; where fields ¢“(z) are valued.
V, contain ground (primary) fields ¢“(z) along with their derivatives
Ony - - - On, *(z) (descendants)

HS vertices contain higher derivatives Bengtsson, Bengtsson, Brink (1983),

Berends, Burgers and H. Van Dam (1984), (1985), Fradkin, MV; Metsaev,...

HS symmetries Fradkin, MV 1986 are infinite dimensional extesions of G

Infinite towers of spins = infinite towers of derivatives.

How (non)local is HS gauge theory?



Locality and Non-Locality arXiv: 2208.02004

Equations of motion in perturbatively local field theory EAO,SO(E), ») =0

oo

A A
EAO,SO(87 ¢) — Z AO Al Al(807 S1y: .- 7Sl)a’n1 <. 8nk¢311 s ¢8ll
k=0,l=1
have a finite # of non-zero coefficients azlo‘.'.'%l at any order |.

so IS the spin of the field on which the linearized equation is imposed

HS theory involves infinite towers of Fronsdal fields of all spins.
7}‘1 Zf may take an infinite # of values.
It makes sense to distinguish between Gelfond, MV 2018

local: finite number of derivatives at any order
A (50,51, 51) =0 At k> kmaa(l)

spin-local: finite number of derivatives for any finite subset of fields

nl M

AO (80,81,82,. -Sl) =0 atk> k‘mag;(SO,Sl, SO, ... Sl)

non-local: infinite number of derivatives for a finite subset of fields at

some order.



Compact Spin-Locality

The simplest option: replacement of the class of local field theories
with the finite # of fields by spin-local models with infinite # of fields.

Spin-local-compact vertices in addition obey

ni..nNg

— 0
aAoAl...Al(SC)’Sl"" S+ tp,...,81) =0 tp >ty Vk

non-compact otherwise.

Compactness is in the space of spins, not in space-time
Both types of vertices in HS theory:

Cubic HS vertices w *x w built from HS gauge potentials are spin-local-

compact: spins sg, s, so> obey the triangle inequalities sg < s1 + so etc.

Vertices associated with the conserved currents built from gauge invari-
ant field strength are spin-local non-compact. These include conserved

currents of any integer sg built from two spin-zero fields (s; = so = 0).



Field Redefinitions

A local theory remains local under perturbatively local field redefinitions

o

A A
be — Pe + 0PL Shoy = > b TH (5005155500 - Oyt - B
k=0,l=1

with a finite # of non-zero coefficients at any order.
Which field redefinitions leave vertices spin-local?
General spin-local field redefinitions do not work since contributions of

all spin s, redefined fields may develop non-locality

o0 o0
n n
5EA0,80(87 ¢) — Z Z Al Alk Al(807817827"'73p7"° 7Sl)
Sp—Op,k k/:O7l7l/_
Aq +1 Apy Apym-.my B By
a’nl e e e 8nk§2531 . Qbs ¢szi|_1 e e e ¢3llb pBlBljf (Sp, tl, .« .. ,tl/)@ml .« o amk¢t11 .« e ¢tl/l

Spin-local-compact field redefinitions in spin-local theories:

proper substitute since summation over s, is finite.

One of the central problems in HS theory is to find a field frame making
it (spin-)local. Given non-locally looking field theory, the essential

question is whether or not it is spin-local in some other variables.



HS Multiplets

Infinite set of spins s =0,1/2,1,3/2,2...

wozl...ozn B1..Bm and Cozl...ozn B1..Bm with all n > 0 and m > 0.

Generating functions w(Y|x) and C(Y|x): unrestricted functions of com-

muting spinor variables Y = (yq, 9y,)

> 1

AlY|z) = ) Ay o 1o (@)YOL L yOngOL L gom
nm—0 2n!lm)!

Gauge one-forms w

s=1: w(x)=dr"w,(x)

a1...0pn ,ﬂlﬂm ? n+m = 2(8 o 1)
=20 6@, wap(®), By
s=3/2: walx), wg, ()

Frame-like fields: |n — m| =0 (bosons) or |n — m| =1 fermions
Auxiliary Lorentz-like fields: |n — m| =2 (bosons)

Extra fields: |n —m| > 2 and zero-forms C(Y|z): higher derivatives



Free Field Unfolded Massless Equations

T he full unfolded system for free massless bosonic fields is 1989
- 2 2
1,7 [2) = (n P, (0,9 |z)+7 ENCEWG (y,0] w)>
*x DoC(y,5|x) =0

_ _ 0 0
Ri(y,y | @) == D§w(y,j|2)  Dg:=D" - aﬁ(yo‘—_l_— /3>

~ : _ 52 9
Dy = DL + &2 (yayB + aa—B) DL =d, — (waﬁya + 5485, )
y“oy

HYP = eo‘deﬁd, Hdﬂ = eadeO‘B

*x Implies that higher-order terms in y and y describe higher-derivative

descendants of the primary HS fields



Zero-Form Sector

Equations on the gauge invariant zero-forms C

o0
1 . .
CV;Klx) = Y, ———Cuy. an.iq..cm@y*t. . yonyet . yom
nm—=0 2nIm!

decompose into independent subsystems associated with different spins

Spin-s zero-forms are C,, . q, d;..a, (%) With
n—m = +2s
Perturbative unfolded equations

d.C = oc_C + lower-derivative and nonlinear terms

. 82
o_ = e -, o2 =0
Oy oyh

Caq...am 61...am(x) contain =5 — {s} space-time derivatives of the spin-

s dynamical fields. Presence of zero-forms C in the HS vertices may

induce infinite towers of derivatives and, hence, non-locality.



HS Vertices

The problem: consistent non-linear corrections 1988 in the local frame

drw=-wsrw+ T (w,w,(C)+T(w,w,C,C)+ ...,

d,.C = —[w,Cl« + T(w,C,C) + ...

The vertices can be put into the form
T(®,b,...) = F(Q, P"™; Q/, P"Yd(¥1) ... ®(Yu)ly:=0

with ® = w, C and some non-polynomial functions F(Q?, P QJ, Pk) of

the Lorentz-covariant combinations

Ol = y° 0 pij —

9 99
7 oy Oy dyja

Q' =7, = s
Oy Oy~ 0Yj,

The fundamental problem: find a proper class of functions F(Q¢, P™: (7, ]

guaranteeing spin-locality (minimal non-locality) of the HS theory



Spinor Spin-Locality

Polynomiality of F(Q¢, P¥, QJ, PkY) in either P% or P Vi, j associated with
C
Restriction to the fixed spin relates the degrees in P% and Pkl since

n—m = +2s

Non-linear corrections can affect the relation between spinor and space-
time spin-locality making obscure the space-time interpretation of the
locality analysis in the spinor space.

This does not happen for projectively-compact spin-local vertices with
F(Q', PY,Q7, PFy = QuG(Q', PY,Q7, Py + QLG(Q", PY,Q7, PM)

Q. and Q. being associated with the one-forms w among &.



Projectiely-Compact Spin-Local Vertices

Using background frame eO‘B HS equations can be represented as

DYC(y, §) = e**(0aaF T (0, ) +vadaF T (y, ) +5a0aF T~ (v, 9) FvaiaF (v, 7

Generally, nonlinear corrections can contribute to any of Fab,

The contribution to FT1 can be singled out by the projector
0
aead’

A spin-local vertex T is called projectively compact if ndesY js spin-local-

nées .= N, 1N 1y Ny :=y*0a, Nj:=7*dg

compact. In particular, if ndesy = Q.

The contribution of the projectively-compact spin-local vertices can
affect the expressions of the descendants in terms of derivatives of the
ground fields only by spin-local-compact terms that preserve space-time

locality of the vertex associated with the spin-local spinor vertex.



Projectiely-Compact Spin-Local Vertices in d.C

The d.C vertex iIs 2017

T ="Tyle,C) + T5(e,C)
1 10y (1 o _ _
Tyle, C) = 571exp (P> )/O dre(y, (1—7)p1—7p2)C(71y,y, K)C(—(1-7)y,y, K),

1_ _ 1 _ _ _
Tirle, C) = 571exp 7/(131’2)/0 dre((1—7)p1—7p2,y)C(y, 7y, K)C(y, —(1—-7)y, K),
where e(a,a) ;= e*®ana,, .
Being non-polynomial either in P12 or in P12, 7T is spin-local

Since T contains either e‘mya or eo‘dgd,

niesy =0 = T s projectively-compact spin-local

PCSL vertices contain the minimal possible humber of derivatives.



Holographic Higher Spins

Sezgin-Sunell-Klebanov-Polyakov conjecture: HS theory in AdS, is holo-

graphically dual to 3d vector model of scalar fields ¢* (i =1...N).

Sleight and Taronna argued 2017 that a HS theory resulting from holo-

graphic analysis based on the is essentially non-local

Since HS holography is a weak-weak duality, it should be possible to
test it.

No locality analysis of the full HS theory in AdS, has been done except
for that of the Lebedev group Didenko, Gelfond, Korybut, MV 2017-2022

What has been shown so far indicates that HS theory is spin-local?!

Suggests gauged version of the SSKP conjecture with conformal HS

boundary theory mv 2012



conclusion

HS gauge theories contain gravity along with infinite towers of other

fields with various spins including ordinary matter fields: singlet scalar!
Infinite-dimensional HS symmetry

HS theories exist in various dimensions.

Unbroken HS symmetries demand AdS background

HS vertices contain higher derivatives.
Customary concepts of Riemann geometry are not applicable: study of
exact solutions is very instructive:

BH-like solutions Didenko, MV 2009, Iazeola, Sundell 2010

One of the central problems is the mechanism of

spontaneous breakdown of HS symmetries

HS holography is closely related with the locality properties of HS theory



Concepts of compact and projectively-compact vertices are introduced.

These apply to various versions of HS theories.

For projectively-compact vertices spin-locality in the spinor space and

space-time are equivalent.

PCSL vertices are conjectured to form a proper class of solutions of the
non-linear HS equations that guarantee spin-locality of the HS theory

at higher orders.

Analysis of HS gauge theory has a potential to affect the paradigm of
holographic corresondence replacing the gauge-gravity correspondence

by the conformal gravity - gravity correspondence.



